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5.1 Construction of Poincaré series . . . . . . . . . . . . . . . . . . . . 71
5.2 Fourier coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

V



VI Contents

6 Selfadjoint extension
6.1 Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
6.2 Energy subspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.3 Fourier coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.4 Compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
6.5 Extension of the Casimir operator . . . . . . . . . . . . . . . . . . 97
6.6 Relation to automorphic forms . . . . . . . . . . . . . . . . . . . . 99
6.7 The discrete spectrum . . . . . . . . . . . . . . . . . . . . . . . . . 101

7 Families of automorphic forms
7.1 Parameter spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
7.2 Holomorphic families . . . . . . . . . . . . . . . . . . . . . . . . . . 109
7.3 Families of eigenfunctions . . . . . . . . . . . . . . . . . . . . . . . 113
7.4 Automorphic transformation behavior . . . . . . . . . . . . . . . . 117
7.5 Families of automorphic forms . . . . . . . . . . . . . . . . . . . . . 123
7.6 Families of Fourier terms . . . . . . . . . . . . . . . . . . . . . . . . 124
7.7 Differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

8 Transformation and truncation
8.1 Parameter space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
8.2 Transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
8.3 Truncation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
8.4 Energy subspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
8.5 Families of automorphic forms . . . . . . . . . . . . . . . . . . . . . 147

9 Pseudo Casimir operator
9.1 Sesquilinear form . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
9.2 Pseudo Casimir operator . . . . . . . . . . . . . . . . . . . . . . . . 156
9.3 Meromorphy of the resolvent . . . . . . . . . . . . . . . . . . . . . 160
9.4 Meromorphic families . . . . . . . . . . . . . . . . . . . . . . . . . 167
9.5 Dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

10 Meromorphic continuation
10.1 Cells of continuation . . . . . . . . . . . . . . . . . . . . . . . . . . 177
10.2 Meromorphic continuation . . . . . . . . . . . . . . . . . . . . . . . 180
10.3 Functional equations . . . . . . . . . . . . . . . . . . . . . . . . . . 185
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Preface

Automorphic forms on the upper half plane have been studied for a long time.
Most attention has gone to the holomorphic automorphic forms, with numerous
applications to number theory. Maass, [34], started a systematic study of real
analytic automorphic forms. He extended Hecke’s relation between automorphic
forms and Dirichlet series to real analytic automorphic forms. The names Selberg
and Roelcke are connected to the spectral theory of real analytic automorphic
forms, see, e.g., [50], [51]. This culminates in the trace formula of Selberg, see, e.g.,
Hejhal, [21].

Automorphic forms are functions on the upper half plane with a special trans-
formation behavior under a discontinuous group of non-euclidean motions in the
upper half plane. One may ask how automorphic forms change if one perturbs
this group of motions. This question is discussed by, e.g., Hejhal, [22], and Phillips
and Sarnak, [46]. Hejhal also discusses the effect of variation of the multiplier sys-
tem (a function on the discontinuous group that occurs in the description of the
transformation behavior of automorphic forms). In [5]–[7] I considered variation
of automorphic forms for the full modular group under perturbation of the mul-
tiplier system. A method based on ideas of Colin de Verdière, [11], [12], gave the
meromorphic continuation of Eisenstein and Poincaré series as functions of the
eigenvalue and the multiplier system jointly. The present study arose from a plan
to extend these results to much more general groups (discrete cofinite subgroups
of SL2(R)).

To carry this out I look at more general families of automorphic forms than
one usually considers. In particular, I admit singularities inside the upper half
plane, and relax the usual condition of polynomial growth at the cusps. This led
me to reconsider a fairly large part of the theory of real analytic automorphic
forms on the upper half plane.

This is done in Part I for arbitrary cofinite discrete groups. Chapters 2–6
discuss real analytic automorphic forms of a rather general type. Most results are
known, or are easy extensions of known results. Chapters 7–12 consider families
of these automorphic forms, with the eigenvalue and the multiplier system as the
parameters. The ideas of Colin de Verdière are worked out in Chapters 8–10.
The central result is Theorem 10.2.1; it gives the meromorphic continuation of
Eisenstein and Poincaré series. The meromorphic continuation in the eigenvalue is
well known; the meromorphy in all parameters jointly is new. Chapters 11 and 12
study singularities of the resulting families of automorphic forms. In Chapter 11
the eigenvalue is the sole variable. I summarize known results, and prepare for the
study in Chapter 12 of the singularities in more than one variable. Table 1.1 on
p. 18 gives a more detailed description of Part I.

IX



X Preface

The treatment in Part I is complicated. This is due to the fact that I consider
general cofinite discrete groups, without restriction on the dimension of the group
of multiplier systems. Chapter 1 is meant as an introduction. It explains the main
ideas and results in the context of the full modular group. In the three chapters of
Part II I consider three examples of cofinite discrete groups. Chapter 13 extends the
discussion for the full modular group in Chapter 1. The other groups considered are
the theta group and the commutator subgroup of the modular group. Although
the first objective of Part II is to give the reader examples of the concepts, I
have included some discussions that did not fit into the general context of Part I;
see 1.7.7–1.7.10.

The reader I have had in mind has seen automorphic forms before, holomor-
phic as well as real analytic ones. For the latter I would suggest to have a look at
Chapters IV and V of Maass’s lecture notes [35], or at §3.5–7 of Terras’s book [57].
The reader should also be prepared to look up facts concerning analytic functions
in more than one complex variable, and be not afraid of a modest use of sheaf
language when dealing with this subject.

The ideas of Colin de Verdière employed in Part I concern unbounded op-
erators in Hilbert spaces. Kato’s book, [25], is consulted for many results from
functional analysis. I restrict the discussion of the spectral theory of automorphic
forms to those results I need. In particular I do not mention the continuous part
of the spectral decomposition.

R. Matthes visited Utrecht in 1989. The discussions we had gave me the
stimulus to start this work. I am very grateful for this contribution, and also for
the many comments he gave on early versions of this book. At a later stage the
interest of D. Zagier has been a great encouragement. I also thank F. Beukers,
J. Elstrodt, and B. van Geemen for corrections, comments, and suggestions.



Chapter 1
Modular introduction

To introduce the main ideas of this book, we discuss in this chapter modular forms,
i.e., automorphic forms for the modular group SL2(Z).

First, we discuss the modular group and its action on the upper half plane.
After that, we define various types of modular forms. In Definition 1.5.6 we arrive
at real analytic modular forms of arbitrary complex weight. The central result
in this chapter is the continuation of the Eisenstein series as a family depending
meromorphically on two parameters, see 1.5.8. Section 1.6 sketches a proof. This
proof gives in a nutshell the main points of the central Chapters 8–10.

Modular forms may be seen as functions on the upper half plane, as functions
on SL2(R), or on its universal covering group. The last point of view is taken in the
later chapters of this book; in this chapter we consider modular forms as functions
on the upper half plane { z ∈ C : Im(z) > 0 }.

1.1 The modular group

The action of SL2(Z) in the upper half plane forms the geometric base of the study
of real analytic modular forms. This section gives a short discussion. Much more
information may be found in, e.g., Chapter I of [35], or §3.1 of [57].

1.1.1 Definition. The modular group Γmod = SL2(Z) consists of the matrices
(

a
c

b
d

)
with a, . . . , d ∈ Z, and determinant ad− bc = 1. It is a subgroup of

G = SL2(R) =
{(

a

c

b

d

)
: a, b, c, d ∈ R, ad− bc = 1

}
.

1.1.2 Action on the upper half plane. The group G acts on the upper half plane
H = { z ∈ C : Im(z) > 0 } by

(
a
c

b
d

)
· z = az+b

cz+d .

As −Id =
(

−1
0

0
−1

)
acts trivially, this action factors through PSL2(R) =

SL2(R)/{±Id}. We put Γ̄mod = Γmod/{±Id}.
1.1.3 Fundamental domain. Fmod = { z ∈ H : |z| ≥ 1, |Re z| ≤ 1/2 } is the well
known standard fundamental domain for the modular group, see, e.g., [52], Ch. I,
§5.1, proof of Theorem 13. It is a fundamental domain as it is a reasonable subset
of H satisfying

i) Γmod · Fmod = H,

1
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��i

-1 1

Fmod

Figure 1.1 The standard fundamental domain of Γmod.

ii) If z ∈ Fmod, γ ∈ Γmod, γ · z �= z and also γ · z ∈ Fmod, then z and γ · z are
boundary points of Fmod.

If we would take

F0 =
{

z ∈ H : |z| ≥ 1, −1
2
≤ x <

1
2
, if |z| = 1 then x ≤ 0

}
⊂ Fmod,

we would have a fundamental domain meeting each Γmod-orbit exactly once.

1.1.4 Generators. Define U,W ∈ Γmod by U =
(

1
1

1
0

)
and W =

(
0

−1
1
0

)
. These

two elements generate Γmod. To see this take
(

a
c

b
d

)
∈ Γmod with c �= 0. We may

arrange |a| < |c| by left multiplication by a power of U . Reverse ±a and ±c by left
multiplication by W . This leads eventually to

(
±1

0
m
±1

)
. Now use W 2 =

(
−1

0
0

−1

)
.

A bit more work shows that the relations are generated by (UW )3 = Id,
W 4 = Id and W 2U = UW 2. See Theorem 8 on p. 54 of [35].
1.1.5 Quotient. The generators U and W of Γmod give bijective maps between
parts of the boundary of Fmod:

U : {− 1
2

+ y : y ≥ 1
2

√
3 } −→ { 1

2
+ y : y ≥ 1

2

√
3 }

W : { eiϕ : π
2 ≤ ϕ ≤ 2π

3 } −→ { eiϕ : π
3 ≤ ϕ ≤ π

2 }.

Gluing the boundaries of the standard fundamental domain as indicated by
these maps gives a model of the topological space Ymod = Γmod\H. This space is
homeomorphic to the plane. The modular invariant gives an explicit homeomor-
phism; see [53], Theorem 2.9 for its definition. This function can be used to give
Ymod a complex structure.

Let pr be the projection map H → Ymod. For most z0 ∈ H its restriction gives
a homeomorphism between a neighborhood of z0 in H to a neighborhood of prz0

in Ymod. For such a point pr also carries over the complex structure. This is not
the case at the elliptic points. These are the elements of the orbits Γmod · i and
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Γmod · 1
2
(1 + i

√
3). (An elliptic point z0 ∈ H is characterized by the property that

the group { γ ∈ Γmod : γ · z0 = z0 } contains more elements than Id and −Id. In
fact, i is fixed by all powers of W , and ρ = 1

2 (1 + i
√

3) by the powers of UW .) A

local coordinate at pr i is induced by z 	→
(

z−i
z+i

)2

, and at pr ρ by z 	→
(

z−ρ
z−ρ̄

)3

.

1.1.6 Cuspidal orbit. For the modular group we define H∗ = H ∪ Q ∪ {i∞}. The
action

(
a
c

b
d

)
: z 	→ az+b

cz+d
extends to an action of Γmod in H∗. The set Q ∪ {i∞}

consists of one orbit, the cusp Γmod · i∞.
Put Xmod = Γmod\H∗ = Ymod ∪ Γmod · i∞. Extend z 	→ e2πiz by defining it

equal to 0 in i∞. We use this extended function as a local coordinate at the cusp
to extend the complex structure to Xmod. In this way Xmod becomes a complex
Riemann surface, isomorphic to the projective line (use the obvious extension of
the modular invariant J).
1.1.7 Metric. The upper half plane H carries the structure of a riemannian space
with metric given by (ds)2 = y−2(dx)2 + y−2(dy)2. (We have used the convention
x = Re(z), y = Im(z); this we shall do throughout the book.) The geodesics are
the vertical half lines in H, and the half circles with center on the real axis. The
Laplacian associated to the metric is y2∂2

x + y2∂2
y . The metric is invariant under

the action of G, and hence carries over to Ymod.
1.1.8 Volume. The volume form associated to the metric structure is dμ(z) =
dx∧dy

y2 . It induces a measure on Ymod for which the total volume is π
3 . This can be

computed as∫
Γmod\H

dμ =
∫

Fmod

dμ(z) =
∫ 1/2

x=−1/2

∫ ∞

y=
√

1−x2

dy

y2
dx =

π

3
.

1.2 Maass forms

We define real analytic modular forms, and mention their relation to the spectral
decomposition of the Laplacian. See [57], §3.5, for more information.

1.2.1 Γmod-invariant functions. Once the space Ymod has been constructed, it is
sensible to study the functions on it. Such functions are functions on H that are
invariant under the action of Γmod. Especially interesting are the eigenfunctions
of the Laplacian; these are the analogues of the exponential functions on R. There
are a lot of such eigenfunctions. A growth condition at the cusp admits only those
that are related to the spectral decomposition of the Laplacian.
1.2.2 Definition. A real analytic modular form, or Maass form, is a twice differen-
tiable function f : H → C such that

i) (Γmod-invariance) f(γ · z) = f(z) for all g ∈ Γmod.
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ii) (Eigenfunction of the Laplacian) L0f = λf for some λ ∈ C, with L0 =
−y2∂2

x − y2∂2
y .

iii) (Polynomial growth) There is a real number a such that f(z) = O (ya) (y →
∞), uniformly for x ∈ R.

Later on we shall call such a function a real analytic modular form of weight 0.
The name Maass form, or Maass wave form, is often attached to a wider class of
functions. This name honors H.Maass, who first studied these functions system-
atically, see [34].

All functions satisfying condition i) are determined by their values on a fun-
damental domain, for instance on Fmod. The number λ in condition ii) is called
the eigenvalue of f .
1.2.3 Examples. Trivial example: constant functions, with eigenvalue 0.

To get less trivial examples of real analytic modular forms, consider for s ∈ C

the function hs : z 	→ ys+1/2. It satisfies condition ii) (with eigenvalue 1
4
− s2) and

condition iii). But invariance as in condition i) holds only for γ in the subgroup
Γ∞

mod = {± ( 1
0
∗
1

)} of Γmod. So one might hope that

e(s; z) =
∑

γ∈Γ∞
mod\Γmod

hs(γ · z) (1.1)

defines a modular form with eigenvalue 1
4−s2. Indeed, it is known that for Re s > 1

2
the sum converges absolutely, and that Equation (1.1) defines a real analytic mod-
ular form e(s); it is called an Eisenstein series. This is a special case of Proposi-
tion 5.1.6.
1.2.4 Notation. I depart from the usual choice of the parameter: susual = shere + 1

2 .
Two advantages of this choice are:

• The transformation s 	→ −s in the functional equation of the Eisenstein
family, see 1.4.4, is slightly simpler than s 	→ 1− s.

• In the Fourier expansion of modular forms one needs Whittaker functions.
My normalization leads to simpler expressions for the parameters.

1.2.5 Analyticity. The differential operator L0 is elliptic, and has real analytic
coefficients. This implies that all its eigendistributions on H are real analytic func-
tions (around each point z0 they are given by a converging power series in z − z0

and z − z0). In particular all modular forms just defined are real analytic functions
on H. (See, e.g., [29], App. 4, §5 and [3], p. 207–210, for a proof of this fundamental
analyticity result.)
1.2.6 Selfadjoint extension of the Laplacian. Put H0 = L2(Fmod, dμ). One may
view this as the Hilbert space of square integrable function on Ymod. If f is a
smooth Γmod-invariant function on H that has compact support in Ymod, then
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both f and L0f represent elements of H0. The map f 	→ L0f has a selfadjoint
extension A0 in H0 (this will be proved in Section 6.5). One may show that A0 has
a continuous spectrum with multiplicity one, with support [14 ,∞), and a discrete
spectrum consisting of a countable discrete subset of [0,∞). (Consult, e.g., [57],
§3.7. Theorem 1 on p. 254 gives the spectral decomposition; in Theorem 5 on p. 290
one sees that the discrete spectrum is indeed infinite.)

The constant functions form the one-dimensional eigenspace for the eigen-
value 0. All other eigenvalues are strictly positive, in fact, at least 3

2π2; see,
e.g., [57], §3.5, Theorem 3 on p. 226, and §3.7, Theorem 1 on p. 254. The corre-
sponding eigenfunctions are square integrable real analytic modular forms (Propo-
sition 6.6.2 of this book).

1.3 Holomorphic modular forms

Holomorphic modular forms are better known than the real analytic ones discussed
in the previous section. When we consider modular forms as functions on G =
SL2(R) instead of on H, it will become clear that both types are realizations of the
same idea.
1.3.1 Definition. A holomorphic modular form of weight k ∈ 2Z is a function
f : H→ C for which

i) f(γ · z) = (cz + d)kf(z) for all γ =
(

a
c

b
d

)
∈ Γmod,

ii) f is a holomorphic function on H,

iii) f(z) = O(1) (y →∞), uniformly in x.

1.3.2 Examples. We have the holomorphic Eisenstein series

Gk(z) =
∑′

n,m∈Z

(cz + d)−k

for even k ≥ 4. The prime indicates that (n,m) = (0, 0) is to be omitted from the
sum. The sum converges absolutely, and defines a holomorphic modular form Gk

of weight k, see, e.g., [53], §2.2 (our Gk is Shimura’s E∗
k). We may rewrite the sum

defining Gk(z) as

Gk(z) = 2ζ(k)

⎛⎝1 +
∞∑

c=1

∑
d∈Z, (d,c)=1

(cz + d)−k

⎞⎠
= 2ζ(k)

∑
γ∈Γ∞

mod\Γmod

(
dγz

dz

)k/2

,
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with ζ(·) the zeta function of Riemann. The latter sum is similar to that in Equa-
tion (1.1) on p. 4 defining the real analytic Eisenstein series.

The set of all holomorphic modular forms is closed under multiplication. This
gives a method of constructing more holomorphic modular forms. For instance

Δ = (2π)−12
(
(60G4)3 − 27(140G6)2

)
defines a holomorphic modular form Δ of weight 12 that is not a multiple of G12.
(Shimura’s Δ in [53], Theorem 2.9, is (2π)12 times this Δ.)

1.3.3 Comparison. The three conditions above are similar to those in 1.2.2. The
factor (cz + d)k makes condition i) more complicated. The condition of being an
eigenfunction of L0 is replaced by holomorphy. If f satisfies conditions i) and ii)
here, then both conditions iii) are equivalent.

A property that both types of modular forms have in common is the possi-
bility to associate interesting Dirichlet series to them. For holomorphic modular
forms, one may consult [30], §1.5 and §2.2, or the more general discussion in §4.3
of [38]. Maass’s motivation, see [34], to consider real analytic modular forms is the
wish to get more functions to which one can associate Dirichlet series.

1.3.4 Functions on SL2(R). Another way to see that both definitions are natural,
and narrowly related, is to look at functions on G = SL2(R).

Let K = SO2(R), the group of orthogonal matrices in G. The map g 	→ g · i
gives an identification G/K ∼= H. This means that real analytic modular forms
may be viewed as functions on G by f0(g) = f(g · i). In this way one obtains
functions that are invariant under Γmod = SL2(Z) on the left, and under K on the
right.

Similarly, we may lift functions f that satisfy condition i) in 1.3.1 to G by
defining

fk

((
a

c

b

d

))
= (ci + d)−kf

(
ai + b

ci + d

)
.

Again fk is Γmod-invariant on the left, but on the right it transforms according to
the character

(
cos θ

− sin θ
sin θ
cos θ

)
	→ eikθ of K.

1.3.5 Casimir operator. The space of linear differential operators on G that are
homogeneous of order two and that commute with all left and right translations
has dimension 1. It is spanned by the Casimir operator ω. In the coordinatization
(x, y, θ) 	→

(√
y
0

x/
√

y

1/
√

y

)(
cos θ

− sin θ
sin θ
cos θ

)
of G it is given by

ω = −y2∂2
x − y2∂2

y + y∂x∂θ.

For functions that are K-invariant on the right it amounts to the operator L0
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on H. For a holomorphic modular form f of weight k we get

ωfk

((√
y

0
x/
√

y

1/
√

y

)(
cos θ

− sin θ

sin θ

cos θ

))
=

(−y2∂2
x − y2∂2

y + y∂x∂θ

)
eikθyk/2f(x + iy)

=
k

2

(
1− k

2

)
fk

((√
y

0
x/
√

y

1/
√

y

)(
cos θ

− sin θ

sin θ

cos θ

))
.

Thus we see that all modular forms considered up to now correspond to eigenfunc-
tions of ω on G that are Γmod-invariant on the left, and transform on the right
according to a character of K.
1.3.6 Representations. If the function f0 or fk is square integrable on Γmod\G,
then it generates an irreducible subspace of L2(Γmod\G) for the action of G by
right translation. If f is a holomorphic modular form, then this irreducible rep-
resentation belongs to the discrete series of representations of G. If f is a square
integrable real analytic modular form with positive eigenvalue, the function f0 is
a weight zero vector in an irreducible representation of the principal series. For
more information on the representational point of view one may consult §2 of [15].

Hecke operators are not discussed in thus book. But they reveal very interest-
ing properties of modular forms. See, e.g., Chapter II of [29] for the holomorphic
case, and Chapter V of [35] for Maass forms. The representational point of view
incorporates the Hecke operators by working with functions on the adele group of
GL2, see [15].

1.4 Fourier expansion of modular forms

Up till now we have motivated the study of modular forms from harmonic anal-
ysis: spectral decomposition of the Laplace operator, and irreducible subspaces
for the right representation of G in L2(Γmod\G). Number theoretically interesting
formulas arise as soon as one writes down the Fourier expansion of modular forms.
1.4.1 Fourier expansion. For both types of modular forms discussed thus far, the
transformation behavior implies periodicity in x = Re(z): take γ =

(
1
0

1
1

)
in con-

dition i) to conclude that f(z + 1) = f(z). Hence there is a Fourier expansion

f(z) =
∞∑

n=−∞
an(y)e2πinx.

Condition ii) in the definitions above implies that the an satisfy ordinary differen-
tial equations. All Fourier terms an(y)e2πinx inherit the growth condition iii).

We see in the holomorphic case that an(y) is a multiple of e−2πny , and has
to vanish for n < 0. Thus we get

f(z) =
∑
n≥0

cn(f)e2πinz .
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The cn(f) are called the Fourier coefficients of f .
In the real analytic case the differential equation is

−y2a′′
n(y) = (λ− 4π2n2y2)an(y).

We write λ = 1
4 − s2, s ∈ C. For n = 0 there is a two dimensional space of

solutions, with basis ys+1/2, y−s+1/2 (if s �= 0). For n �= 0 we get a variant of the
Whittaker differential equation. The growth condition restricts the possibilities
to a one dimensional space, spanned by W0,s(4π|n|y); see, e.g., [56], 1.7. (The
Whittaker function W0,s decreases exponentially: W0,s(t) ∼ e−t/2 (t →∞).) This
leads to

f(z) = b0(f)ys+1/2 + c0(f)y−s+1/2 +
∑
n	=0

cn(f)W0,s(4π|n|y)e2πinx.

To distinguish between the Fourier coefficients b0 and c0, a choice of s such that
λ = 1

4
− s2 is necessary.

Often one uses a modified Bessel function in the terms with n �= 0; the
function y 	→ √

yKs(2π|n|y) spans the space of possible an(y). I prefer Whittaker
functions, as they can be used in weights other than 0 as well. When comparing
the Fourier expansions below with those at other places, one should keep in mind
that shere = susual − 1

2 , and that W0,s(y) =
√

y/πKs(y/2).
1.4.2 Holomorphic modular forms. [53], (2.2.1), on p. 32, gives the Fourier expan-
sion of holomorphic Eisenstein series (k ≥ 4 even):

Gk(z) = 2ζ(k) + 2
(2πi)k

(k − 1)!

∑
n≥1

σk−1(n)e2πinz ,

with the divisor function σu(n) =
∑

d|n du.
All coefficients in the expansion of 1

2ζ(k)Gk(z) are rational numbers, even
integers if k = 4 or 6. This implies (after some computations) that Δ(z) =∑

n≥1 τ(n)e2πinz , with all τ(n) ∈ Z, τ(1) = 1. In particular, c0(Δ) = 0.
1.4.3 Definition. A cusp form is a modular form for which the Fourier term of order
zero vanishes. This means that c0 = 0 in the holomorphic case, and b0 = c0 = 0
in the real analytic case. The holomorphic modular form Δ is a cusp form.
1.4.4 Real analytic Eisenstein series. If the integers c and d are relatively prime,
then there are a and b such that

(
a
c

b
d

)
∈ Γmod, and the coset Γ∞

mod

(
a
c

b
d

)
depends

only on ±(c, d). In this way we get for Re s > 1
2 :

e(s; z) =
1
2

∑
c,d∈Z, (c,d)=1

ys+1/2|cz + d|−2s−1

=
ys+1/2

2ζ(2s + 1)

∑′

n,m∈Z

|mz + n|−2s−1.
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Hence e(s; z) = 1
2
ys+1/2ζ(2s+1)−1G(z, z̄; s+1/2, s+1/2), with Maass’s Eisenstein

series G(·, ·;α, β) as on p. 207 of [35]. The Fourier expansion is given on p. 210 of
loc. cit., and leads to

e(s; z) = ys+1/2 +
√

π
Γ(s)ζ(2s)

Γ(s + 1/2)ζ(2s + 1)
y−s+1/2

+
πs+1/2

Γ(s + 1/2)ζ(2s + 1)

∑
n	=0

σ2s(|n|)
|n|s+1/2

W0,s(4π|n|y)e2πinx.

Again we see that the divisor function appears in the Fourier coefficients of Eisen-
stein series.

This Fourier expansion defines the function e(s) on H for all s ∈ C that
satisfy s �= 0, 1 and Γ(s + 1/2)ζ(2s + 1) �= 0. The Γmod-invariance is preserved, as
are the other conditions in Definition 1.2.2. In this way we get e as a meromorphic
family on C of real analytic modular forms. The singularities have order one, and
the residues are again modular forms. Moreover, the functional equation of the
zeta function of Riemann implies the functional equation of e:

e(−s; z) = c0(e(−s)) · e(s; z).

1.4.5 Cuspidal Maass forms. In 1.2.6 we mentioned that there is a countable set
ψ0, ψ1, . . . of square integrable real analytic modular forms that constitute an
orthonormal basis of the part of L2(Γmod\H) in which the selfadjoint extension A0

of the Laplacian has a discrete spectrum. We may arrange the ψj such that their
eigenvalues λj increase. Take ψ0 =

√
3/π. For j ≥ 1 one knows that λj > 1

4 , hence
λj = 1

4 − s2
j with sj ∈ iR. The square integrability is inherited by the Fourier

coefficients:
∫∞
1
|an(y)|2 y−2 dy < ∞. Hence b0(ψj) = c0(ψj) = 0 for j ≥ 1. So

ψ1, ψ2, . . . are cusp forms.
We can choose all ψj to be real-valued. (Use that f 	→ f̄ preserves the space of

real analytic cusp forms for a real eigenvalue.) We may even arrange that each ψj

is an eigenfunction of all Hecke operators. Much more information can be found
in §3.5 of [57]. We only mention the Ramanujan-Petersson conjecture for real
analytic modular forms (not proved up till now):

cn(ψj) = O
(
|n|−1/2+ε

)
(|n| → ∞) for each j ≥ 1, for each ε > 0.

1.5 More modular forms

There are more general types of modular forms. First we consider real analytic
modular forms of even weight. Next we introduce a multiplier system to be able
to define modular forms of arbitrary complex weight. This opens the possibility to
consider families of modular forms for which the weight varies continuously.
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1.5.1 Real analytic modular forms of even weight. We have seen in 1.3.5 that the
modular forms considered up till now correspond to functions on Γmod\G that
are eigenfunctions of the Casimir operator. These forms transform according to
a character of K. Usually, one calls all such functions modular forms, provided a
growth condition at the cusp is satisfied.

All characters of K are of the form
(

cos θ
− sin θ

sin θ
cos θ

)
	→ eikθ with k ∈ Z. But

as −Id ∈ Γmod ∩ K is central in G, only characters with even k admit non-zero
functions with the prescribed transformation properties.

The correspondence in 1.3.4 between holomorphic modular forms and func-
tions on G is not the most convenient one if one wants to study real analytic
modular forms. This is caused by the fact that the factor (cz + d)k in the trans-
formation behavior of holomorphic modular forms does not have absolute value 1.
We follow the convention to relate functions f on H and functions F on G by

F

((
a

c

b

d

))
= e−ik arg(ci+d)f

(
ai + b

ci + d

)
.

As k ∈ 2Z the choice of the argument does not matter. This leads to the following
definition.

1.5.2 Definition. A real analytic modular form of even weight k ∈ 2Z with eigen-
value λ ∈ C is a function f : H → C that satisfies the conditions

i) f(γ · z) = eik arg(cz+d)f(z) for all γ =
(

a
c

b
d

)
∈ Γmod.

ii) Lkf = λf , with Lk = −y2∂2
x − y2∂2

y + iky∂x.

iii) There is a real number a such that f(z) = O (ya) (y → ∞), uniformly
in x ∈ R.

1.5.3 Examples The real analytic modular forms defined in 1.2.2 have weight 0.
If h is a holomorphic modular form of weight k ∈ Z, then z 	→ yk/2h(z) is a
real analytic modular form in the sense just defined, of weight k, with eigenvalue
k
2 (1− k

2 ).
For each k ∈ 2Z there are Eisenstein series of weight k with eigenvalue 1

4
−s2.

They have a meromorphic extension, and satisfy a functional equation. If k ≥ 4,
then the value at s = 1

2
(k − 1) corresponds to a multiple of Gk.

There are countably many cuspidal real analytic modular forms of weight k
with eigenvalues λ1, λ2, . . ., obtained from the ψj by differential operators (see
Proposition 4.5.3). Those differential operators are multiples of the operators de-
scribed on p. 177 of [35], often called Maass operators.

1.5.4 The eta function of Dedekind. If k �∈ 2Z the definition above admits only the
zero function as a modular form. But there are modular forms with other weight,



1.5 More modular forms 11

even holomorphic ones. The best known example is the eta function of Dedekind:

η(z) = eπiz/12
∏
n≥1

(1− e2πinz).

See, e.g., [30], Chapter IX, §1. It satisfies η(γ · z) = v1/2(γ)(cz + d)1/2η(z) for all

γ =
(

a
c

b
d

)
∈ Γmod. Here v1/2 is a multiplier system; that is a map from Γmod

into C∗. It depends on the choice of the argument in (cz + d)1/2. In this book
the argument is taken in (−π, π] (this is the standard choice). The function η is
called a holomorphic modular form of weight 1

2 for the multiplier system v1/2. It
is known that η24 = Δ.

The multiplier system v1/2 is almost a character of Γmod, but not completely.
It has to compensate for the fact that (cγδz + dγδ)1/2 is not always equal to
(cγδ · z + dγ)1/2(cδz + dδ)1/2.
1.5.5 Powers of the eta function. As log η(z) is well defined for z ∈ H, we have
a holomorphic modular form z 	→ η(z)2r for each r ∈ C, with multiplier system
vr = v2r

1/2. See [30], Chapter IX, §1, for an explicit description of log v1/2 in terms
of Dedekind sums. The transformation behavior under elements of the modular
group is easily written down. Note that the growth at the cusp is not polynomial
in y if Re r < 0.

Let us consider ηr : z 	→ yr/2η(z)2r, in the spirit of the relation between
holomorphic and real analytic modular forms in 1.5.3. This function satisfies

ηr(γ · z) = vr(γ)eir arg(cγz+dγ)ηr(z) for all γ ∈ Γmod,

Lrηr =
r

2

(
1− r

2

)
with Lr = −y2∂2

x − y2∂2
y + iry∂x.

As ηr(z + 1) = eπir/6ηr(z), there is a kind of Fourier series expansion

ηr(z) =
∑
ν≥0

pν(r)yr/2e2πi(ν+r/12)z ,

with polynomials pν(r) defined by
∏∞

m=1(1−qm)2r =
∑∞

ν=0 pν(r)qν . Hence p0 = 1,
and pν has degree ν.

We can omit a finite number of terms from this expansion in such a way that
the remainder has polynomial growth in y. For −12 < Re r < 0 it suffices to omit
only the term with the factor eπirz/6. This gives an example of the following type
of modular form:
1.5.6 Definition. Let l, λ ∈ C, let r ≡ l mod 2 with |Re r| < 12. A real analytic
modular form of weight l, for the multiplier system vr, with eigenvalue λ, is a
function f : H → C satisfying the following conditions:

i) f(γ · z) = vr(γ)eil arg(cγz+dγ)f(z) for all γ ∈ Γmod,
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ii) Llf = λf , with Ll = −y2∂2
x − y2∂2

y + ily∂x,

iii) e−πirx/6f(iy+x)−∫ 1

0
e−πirx′/6f(iy+x+x′) dx′ = O (ya) (y →∞) uniformly

in x, for some a ∈ R.

The modular forms defined in 1.5.2 all come under this definition, with l = k
and r = 0. For these examples it is not necessary to subtract the ‘constant term’ in
the Fourier expansion before stating the growth condition. The same holds for the
modular forms obtained by applying Roelcke’s definition, see [50], Definition 1.1,
to the modular case.

We have already seen the example ηr, with −12 < Re r < 12; take l = r. For
−12 < Re r < 0 we need to subtract the ‘constant Fourier term’ before applying
the growth condition.

This definition can be made more general by omitting more terms from the
Fourier expansion before imposing the growth condition. The present definition
suffices in this introductory chapter. We restrict ourselves to the case l = r in the
sequel.

1.5.7 Selfadjoint extension of Lr. We take −12 < r < 12. Let Hr be the Hilbert
space of (classes of) functions that satisfy the transformation behavior in condi-
tion i), with l = r, and that are square integrable on Fmod. Note that ηr ∈ Hr for
0 ≤ r < 12. The differential operator Lr has a selfadjoint extension Ar in Hr, see,
e.g., [50], Satz 3.2.

If r ∈ (−12, 12)�{0} there is no continuous spectrum, see, e.g., [51], Satz 8.2.
This is due to the fact that vr

(
1
0

1
1

) �= 1 if r �= 0. For these r there is an orthonormal
Hilbert basis of Hr of eigenfunctions of Ar. These eigenfunctions are modular forms
in the sense of Definition 1.5.6, and moreover, are square integrable. The lowest
eigenvalue |r|

2

(
1− |r|

2

)
has multiplicity one.

Let r run through (0, 12). The lowest eigenvalue r
2

(
1− r

2

)
depends on r in

a real analytic way, and the corresponding eigenfunctions are given by the family
r 	→ ηr of modular forms. Propositions 2.14 and 2.15 in [7] show that the other
eigenvalues λ are also real analytic in r ∈ (0, 12), satisfy λ(r) > 1

4 , and that each
eigenvalue λ : (0, 12) → R has an eigenfamily of square integrable modular forms
that is unique up to multiples. In this way the spectral theory of Ar leads to
families of modular forms.

1.5.8 Extension of the Eisenstein series. The Eisenstein series discussed in 1.2.3
gives another example of a family of modular forms. The parameter of this family
is not the weight, but the spectral parameter s.

Proposition 2.19 in [6] states that there is a meromorphic family E of func-
tions on H with the following properties:

i) E is defined on U×C ⊂ C2, with U an open neighborhood of (−12, 12) in C.
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ii) For each z ∈ H the function (r, s) 	→ E(r, s) is meromorphic on U ×C, with
singularities contained in a fixed analytic set of codimension 1.

iii) At each (r, s) outside this singular set, the function z 	→ E(r, s; z) is a real an-
alytic modular form of weight r, for the multiplier system vr, with eigenvalue
1
4
− s2, as defined in 1.5.6.

iv) There is a Fourier expansion

E(r, s; z) = μ0
r(r, s; z) + C(r, s)μ0

r(r,−s; z) +
∑
ν 	=0

Cν(r, s)ων
r (r, s; z),

with

μν
r (r, s; z) = e2πi(ν+r/12)xys+1/2e−2π(ν+r/12)y

· 1F1

[
1/2 + s− r/2

1 + 2s

∣∣∣∣ 4π(ν + r/12)y
]

ων
r (r, s; z) = e2πi(ν+r/12)xWεr/2,s(4πε(ν + r/12)y)

(ε = sign ν).

The family E is the unique family of modular forms with a Fourier expansion
of this type.

v) The uniqueness implies the functional equations

E(r,−s; z) = C(r,−s)E(r, s; z),
E(r, s;−z̄) = E(−r, s; z).

vi) The restriction s 	→ E(0, s) exists, and coincides with the Eisenstein family
s 	→ e(s) discussed in 1.4.4. The existence of this restriction is not trivial: E
might have had a singularity along the complex line {0} × C.

These properties suggest to call E the Eisenstein family for Γmod.
The multiples of ων

r are the only possibilities for quickly decreasing Fourier
terms; ων

r is not defined for ν + r
12

= 0. There we need another description. The
μ0

r(r, s) and μ0
r(r,−s) form a basis of the space of functions that may occur in the

Fourier term with eπirx/6. In general these functions are exponentially increasing
in y. The restriction of (r, s) 	→ μ0

r(r, s) along the line {0} × C is given by the
function s 	→ ys+1/2, which we have seen in the Fourier expansion of e(s).

We have seen in 1.4.4 that s 	→ E(0, s) and s 	→ C(0, s) are holomorphic at
all points of iR. This does not exclude the possibility that E and C may have
singularities at points (0, it), t ∈ R. If C is singular at such a point, then its zero
set and its polar set intersect at such a point, otherwise the restriction s 	→ C(0, s)
would be singular at it. Proposition 2.19 in [7] states that C is singular at (0, it),
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t ∈ R, if and only if the space of Maass forms of weight 0 with eigenvalue 1
4

+ t2 is
not spanned by the values at r = 0 of families of square integrable modular forms
depending analytically on the weight r ∈ (−12, 12).

1.5.9 Poincaré series. Fix r ∈ (−12, 12), r �= 0. The restriction s 	→ E(r, s) is a
family of modular forms of weight r. It can be related to a Poincaré series. That
are modular forms constructed in the same way as Eisenstein series. For instance,
the series ∑

γ∈Γ∞
mod\Γmod

vr(γ)−1e−ir arg(cγz+dγ)μ0
r(r, s; γ · z)

can be shown to converge absolutely for Re s > 1
2 , and to define a real analytic

modular form P (r, s) for vr of weight r with eigenvalue 1
4
− s2. There is a mero-

morphic function ψ on a neighborhood of (0, 12)×C in C2 such that ψ(r, s)E(r, s)
is equal to P (r, s) for all (r, s) with r ∈ (0, 12) and Re s > 1

2
at which ψ · E is

holomorphic. The function ψ cannot be extended meromorphically to U × C, it
behaves badly along the line {0} × C; see 13.5.7 for more explicit formulas.

The Fourier coefficients of P (r, s) can be expressed in terms of Dirichlet
series with coefficients containing Dedekind sums. This gives expressions for the
Fourier coefficients Cν(r, s) of the Eisenstein family, valid for 0 < r < 12 and
Re s large. This suffices to get information on the singularities of the derivatives
∂m

r Cν(r, s)|r=0. In [8] we expressed these derivatives in terms of the Dirichlet series∑∞
c=1 c−s

∑∗
d modc S(d, c)ke2πind/c, for k ∈ N, n ∈ Z, with Dedekind sums S(d, c).

This led to two distribution results for
(

d
c , S(d,c)

c

)
. The same method can be used

to get distribution results for other quantities, see Section 13.6 of this book.

1.6 Truncation and perturbation

We indicate how to prove the results on the Eisenstein family E, discussed in the
previous section, by applying ideas of Colin de Verdière, [12]. The main purpose
of Part I of this book is to give a generalization of this proof. The present section
sketches the main ideas in the context of the modular group.

Here we look at a neighborhood of r = 0 only; we shall be content to get the
family E on a set U × C, where U is a small neighborhood of 0 in C.

1.6.1 Transformation. We shall apply analytic perturbation theory for linear op-
erators, as discussed in Chapter VII of Kato’s book [25]; see especially §4. This
theory studies families of operators in a fixed Hilbert space. Here we have not one
Hilbert space, but infinitely many: the Hr for r running from −12 to 12. The first
step is to transform everything to H = H0. Of course all Hr are isomorphic to
L2(Fmod, dμ), but we need a more explicit isomorphism, under which differential
operators correspond to differential operators, and that behaves very nicely near
the cusp.
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In Lemma 3.2 of [5] we used the logarithm of the eta function of Dedekind
to construct a real valued function t ∈ C∞(H) with the properties

i) t(z) = 1
6πx for all y ≥ 5.

ii) t(γ · z) = α(γ) + arg(cγz + dγ) + t(z) for each γ ∈ Γmod.

The function α : Γ→ π
6 Z satisfies vr(γ) = eirα(γ). It can be expressed in terms of

Dedekind sums. Lemma 8.2.1 will give a construction of such a function t that is
not based on log η.

Condition ii) implies that eirt has the transformation behavior of elements
of Hr. The transformation f 	→ e−irtf gives a unitary isomorphism Hr → H. Con-
dition i) implies that near the cusp the Fourier series expansion is transformed term
by term, and that the term with a special status in condition iii) in Definition 1.5.6
is mapped to the constant term of e−irtf .

This transformation makes sense for r ∈ C � R as well. For all r ∈ C it
maps functions transforming under Γmod as in condition i) of Definition 1.5.6 onto
Γmod-invariant functions.

Under this transformation, the differential operator Lr corresponds to the
differential operator L(r) = e−irt ◦ Lr ◦ eirt on the Γmod-invariant functions. Of
course, one can express L(r) in terms of t and its derivatives. A reader who carries
out the computation will find differential operators L(1) and L(2) such that L(r) =
L0 + rL(1) + r2L(2).

As L(r) corresponds to Lr, it has a selfadjoint extension in H. But the family
of selfadjoint operators thus obtained has properties that are not as nice as one
would want. The idea in [12] is to work in a subspace of H.
1.6.2 Truncation. Let c > 0. Each f ∈ H0 has a Fourier coefficient F0f ∈
L2
(
(c,∞), y−2dy

)
given by F0f(y) =

∫ 1

0
f(x + iy) dx. (Section 6.3 gives a more

careful definition of F0f .)
We fix a real number a > 5. Define aH as the Hilbert subspace of H char-

acterized by the condition that F0f vanishes on (a,∞). The differential operators
L(r) act in the space C∞

c (Γmod\H)∩ aH of smooth compactly supported functions
on Γmod\H for which the zero order Fourier term vanishes above a.

The great advantage of this ‘truncated’ setup is that for r near 0 the differen-
tial operators L(r) have selfadjoint extensions aA(r) in aH with compact resolvent,
and, moreover, that there is a neighborhood U of 0 in C on which r 	→ aA(r) is a
selfadjoint holomorphic family of operators of type (B) in the sense of Kato, [25],
Chapter VII, §4.2. Proposition 9.2.2 gives the compactness of the resolvent. We
shall give in Section 9.1 all ingredients needed to see that aA is a family of type (B)
in Kato’s sense. (In the general treatment in Chapter 9 we may have more than one
parameter; hence the family aA discussed there does not come completely under
Kato’s type (B).)

We may draw strong conclusions concerning the holomorphy of the eigenval-
ues of the family aA; see [25], Chapter VII, Theorem 3.9 and Remark 4.22. The
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eigenvalues and eigenfunctions are not considered in this book; I do not know how
to extend those results to the situation of more than one complex parameter.
1.6.3 Relation to modular forms. The eigenfunctions of aA(r) are related to mod-
ular forms in the sense of Definition 1.5.6. We define the truncation (a)F of a
smooth Γmod-invariant function F on H to be the Γmod-invariant function on H
that satisfies

(a)F (z) =
{

F (z) if z ∈ Fmod and y ≤ a

F (z)− ∫ 1

0
F (z + x′) dx′ if z ∈ Fmod and y > a.

Proposition 9.2.6 states that ker(aA(r)− 1
4 +s2) consists of the functions (a)(e−irtf),

where f runs trough the space of all modular forms for vr of weight r with eigen-
value 1

4 − s2 that satisfy
∫ 1

0
e−πirx/6f(ia + x) dx = 0.

In particular, the cuspidal Maass forms of weight zero are eigenfunctions
of aA(0). Moreover, (a)e(s) is an eigenfunction of aA(0) for those values of s that
satisfy a2s + Λ(2s)/Λ(2s + 1) = 0, with Λ(u) = π−u/2Γ(u/2)ζ(u).
1.6.4 The resolvent of aA. Proving the existence of the Eisenstein family E amounts
to solving (Lr − 1

4 + s2)f = 0 with a family f that depends meromorphically on
(r, s), and has a Fourier expansion of a prescribed form. This is difficult. Let us
look at the transformed differential equation(

L(r)− 1
4

+ s2

)
aẼ(r, s) = 0.

We try to solve this equation with a meromorphic family aẼ of Γmod-invariant
functions. We further impose the condition that F0

aẼ(r, s; a) = 1.
Consider a Γmod-invariant function h that satisfies for z ∈ Fmod:

h(z) = 0 for y ≤ 5
h(z) = h0(y) for y ≥ 5,

for h0 ∈ C∞(5,∞) of the following form: on the interval ((5 + a)/2,∞) we take
h0(y) equal to a linear combination of μ0

r(r, s; iy) and μ0
r(r,−s; iy), such that

h0(a) = 1. This can be arranged with coefficients meromorphic in (r, s) ∈ U .
(Holomorphic coefficients would be more difficult, as the μ0

r do not behave nicely
at the lines C×{s} with s ∈ 1

2Z.) On (5, (5 + a)/2) we let h0 go to zero smoothly.
We define k = (L(r)− 1

4
+s2)h. Hence k ∈ C∞

c (Γmod\H) with support in Fmod be-
low a. Moreover, k is meromorphic in (r, s). Its polar set does not contain vertical
lines {r} × C. We may view k as a meromorphic family of elements of aH.

In this way we have one solution h of (L(r) − 1
4 + s2)h = k. If we find

another solution of this equation, then their difference solves the homogeneous
equation. We use the resolvent R(r, s) = (aA(r)− 1

4 +s2)−1 to get another solution.
This is a meromorphic family of bounded operators in aH, see [25], Chapter IV,
Theorem 3.12. So G(r, s) = R(r, s)k(r, s) defines a meromorphic family of elements
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of aH, without singularities along vertical lines, and (aA(r)− 1
4
+s2)G(r, s) = k(r, s).

The fact that G(r, s) ∈ dom(aA(r)) implies that F0G(r, s; a) has a meaning, and
moreover, that F0G(r, s; a) = 0 as identity between meromorphic functions. This
in turn implies that (L(r)− 1

4 +s2)G(r, s) = k(r, s). See Propositions 8.4.5 and 9.2.5
for a proof.

Thus we have obtained aẼ(r, s) = h(r, s)−G(r, s), with the desired proper-
ties. Moreover, these properties determine aẼ uniquely. The difference of two such
families would be an eigenfunction of aA(r) for all (r, s) at which it is holomorphic
(look at the Fourier expansion to see the square integrability). The compactness
of the resolvent implies that aA(r) has a discrete spectrum. We conclude that the
difference vanishes.
1.6.5 Construction of E. Now Ẽ(r, s) = eirt aẼ(r, s) is a meromorphic family of
modular forms of the right type, but condition iv) in 1.5.8 is replaced by the
condition that the Fourier coefficient with eπirx/6 is equal to 1 at y = a. The
square integrability of G(r, s) implies that all other Fourier coefficients of Ẽ are
square integrable, hence multiples of ων

r (r, s).
The Fourier term with eπirx/6 is of the form

p(r, s)μ0
r(r, s) + q(r, s)μ0

r(r,−s),

with p and q meromorphic on U without singularities along vertical lines. Suppose
that the restriction s 	→ p(0, s) is the zero meromorphic function. Then Ẽ(0, s)
would be a square integrable modular form for many non-real s with Re s > 0. This
contradicts the fact that the extension A0 of L0 is selfadjoint. Hence s 	→ p(0, s) is
non-zero, and E(r, s) = 1

p(r,s)
Ẽ(r, s) is a meromorphic family with the properties

discussed in 1.5.8. The difference s 	→ E(0, s) − e(s) has to vanish, again by the
selfadjointness of A0.
1.6.6 Remark. This completes the sketch of a proof of the meromorphic continu-
ation of the Eisenstein series jointly in weight and spectral parameter. I want to
emphasize that the method comes from [12]. Colin de Verdière proves the contin-
uation with s as the only parameter, but the method is the same.
1.6.7 Overview of Part I. At this point the reader may appreciate a look at Ta-
ble 1.1. Except for the use of the term automorphic form instead of modular form,
I have tried to stay close to the terminology of this section in the description of
the contents of the chapters, and have ignored many generalizations. In particular,
Part I considers a general type of Poincaré series, of which the Eisenstein series
in the table are only a very special case. Chapters 11 and 12 have a much wider
scope than indicated here. The partition in known and new is rough. The concept
of automorphic form defined in Chapter 4 is wider than is usual in, e.g., [50, 51]
and [21]. The chapters called new contain many ideas that are present in the lit-
erature. The systematic study of meromorphic families of automorphic forms of
this general type is new, as far as I know.
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Chapter indication of the contents

2 known Automorphic forms on the universal covering
group of SL2(R)

3 known Discrete subgroups of SL2(R)
4 known Automorphic forms and Fourier expansions
5 known Eisenstein series in the domain of absolute con-

vergence
6 known Spectral theory; automorphic forms as eigenfunc-

tions of a selfadjoint operator
7 new Families of automorphic forms; various types of

holomorphy and meromorphy
8 new Transformation and truncation
9 new Families of automorphic forms and eigenfunctions

of a selfadjoint family of operators in the Hilbert
space of truncated functions

10 new Eisenstein family, meromorphic dependence on
multiplier system and spectral parameter jointly

11 known Singularities of the restriction s 	→ E(0, s)
12 new Singularities of (r, s) 	→ E(r, s) at points (0, s)

Table 1.1 Overview of Part I of this book.

1.7 Further remarks

1.7.1 Modular functions. The modular invariant J is a Γmod-invariant function
on H with an expansion of the form

e−2πiz +
∞∑

n=0

cne2πinz .

It satisfies all properties in 1.5.6, except condition iii). If we ignore the Fourier
term with e−2πix in the formulation of the growth condition, we can call it a
holomorphic modular form of weight 0 for the trivial multiplier system. That is
what we shall do in Definition 4.3.4. Usually, J is called a modular function, as
are all rational functions in J . These need not be defined on the whole of H, for
instance, 1

J has a pole at each point of the orbit Γmod · 1+i
√

3
2 . We shall allow in

Definition 4.3.4 automorphic forms to have singularities in a discrete subset of H.
At each of these exceptional points we impose some growth condition that amounts
to meromorphy in the complex analytic case. This generalized growth condition
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admits all modular forms we shall need, but saves us from studying Γmod-invariant
functions such as e1/J .
1.7.2 Poincaré series have already been discussed in 1.5.9. We may as well use μν

instead of μ0. See, e.g., Niebur, [41], or Hejhal, [21], Theorem 4.1 on p. 254. The
resulting Poincaré series P ν(r, s) have a meromorphic continuation. The modular
invariant J can be expressed in the value at s = 1

2 of the family s 	→ P−1(0, s).
1.7.3 Resolvent kernel. The selfadjoint extension A0 of the Laplacian, discussed
in 1.2.6, has a resolvent R(s) =

(
A0 − 1

4
+ s2

)−1. The resolvent R(0, s) of the
pseudolaplacian aA(0), as used in 1.6.4, is a compact operator. The resolvent R(s)
of A0 is not. But it has a kernel k(s; z, w), given by a series converging absolutely
for Re s > 1

2 ; see, e.g., [29], Chapter XIV, §5. If we keep fixed w ∈ H, this kernel
satisfies L0k(s; ·, w) = ( 1

4 − s2)k(s; ·, w) on H � Γmod ·w. We view it as a Poincaré
series; it has a logarithmic singularity at the points of Γmod ·w. It is known that this
kernel has a meromorphic continuation in s. Definition 4.3.4 of automorphic forms
includes the resolvent kernel. We shall see that this kernel has a meromorphic
continuation in (r, s).
1.7.4 Other weights. The Eisenstein series in 1.5.8 has weight equal to the parame-
ter r determining the multiplier system. We could have used any weight r 	→ r +ν
with ν ∈ 2Z. The family of multiplier systems r 	→ vr is the only one for the
modular group. The results on Eisenstein families with more general weights are
almost the same as those discussed above.

The map r 	→ vr has period 12, but the Eisenstein families are definitely not
periodic in r.
1.7.5 Other discrete subgroups of SL2(R). The modular group is only one example
of the groups with which we shall work: discrete subgroups of SL2(R) containing(

−1
0

0
−1

)
, with finite covolume. These groups are discussed in Chapter 3. They

may have more than one cusp. That does not matter much. But, in general, the
multiplier systems form a complex variety of dimension larger than 1. This makes
application of perturbation theory more complicated than in the one-dimensional
case.
1.7.6 Eisenstein series. In general, there is an Eisenstein series at each cusp for
which the multiplier system is ‘singular’, i.e., the multiplier system equals 1 on
the matrices fixing that cusp. The meromorphic continuation in s is known; see,
e.g., [21], Theorem 11.6 on p. 128, and Theorem 11.8 on p. 130. In general, this
continuation cannot be obtained by looking at the Fourier expansion. One needs
the resolvent of the selfadjoint extension of the Laplacian, or the Casimir operator.

The unique cusp of the modular group is singular for vr if and only if r ≡
0 mod 12. Hence for r ∈ (−12, 12)�{0} the restriction s 	→ E(r, s) is not described
by Eisenstein series on the region Re s > 1

2 .
1.7.7 Part II discusses three example groups. Part I refers for most examples to
either this chapter, or to Part II.
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Chapter 13 Modular group
13.1–13.4 examples

13.5 singularities of E
13.6 distribution results

Chapter 14 Theta group, examples

Chapter 15 Commutator subgroup
15.1–15.5 examples

15.6 harmonic automorphic forms
15.7 perturbation of cusp forms

Table 1.2 Overview of Part II.

We also use Part II to explain some ideas that go further than Part I.
1.7.8 Distribution results. We have mentioned in 1.5.9 that the meromorphic con-
tinuation of the Eisenstein family, jointly in weight and spectral parameter, can
be used to get distribution results for Dedekind sums. In Section 13.6 we use the
same method to get distribution results for another quantity. The method is based
on the fact that the Eisenstein family in two variables has rather unexpected sin-
gularities at the points (0, 1

2
l), with l = 2, 3, 4, . . .. We study these singularities in

Section 13.5.
1.7.9 Harmonic automorphic forms. The multiplier systems suitable for weight 0
form a group, i.e., the character group of the discrete subgroup Γ. For the com-
mutator subgroup of the modular group this character group has dimension 2.
The theory in Part I gives a meromorphic Eisenstein family depending on the
character and the spectral parameter. On the region Re s > 1

2
, and for all unitary

characters, this Eisenstein family is given by (absolutely converging) Eisenstein
series. On the two-dimensional complex variety given by s = 1

2
, the family is not

given by Eisenstein series. But the restriction of the family to this complex plane
is a meromorphic family of automorphic forms that can be related to Jacobi theta
functions. With the help of D. Zagier I could get a rather explicit description. See
Section 15.6.
1.7.10 Perturbation of square integrable automorphic forms. In the modular case,
there are results on the global behavior of eigenvalues of the selfadjoint operators Ar

and the corresponding families of square integrable modular forms; see Proposi-
tion 2.8 in [5], and Theorem 2.21 in [7]. By global I mean here ‘holomorphic on
a neighborhood of (−12, 12) or (0, 12)’. This is equivalent to real analyticity on
the real interval. I have refrained from trying to generalize those results in this
book. Of course, once one has the results in Chapter 9, one may work on a one-
dimensional subspace of the variety of multiplier systems, and try to generalize
[5]–[7].
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The local behavior of square integrable automorphic forms under variation
of the discrete group or the multiplier system has been studied, see Hejhal, [22],
or Venkov, [59], Ch. 7. (Venkov’s nice survey [60] has the same title, but is not
identical to [59].) Analytic variation is hinted at in §10, (iii) of [22].

Analytic variation of the Riemannian metric is considered by Colin de Ver-
diére, [12], and Phillips and Sarnak, [46]. In [46] the non-vanishing of certain L-
series at a point determined by the eigenvalue is shown to imply the ‘annihilation’
of the corresponding cusp form under variation of the group. We do not go deeply
into this type of question for perturbation of the multiplier system. In Section 15.7
we mention one result, for the commutator subgroup of the modular group. This
shows that ‘annihilation’ of cusp forms is related to the presence of singularities
of the Eisenstein family.



Part I

General theory



Chapter 2
Automorphic forms on the universal
covering group

One may view automorphic forms with general complex weight as functions on
the upper half plane, or as functions on the universal covering group of SL2(R).
In this book the latter point of view is taken.

This chapter discusses the universal covering group, and defines automorphic
forms on it. Sections 2.1 and 2.3 discuss automorphic forms. The universal covering
group is introduced in Section 2.2.

2.1 Automorphic forms on the upper half plane

This section recalls some definitions already given in Chapter 1 for the modular
case. It discusses the transformation behavior and differential equation for auto-
morphic forms considered as functions on the upper half plane. We ignore growth
conditions for the moment.

2.1.1 Notations. We denote the upper half plane { z ∈ C : Im z > 0 } by H. We use
x = Re z, y = Im z, for the coordinate z on H.

The group G = SL2(R) = {
(

a
c

b
d

)
: a, b, c, d ∈ R, ad − bc = 1 } acts in H by

fractional linear transformations
(

a
c

b
d

)
: z 	→ az + b

cz + d
. This action factors through

the center
vz±Id, hence it is an action of Ḡ = PSL2(R) = SL2(R)/{±Id}.
2.1.2 Discontinuous group. We consider a subgroup Γ of G that acts discontinu-
ously in H, i.e., each z ∈ H has a neighborhood U such that γ ·z ∈ U for only finitely
many γ ∈ Γ. The modular group Γmod = SL2(Z) is an example. Other examples
are the theta group Γθ, see Section 14.1, and the commutator subgroup Γcom

of Γmod, see Section 15.1. Chapter 3 gives a discussion of the class of subgroups
to be used in this book.

We denote the quotient Γ/{±Id} by Γ̄. The central element −Id =
(

−1
0

0
−1

)
acts trivially in H. The group Γ̄ is isomorphic to the group of transformations in H
determined by Γ.

2.1.3 Definition. We define an automorphic form on H for the group Γ with weight
l ∈ C, multiplier system v : Γ 	→ C∗, and eigenvalue λ ∈ C, as a function f ∈
C∞(H) satisfying

25
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i) f(γ · z) = v(γ)eil arg(cz+d)f(z) for all γ =
(

a
c

b
d

)
∈ Γ;

ii) Llf = λf , with Ll = (−y2∂2
y − y2∂2

x + ily∂x).

Throughout we use the argument convention −π < arg(u) ≤ π for all u ∈ C∗. The
multiplier system v is a function v : Γ→ C∗. It has to satisfy a relation expressing
v(γδ) in terms of v(γ) and v(δ) for all γ, δ ∈ Γ; otherwise i) would allow the
zero solution only. The relation is best understood after reformulation in terms of
functions on the universal covering group, see 2.3.6.

This definition of automorphic form is very wide. Usually one imposes growth
conditions at the cusps. We introduce our concept of growth condition in 4.3.4.
That definition includes the usual automorphic forms. It will also allow automor-
phic forms to have singularities at points of a discrete subset of H. The more strict
the growth condition, the less automorphic forms satisfying it exist. The rarest are
the cusp forms, which decrease exponentially at all cusps (see Definition 4.3.9).

Examples of modular forms, i.e., automorphic forms for Γmod, occur in 1.2.3
and 1.5.5. Even unusual functions like eJ , with J the modular invariant, come
under this definition. In fact, eJ is an automorphic form for Γmod, with weight 0,
trivial multiplier system, and eigenvalue 0.
2.1.4 Analyticity. Condition ii) imposes an elliptic differential equation with ana-
lytic coefficients. Thus all automorphic forms are real analytic functions on H, and
in the definition we could have replaced f ∈ C∞(H) by the condition that f is a
distribution on H; see, e.g., [29], App. 4, §5 and [3], p. 207–210.
2.1.5 Holomorphic automorphic forms. The well known holomorphic automorphic
forms on H of weight l, with multiplier system v satisfy

i)′ F (γ · z) = v(γ)(cz + d)lF (z) for all γ =
(

a
c

b
d

)
∈ Γ;

ii)′ ∂z̄F = 0.

The differential operator ∂z̄ = 1
2
(∂x + i∂y) is simpler than the the differential

operator Ll above. Condition ii)′ states that F is holomorphic on H.
If F satisfies these conditions, then z 	→ yl/2F (z) is an automorphic form of

weight l, with multiplier system v and eigenvalue 1
2 l(1 − 1

2 l). On the other hand,
condition ii) with λ = 1

2 l(1− 1
2 l) need not imply condition ii)′.

2.1.6 Examples. In 1.3.2 we have seen the holomorphic Eisenstein series Gk. As we
do not impose a growth condition here, the modular invariant J , and also eJ , fall
under this definition. Usually a function like J is called an automorphic function,
and eJ is not mentioned at all.

See 14.3.3 for an example of a non-holomorphic form of weight 0 with eigen-
value 0 = 1

2 · 0(1− 1
2 · 0).

2.1.7 Maass’s definition. If we take an automorphic form F of type {Γ, α, β, v} in
the sense of Maass, [35], p. 185 (so α, β ∈ C, α− β ∈ R, v a multiplier system for
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Γ), then z 	→ y(α+β)/2F (z) is an automorphic form for Γ as defined in 2.1.3. The
weight is α−β, the multiplier system is v, and the eigenvalue equals α+β

2 (1− α+β
2 ).

2.1.8 Line bundle. In particular in the holomorphic case it may be useful to consider
automorphic forms as sections of a suitable line bundle on the quotient space Γ\H.
This has the advantage of working on a smaller space. The disadvantage is that
we no longer study functions.

In this book we make the opposite choice. We prefer to view automorphic
forms as functions on the universal covering group of SL2(R). In that way, the
description of multiplier systems becomes simpler; the same holds for certain co-
ordinate systems. We pay for it by working on a larger space.

2.2 The universal covering group

In 1.3.4 we have considered modular forms of even weight as functions on G =
SL2(R), left-invariant under Γmod, transforming on the right according to a char-
acter of the maximal compact subgroup K = SO2(R) = {

(
cos θ

− sin θ
sin θ
cos θ

)
: θ ∈ R }

of orthogonal matrices in G. This has the advantage that condition i) in Defini-
tion 2.1.3 becomes the simpler condition of left-invariance. This can be done for
modular forms of odd weight as well. Then the multiplier system has to satisfy
v(−Id) = −1. But for other weights there is no corresponding character of K. This
is due to the fact that

(
cos θ

− sin θ
sin θ
cos θ

)
has period 2π in θ. We avoid this problem by

using the universal covering group.
In this section, we construct the universal covering group of SL2(R). It is a Lie

group, and as such it has a Lie algebra. We describe the corresponding differential
operators. From 2.2.4 on, one finds some technicalities to be used later on. The
reader may want to skip these at first reading.
2.2.1 Universal covering group. The universal covering group of G = SL2(R) is
a simply connected Lie group G̃ together with a surjective continuous homomor-
phism G̃ → SL2(R) : g 	→ ĝ that is locally a homeomorphism; the kernel of the
homomorphism is discrete and central in G̃. This universal covering group is unique
up to isomorphism. We shall give an explicit construction.

We use the Iwasawa decomposition of G to construct the universal covering
group. Each element of SL2(R) has a unique decomposition(√

y

0
x/
√

y

1/
√

y

)(
cos θ

− sin θ

sin θ

cos θ

)
,

with x + iy ∈ H and θ ∈ R mod 2πZ. This Iwasawa decomposition shows that G ∼=
H× (R mod 2π) as analytic varieties. To make G̃ simply connected, we define the
underlying analytic variety of G̃ to be H×R. The projection G̃ → G : g 	→ ĝ is given
by (z, θ) 	→ (z, θ mod 2π). We define p(z)k(θ) ∈ G̃ as the element corresponding
to (z, θ) ∈ H× R.
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We write, for z = x + iy ∈ H, p(z) = n(x)a(y). So every element of G̃ can be
written in exactly one way as n(x)a(y)k(θ), with x ∈ R, y > 0, and θ ∈ R. The
projection G̃→ G is given by

n̂(x) =
(

1
0

x

1

)
, â(y) =

(√
y

0
0

1/
√

y

)
, k̂(θ) =

(
cos θ

− sin θ

sin θ

cos θ

)
.

We define the group structure on G̃ by the following multiplication rules:

n(x1)n(x2) = n(x1 + x2)
a(y1)a(y2) = a(y1y2)
k(θ1)k(θ2) = k(θ1 + θ2)

a(y)n(x) = n(yx)a(y)

k(θ)p(z) = p

(
z cos θ + sin θ

−z sin θ + cos θ

)
k
(
θ − arg

(
eiθ(−z sin θ + cos θ)

))
.

As mentioned before, the argument is taken in (−π, π].
This amounts to the following: The compact subgroup K of G is covered by

the subgroup K̃ of G̃, isomorphic to the additive group R. The kernel of K̃ → K

is a subgroup Z̃ of K̃, corresponding to πZ. The subgroup P = {
(

a
0

b
1/a

)
: a > 0 }

of G has an isomorphic copy P̃ = { p(z) : z ∈ H } in G̃. This group P̃ is a semidirect
product of the subgroups Ã = { a(y) : y > 0 } ∼= R∗

>0 and Ñ =
vzmn(x)x ∈ R ∼= R. This leaves only the definition of the multiplication of k(θ)
and p(z). The definition above lifts the product of p̂(z) and k̂(θ) to G̃. I invite the
reader to check that we now have a Lie group G̃, and that g 	→ ĝ gives a surjective
homomorphism G̃→ G, with kernel central in G̃.

The group Z̃ is the center of G̃. It is generated by ζ = k(π). We denote
the quotient G̃/Z̃ ∼= G/{±Id} by Ḡ. If we use H as a model of hyperbolic plane
geometry, then Ḡ is the group of motions. The group G̃ acts in H via Ḡ.

We refer to [4], 2.2, for more information. The notation there is a bit different.
G̃, K̃, Ñ , . . . here correspond to G0,K0, N, . . . in loc. cit.

2.2.2 Standard section. In (2.2.12) of [4] a section
(

a
c

b
d

)
	→ ˜(a

c
b
d

)
of the projection

G̃→ G is given. It is determined by

˜(a

c

b

d

)
p(z) = p

(
az + b

cz + d

)
k(− arg(cz + d)). (2.1)

This section, restricted to P , gives an isomorphism P → P̃ . If c �= 0 or d > 0, then

x =
˜(a
c

b
d

)
satisfies x̃−1 = x̃−1. Note that k(θ) =

˜̂
k(θ) for −π ≤ θ < π.
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2.2.3 Invariant differential operators. The Lie algebra gr of G̃ is the same as the
Lie algebra of G. It has the R-basis

X =
(

0
0

1
0

)
, W =

(
0

−1
1
0

)
, H =

(
1
0

0
−1

)
,

with n(x) = exp(xX), k(θ) = exp(θW) and a(y) = exp( 1
2 log(y)H). See, e.g., [29],

Ch. VI, §1.
For f ∈ C∞(G̃) and Z ∈ gr we have the right differentiation

Zf(g) =
d

dt
f(g exp(tZ))

∣∣∣∣
t=0

.

This can be extended C-linearly to give an action of the complexified Lie algebra
g = C ⊗R gr in C∞(G̃) by left invariant differential operators of first order. All
left invariant differential operators are obtained from these first order operators.
So one obtains an action of the enveloping algebra U(g) of g, see, e.g., [29], Ch. X.
The center of U(g) is the polynomial ring C[ω] generated by the Casimir operator

ω = −1
4

H2 − X2 +
1
2
(XW + WX) = −1

4
E+E− +

1
4

W2 − i

2
W

with E− = H−2iX+iW, and E+ = H+2iX−iW. As [E−, E+] = E−E+−E+E− =
4iW, the enveloping algebra U(g) is generated by E+ and E−.

2.2.4 Iwasawa coordinates. The isomorphism of analytic varieties G̃ ∼= H × R

corresponds to the Iwasawa decomposition G̃ = Ñ ÃK̃. It leads to the Iwasawa
coordinates on G̃:

p(z)k(θ) 	→ (x, y, θ).

In these coordinates

W = ∂θ

E± = e±2iθ (±2iy∂x + 2y∂y ∓ i∂θ)
ω = −y2∂2

x − y2∂2
y + y∂x∂θ.

2.2.5 Polar coordinates. The polar decomposition G̃ = K̃ÃK̃ leads to the polar
coordinates on G̃ � K̃:

k(η)a(tu)k(ψ) 	→ (u, η, ψ)

with η, ψ ∈ R, η + ψ mod πZ, u ∈ (0,∞) and

tu = 1 + 2u + 2
√

u2 + u > 1, u =
(tu − 1)2

4tu
> 0.
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We have W = ∂ψ. To express H and X in these coordinates, we use

d

dx
f (k(η)a(t) exp(xH)k(ψ))

∣∣∣∣
x=0

= 2t∂tf(u, η, ψ),

k(ψ)−1H · k(ψ) = cos 2ψ ·H + sin 2ψ(2X −W).

Hence cos 2ψ ·H+sin 2ψ(2X−W) = 2t∂t, which may be expressed in ∂u. Proceed-
ing in a similar way for ∂η from exp(xW)a(tu)k(ψ), and inverting the resulting
relations, one finds the following description of the action of U(g) in polar coordi-
nates:

W = ∂ψ

E± = e±2iψ

(
2
√

u2 + u ∂u ∓ i

2
1√

u2 + u
∂η ± i

2
1 + 2u√
u2 + u

∂ψ

)
ω = −(u2 + u)∂2

u − (2u + 1)∂u − 1
16

1
u2 + u

∂2
η

+
2u + 1

8(u2 + u)
∂η∂ψ − 1

16
1

u2 + u
∂2

ψ.

2.2.6 Coordinate transformations. The relations between polar and Iwasawa coor-
dinates are⎧⎪⎪⎨⎪⎪⎩

z = x + iy =
itu cos η + sin η

−itu sin η + cos η
=

i− 2
√

u2 + u sin 2η

1 + 2u− 2
√

u2 + u cos 2η

θ = ψ + η − arg
(

1− e2iη

√
u

u + 1

)
⎧⎪⎪⎪⎨⎪⎪⎪⎩

u =
|z − i|2

4y

η =
1
2

arg
z − i

z + i
ψ = θ − 1

2 arg(−1− z2).

In the latter transformation, the argument gives rise to a discontinuity. But η+ψ =
θ − arg(1− iz) is continuous in (z, θ).
2.2.7 Left invariance. Let g0 be a fixed element of G̃. We can apply the left transla-
tion G̃ → G̃ : g 	→ g0g, before taking the coordinates. As the differential operators
in U(g) are all left invariant, the operators W, E± and ω are still described by the
formulas given above.
2.2.8 Haar measure. The group G̃, being unimodular, carries a measure invariant
under left and right translations. This Haar measure is unique up to a constant
factor. We fix it by

dg = dx ∧ dy

y2
∧ dθ

π
in Iwasawa coordinates,
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= 4π du ∧ dη

π
∧ dψ

π
in polar coordinates.

We decompose the Haar measure on G̃ ∼= H× K̃ as the product of dμ(z) = dx∧dy
y2

on H, and 1
π dθ on K̃. The latter measure gives volume 1 to K̃/Z̃.

2.3 Automorphic forms on G̃

We transform Definition 2.1.3 into a definition of automorphic form on the uni-
versal covering group G̃ in exactly the same way as in 1.3.4. In some sense this is
the opposite of the procedure followed by Maass; see [35], Ch. IV, §1.

2.3.1 Discrete group. We consider a discrete subgroup Γ̃ of G̃ such that Z̃ ⊂ Γ̃
and such that Γ = { γ̂ : γ ∈ Γ̃ } acts discontinuously on H. This also gives an
action of Γ̃ on H. The actual group of transformations in H corresponding to Γ̃ is
Γ̄ = Γ̃/Z̃ ∼= Γ/{±Id}.

To discrete subgroups Γ of G = SL2(R) acting discontinuously in H, we may
associate the full original Γ̃ under g 	→ ĝ in G̃. There is a bijective correspondence
between the groups Γ̃ indicated above, and those groups Γ considered in 2.1.2 that
contain −Id.

The full original Γ̃mod ⊂ G̃ of the modular group Γmod = SL2(Z) is discussed
in Section 13.1. Chapters 14 and 15 give other examples. In the next chapter we
shall be more precise concerning the conditions on Γ̃.

2.3.2 Definition. A function f on an open subset U of G̃ has weight l ∈ C if
f(gk(θ)) = f(g)eilθ for all g ∈ U and all θ ∈ R. The domain U of f should satisfy
UK̃ = U .

A function f on G̃ with weight l is fully determined by the function fl :
H → C : z 	→ f(p(z)); similarly if the domain of f is a subset of G̃.

2.3.3 Notations. The character group X = X (Γ̃) of Γ̃ is the group of characters of Γ̃.
Its elements are the group homomorphisms Γ̃ → C∗. We denote by Xu = Xu(Γ̃) the
subgroup of unitary characters, i.e., characters with values in { t ∈ C∗ : |t| = 1 }.

We say that a character χ ∈ X belongs to the weight l if χ(ζ) = eπil. The set
of weights to which a given character belongs has the form l0 + 2Z.

We discuss the character group of Γ̃mod in 13.1.3.

2.3.4 Definition. An automorphic form for the group Γ̃ is a function f ∈ C∞(G̃)
satisfying

i) f(γg) = χ(γ)f(g) for all g ∈ G̃, γ ∈ Γ̃, for some χ ∈ X .

ii) f has weight l, for some l ∈ C.

iii) ωf = λf for some λ ∈ C.
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We call f an automorphic form of weight l, for the character χ, with eigenvalue λ.
We also apply this definition to f ∈ C∞(U) if U is a dense subset of G̃

satisfying Γ̃UK̃ = U .
Even when the character, weight, and eigenvalue are fixed, the space of au-

tomorphic forms is huge. In Chapter 4 we shall impose a growth condition to get
finite dimensional spaces.

In 13.1.7 we discuss the modular forms (i.e., automorphic forms for the mod-
ular group) on G̃ corresponding to powers of the eta function of Dedekind. For
another example see 14.2.3.
2.3.5 Action of the center. We have assumed Z̃ ⊂ Γ̃. Hence 0 is the only auto-
morphic form, unless the character belongs to the weight. We shall always assume
that this condition is fulfilled.

If we consider a discrete subgroup Δ of G that does not contain −Id, then its
full original Δ̃ in G̃ contains only { k(2mπ) : m ∈ Z } ⊂ Z̃. Let Γ̃ = Δ̃ ∪ (−Id)Δ̃.
The automorphic forms for Δ̃ with weight l for the character χ of Δ̃ correspond to
the automorphic forms for Γ̃ of the same weight and eigenvalue, for the character
χ1 : k(mπ)δ 	→ eπimlχ(δ) of Γ̃. So the condition −Id ∈ Γ is not really a restriction.
2.3.6 Relation to functions on H. Let l be the weight of the function f on G̃. Then
condition i) above is equivalent to condition i) in 2.1.3 on fl for the multiplier

system
(

a
c

b
d

)
	→ ˜(a

c
b
d

)
. As a multiplier system is a map Γ → C∗ for which i)

in 2.1.3 has non-zero solutions, all multiplier systems for Γ come from characters
of Γ̃ in this way.

If the character belongs to an integral weight, then { k(2mπ) : m ∈ Z } ⊂ Z̃
is contained in its kernel. In that case multiplier systems are characters of Γ ∼=
Γ̃/{ k(2πm) : m ∈ Z }. In the case of an even weight, multiplier systems are
characters of Γ̄ = Γ/{±Id}.

If condition ii) holds, condition iii) is equivalent to condition ii) in 2.1.3 for fl

with the same λ.
In this way we can go easily from automorphic forms on G̃ to automorphic

forms on H.
2.3.7 Holomorphic automorphic forms. A function f of weight l corresponds to
a holomorphic automorphic form (of weight l) if condition i) above holds, and
E−f = 0. The corresponding holomorphic automorphic form is given by z 	→
y−l/2f(p(z)).



Chapter 3
Discrete subgroups

This chapter describes the class of discrete subgroups of the universal covering
group that we shall consider: the cofinite discrete subgroups. The covering Γ̃mod of
the modular group and all its subgroups of finite index belong to this class. This
includes the groups Γ̃θ and Γ̃com considered in the Chapters 14 and 15. There are
many more cofinite discrete groups; most of them have nothing to do with the
modular group.

There is a well-developed spectral theory of automorphic forms for cofinite
discrete groups, see, e.g., Roelcke, [50], [51], or Hejhal, [21].

We discuss the group of characters of a cofinite discrete group Γ̃ in Section 3.4.
As we prefer simply connected spaces, we describe the character group with help
of its Lie algebra, the vector space of group homomorphisms Γ̃ → C. We use
canonical generators, discussed in Section 3.3, to give that description in a unified
way. Petersson, [42], has done this in the language of multiplier systems. We include
the computations to give a feeling of how things look when one works on the
universal covering group G̃.

The geometrical object underlying automorphic forms is the quotient Γ̃\H ∼=
Γ̃\G̃/K̃. We discuss this quotient in Sections 3.2 and 3.5. Section 3.5 serves mainly
to fix some notations to be used in the sequel.

I thank J. Elstrodt for several remarks on an earlier version of this chapter.
He also pointed out pitfalls in the terminology concerning Fuchsian group.

3.1 Cofinite groups

3.1.1 Conditions. In Part I of this book Γ̃ stands for a subgroup of G̃ such that

i) Γ̃ is discrete in G̃,

ii) Z̃ ⊂ Γ̃,

iii)
∫
Γ̃\G̃

dg <∞.

Conditions i) and iii) determine the cofinite discrete subgroups of G̃. Condition ii)
is not essential. It serves to avoid some complications.

An example is the covering Γ̃mod of the modular group, see Section 13.1. In
Chapters 14 and 15 we consider two other examples.

The Haar measure dg on G̃ gives a quotient measure on Γ̃\G̃, also denoted
by dg.

33
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3.1.2 Fundamental domain. The action of SL2(R) in H factors through the quotient
group Ḡ = PSL2(R) = SL2(R)/{±Id} ∼= G̃/Z̃. So G̃ acts in H, and Γ̄ = Γ̃/Z̃ is a
group of transformations in H.

A fundamental domain F for Γ̃ is a reasonable set in H such that

i) Γ̃ · F = H,

ii) If z ∈ F , γ ∈ Γ̃ satisfy z �= γz ∈ F , then z and γz are boundary points of F .

All fundamental domains we shall use are very reasonable: they will be connected
and the boundary will be the union of finitely many smooth curves. But one could
allow more complicated sets. At least F should be the closure of an open set.

In Figure 1.1 on p. 2 we have seen a fundamental domain for the modular
group. For other examples see 14.1.4 and 15.1.1.
3.1.3 Finite volume. Let dμ(z) = y−2dx ∧ dy. This gives a measure on H that is
invariant under the action of G̃.

Consider a fundamental domain F for Γ̃. The quantity
∫

F
dμ(z) does not

change if we replace F by another fundamental domain for Γ̃. Moreover, G̃ =
Γ̃ · (p(F )k([0, π))) and except for a set of boundary points, this decomposition is
unique. We have seen in 2.2.8 that dg = dμ(z) ∧ dθ

π
in Iwasawa coordinates, and

we get ∫
Γ̃\G̃

dg =
∫

F

dμ(z)
∫ π

0

dθ

π
=
∫

F

dμ(z).

Condition iii) is equivalent to
∫

F
dμ(z) <∞ for some fundamental domain F of Γ̃,

if this can be found.
3.1.4 Existence of fundamental domains. For groups Γ̃ ⊂ G̃ containing Z̃, dis-
creteness of Γ̃ in G̃ is equivalent to discreteness of Γ in G = SL2(R), and hence to
Γ̄ = Γ̃/Z̃ acting discontinuously in H; see Maass, [35], Ch. I, Theorem 1 on p. 8.
The construction in loc. cit., Ch. I, §3, shows that Γ̃ has a fundamental domain
with a boundary consisting of, possibly countably many, hyperbolic lines or line
segments. The finiteness of the volume of such a fundamental domain implies that
its boundary consists of finitely many hyperbolic line segments. This follows from
the proof of Theorem 5 in Siegel, [54]. So our Γ̄ is finitely generated. (See also
Lehner, [32], Ch. IV, 5.D, p. 135.) As ζ = k(π) generates Z̃, the group Γ̃ is finitely
generated as well.
3.1.5 Fuchsian groups. Now we know that Γ̃/Z̃ satisfies the condition on p. 25 in
Maass, [35]. The reasoning on p. 29–30 of loc. cit. shows that it is a principal circle
group, or Fuchsian group of the first kind.

The group Γ̄ = Γ̃/Z̃ is a Fuchsian group if it is a discontinuous group of
fractional linear transformations leaving H invariant. Γ̄ is of the first kind if it is
not discontinuous at any point of the boundary R ∪ {∞} of H in C ∪ {∞}.

Condition iii) in 3.1.1 gives the additional property of having finite covolume.
So our Γ = Γ̃/{ k(2πm) : m ∈ Z } ⊂ SL2(R) is a finitely generated Fuchsian group
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of the first kind. Miyake, [38], §1.7, p. 28, calls this a Fuchsian group of the first
kind; Shimura does the same, see [53], §1.5, p. 19.
3.1.6 Elliptic points for Γ̃ are points in H which are fixed by an element of Γ̃ that
is not in Z̃.

Each element γ ∈ Γ̃, γ �∈ Z̃, that fixes z ∈ H is of the form p(z)k(ϕ)p(z)−1

with ϕ ∈ πQ, ϕ �∈ πZ. Such elements are called elliptic. The subgroup of Γ̃ fixing
an elliptic point z is of the form { p(z)k(lπ/v)p(z)−1 : l ∈ Z } for some v ∈ N,
v ≥ 2. We call v the order of the elliptic point z. The order is the same for all
points in the Γ̃-orbit of an elliptic point.

Elliptic elements γ ∈ Γ̃ are characterized by the condition |trace(γ̂)| < 2 on
γ̂ ∈ SL2(R); see, e.g., Shimura, [53], §1.2. For examples see 13.1.10.
3.1.7 Cuspidal points of Γ̃ are elements of the boundary R ∪ {∞} of H which
are fixed by parabolic transformations in Γ̃. An element γ ∈ Γ̃ is parabolic if
|trace(γ̂)| = 2 and γ �∈ Z̃. Parabolic elements are of the form π = gn(x)g−1k(lπ)
with x �= 0, l ∈ Z, and g ∈ G̃ such that g · ∞ is the cuspidal point that π leaves
fixed.

The subgroup of Γ̃ fixing a cuspidal point g · ∞ may be written in the form
{ gn(r)g−1k(lπ) : r, l ∈ Z }. It may be necessary to replace g ∈ G̃ by ga(t) with
t > 0 suitable to get Z as the set of values of r in that representation.

The presence of parabolic elements in Γ̃ is visible in each fundamental do-
main F for Γ̃. If g · ∞ is a cuspidal point for Γ̃, then there is a γ ∈ Γ̃ such that
γg ·∞ is an end point of two boundary segments of F . See, e.g., Maass, [35], Ch. I,
Theorems 3 and 4, on p. 15 and p. 24.

3.2 The quotient

We mention some facts concerning Γ̃\H and the compact Riemann surface obtained
from it. One finds a more complete discussion in, e.g., §1.7–9 in Miyake, [38], or
the first chapter of Shimura, [53].
3.2.1 Quotient and fundamental domain. As Γ̄ acts discontinuously in H, the quo-
tient Γ̃\H = Γ̄\H is a Hausdorff topological space.

Let F be a fundamental domain for Γ̃. We may use it as a model for Γ̃\H, if we
pairwise identify the boundary segments of F by transformations in Γ̄. Connected
neighborhoods in Γ̃\H of boundary points of F look a bit unconnected in this way.

3.2.2 Cusps. One may also consider the action of Γ̃ in

H∗ = H ∪
{

cuspidal points for Γ̃
}

.

Each Γ̃-orbit of cuspidal points corresponds to at least two boundary segments of
a given fundamental domain, hence the number of Γ̃-orbits in the cuspidal points
is finite. We call such a Γ̃-orbit a cusp.
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Figure 3.1 Connected neighborhoods of Γ̃mod · ( 1
2

+2i) and Γ̃mod · ( 1
2

+ i
2

√
3) in Γ̃mod\H,

as represented in the standard fundamental domain.

Miyake, [38], §1.7, describes how to put a topology on H∗ such that Γ̃\H∗

is a Hausdorff topological space. Γ̃\H∗ is compact, as one sees in Theorem 1.9.1
in [38]. (Miyake calls a cofinite discrete group a Fuchsian group of the first kind.)
3.2.3 Notation. Y = Γ̃\H ∼= Γ̃\G̃/K̃ and X = Γ̃\H∗.

X is a compact space, Y an open subspace. X � Y is finite; we denote it
by X∞. It is the set of cusps.

pr : G̃ → Y and pr : H∗ → X denote the projection maps.
3.2.4 ∞ or i∞. Up till here we have considered Γ̄ as a group of fractional linear
transformations acting on the projective line over C leaving H invariant. From this
point of view it is natural to use ∞. If one works in the upper half plane, one
usually writes i∞. This I shall do in the sequel.
3.2.5 Complex structure. X may be given a complex structure. Then it becomes
a compact Riemann surface. See, e.g., Miyake, [38], §1.8. Most points of X are of
the form Γ̃ ·z0 with z0 ∈ H not an elliptic point for Γ̃. Then z0 has a neighborhood
U in H on which pr is a homeomorphism. On prU we use Γ̃ · z 	→ z− z0 as a local
coordinate. If z0 is an elliptic point of order v we use Γ̃ · z 	→

(
z−z0
z−z0

)v
as a local

coordinate at pr(z0).
If g · i∞ is a cuspidal point of Γ̃ with { gn(k)g−1k(πl) : k, l ∈ Z } as its fix-

group in Γ̃, then ξ = Γ̃g · i∞ ∈ X∞ has a neighborhood U such that U̇ = U � {ξ}
is covered by z 	→ Γ̃g ·e2πiz , with pr(z) = pr(z1) if and only if z ≡ z1 mod Z. Then{

ξ 	→ 0
Γ̃g · z 	→ e2πiz

is a local coordinate on U .
In §1.8 of [38] the map z 	→ e2πiz/h defines a local coordinate at a cusp.

This h ∈ Z gives more freedom in normalizing the fix-group. That is an advantage
when one compares automorphic forms for Γ̃ with those for a subgroup of finite
index. I prefer to give all cusps ‘width 1’ in the context of this book.
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The Riemann surface X is the natural space to work on when one considers
holomorphic automorphic forms.
3.2.6 Metric structure. H is also a riemannian space with metric given by (ds)2 =
y−2(dx)2 + y−2(dy)2. This metric is invariant under the action of G̃, and hence
carries over to Y , except at the elliptic orbits, where it degenerates. So from the
point of view of differential geometry, Y is a riemannian surface with singularities
at the elliptic points. The cusps are infinitely far away, so there is no reason to
consider the compactification X. If there are cusps, the surface Y has ‘tentacles’
with infinite length but finite area.
3.2.7 Compact quotient. There are groups Γ̃ without cusps. For example the tri-
angle groups; see, e.g., Lehner, [32], Ch. VII, 1.G, p. 227. Other examples are
the unit groups of norm 1 in indefinite division quaternion algebras over Q; see,
e.g., Miyake, [38], Chapter 5, especially Theorem 5.2.13.

For such groups Y = X, and Y itself is compact.

3.3 Canonical generators

When we shall study the group of characters, it will be convenient to have a
description of a general discrete subgroup Γ̃ in terms of generators and relations.
Such a description is available; we discuss it in this section.
3.3.1 Canonical fundamental domain. In Lehner, [32], Ch. VII.4, p. 241, or Peters-
son, [42], §3, one finds a canonical fundamental domain F for Γ̃ with the following
properties:

i) The boundary ∂F of F consists of finitely many oriented smooth arcs,
near their end points given by non-euclidean geodesics. We enumerate these
boundary arcs in counterclockwise succession (g, p, q ≥ 0):

l′1, l1, l
′
2, l2, . . . , l

′
p, lp,

h′
1, h1, h

′
2, h2, . . . , h

′
q, hq,

a′
1, b1, a1, b

′
1, a

′
2, b2, a2, b

′
2, . . . , a

′
g, bg, ag, b

′
g.

ii) For 1 ≤ j ≤ p there exists πj = gjn(1)g−1
j ∈ Γ̃ such that l′j is πj lj with

opposite orientation; gj · i∞ is the initial point of lj , and gj ∈ G̃.

iii) For 1 ≤ j ≤ q there exists εj = p(zj)k(π/vj)p(zj)−1 ∈ Γ̃, with vj > 1
integral, such that h′

j is εjhj with opposite orientation.

iv) For 1 ≤ j ≤ g there are γj , ηj ∈ Γ̃ with traces satisfying |trace(γ̂j)| > 2,
|trace(η̂j)| > 2, such that a′

j is γjaj and b′j is ηjbj , both with opposite
orientation. The γ̂j and η̂j are hyperbolic matrices.
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Figure 3.2 The part of the boundary corresponding to γj and ηj .

g1 · i∞, . . . , gp · i∞ are cuspidal fixed points of Γ̃, and z1, . . . , zq are elliptic fixed
points. These points represent the cuspidal and the elliptic orbits of Γ̃. The num-
ber g is the genus of Γ̃.
3.3.2 Examples. 13.1.8 gives a canonical fundamental domain for Γ̃mod. The stan-
dard fundamental domain of the modular group in Figure 1.1 on p. 2 is not canon-
ical. See 14.2.4 and 15.1.8 for other examples.
3.3.3 Generators and relations. The advantage of canonical fundamental domains
is the resulting uniform description of all cofinite discrete groups.

We see in Lehner, [32], Ch. VII.2, p. 230, or Petersson, [42], §3, that Γ̄ is
generated by πj (1 ≤ j ≤ p), εj (1 ≤ j ≤ q), and γj , ηj (1 ≤ j ≤ g), with explicitly
given relations. These relations imply that as an abstract group Γ̃ is generated by

{πj : 1 ≤ j ≤ p } ∪ { εj : 1 ≤ j ≤ q }
∪ { γj : 1 ≤ j ≤ g } ∪ { ηj : 1 ≤ j ≤ g } ∪ {ζ}

with ζ = k(π). The relations are

ζ is central ,

ε
vj

j = ζ for 1 ≤ j ≤ q,

π1 · · ·πpε1 · · · εqγ1η1γ
−1
1 η−1

1 γ2η2γ
−1
2 η−1

2 · · · γgηgγ
−1
g η−1

g

= ζ2g−2+p+q .

The relations in Ḡ immediately imply those in G̃, except for the exponents of ζ. In
the second relation the exponent 1 follows from the definition of εj . The exponent
2g − 2 + p + q in the last relation requires more work. Petersson discusses it in
terms of multiplier systems, see [42], p. 64, and [43], p. 192, Satz 8. Here we shall
relate it to the formula

vol(Γ\H) =
∫

F

dx ∧ dy

y2
= 2π

⎛⎝2g − 2 + p + q −
q∑

j=1

1
vj

⎞⎠ , (3.1)

which can be proved by considering divisors of automorphic forms on the compact
Riemann surface related to Γ̃\H. See, e.g., Shimura, [53], Thm. 2.20, p. 42.
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We discuss in 13.1.9 a choice of canonical generators for the modular group:
ζ, n(1), k(π/2), and k(π/2)n(−1). But 13.1.2 shows that n(1) and k(π/2) already
generate Γ̃mod. This is a general phenomenon: Γ̃ can be generated with less gen-
erators, but with canonical generators one gets a uniform description.
3.3.4 Proof of the main relation. In the remainder of this section we check the
relation

π1 · · ·πpε1 · · · εqγ1η1γ
−1
1 η−1

1 γ2η2γ
−1
2 η−1

2 · · · γgηgγ
−1
g η−1

g = ζ2g−2+p+q .

The idea is to lift a walk around the canonical fundamental domain F . In H the
completion of such a walk brings us back to the point of departure. This need not
be the case if we lift this walk to G̃. Of course, the discrepancy depends on the
way in which the boundary curves in H are lifted to G̃.
3.3.5 Choice of reference points. Actually, we do not walk around the canonical
fundamental domain F itself, but along the boundary of

F (a) = F �

p⋃
j=1

{ gj · z ∈ H : y > a } .

So we truncate F at the cusps. If a is large enough, then the truncation involves
only the boundary components l′j and lj for 1 ≤ j ≤ p.

We define on ∂F (a) the points u1, . . . , up+q+g by

uj is the initial point of

⎧⎨⎩
l′j if 1 ≤ j ≤ p
h′

j−p if p + 1 ≤ j ≤ p + q
a′

j−p−q if p + q + 1 ≤ j ≤ p + q + g.

Put up+q+g+1 = u1. The conditions in 3.3.1 imply

uj+1 is the end point of

⎧⎨⎩
lj if 1 ≤ j ≤ p
hj−p if p + 1 ≤ j ≤ p + q
b′j−p−q if p + q + 1 ≤ j ≤ p + q + g,

and uj = ρj · uj+1, where ρ1, . . . , ρp+q+g ∈ Γ̃ are defined by

ρj =

⎧⎨⎩
πj if 1 ≤ j ≤ p
εj−p if p + 1 ≤ j ≤ p + q
γj−p−qηj−p−qγ

−1
j−p−qη

−1
j−p−q if p + q + 1 ≤ j ≤ p + q + g.

The relation to be proved holds after projection to Ḡ. So ρ1 · · · ρp+q+g = k(πm)
for some m ∈ Z. We want to show that m = 2g − 2 + p + q.

We need not lift the whole curve ∂F (a) to G̃, but only the uj . We define
ũ1, . . . , ũp+q+g+1 ∈ G̃, by ũ1 = p(u1) and ũj+1 = ρ−1

j ũj for 1 ≤ j ≤ p + q + g.
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Then ũj is a lift of uj , and in general ũp+q+g+1 �= ũ1. Define θ1, . . . , θp+q+g+1 by
ũj = p(uj)k(θj). This gives −πm = θp+q+g+1 − θ1 = θp+q+g+1.

Equation (3.1) relates 2g − 2 + p + q to the volume of F . We consider

vol(Γ̃\H) = lim
a→∞

∫
F (a)

dx ∧ dy

y2
= lim

a→∞

∫
∂F (a)

dx

y
.

Let Bj(a) be the part of ∂F (a) between uj and uj+1. If j > p, then Bj(a) = Bj

does not depend on a. It suffices to show that

∫
Bj(a)

dx

y
=

⎧⎪⎪⎨⎪⎪⎩
2θj − 2θj+1 + o(1) (a →∞) if 1 ≤ j ≤ p

2θj − 2θj+1 − 2π/vj−p if p + 1 ≤ j ≤ p + q

2θj − 2θj+1 if p + q + 1 ≤ j ≤ p + q + g.

We shall use the relation

dx

y
◦
(

α

γ

β

δ

)
=

dx

y
+ 2 d arg(γz + δ) for

(
α

γ

β

δ

)
∈ SL2(R).

3.3.6 Cuspidal pieces. Let 1 ≤ j ≤ p. Put v = g−1
j · uj , w = g−1

j · uj+1. Then
w = v − 1, and B̃j(a) = g−1

j · Bj(a) consist of three pieces: from v via ia + ξ + 1
and ia + ξ to w. The point gj · (ia + ξ) is the intersection of lj with the line that
truncates F .

w v

ia + ξ ia + ξ + 1

Figure 3.3 The path B̃j(a). The vertical lines need not be straight in reality, but they
are related by a horizontal translation over 1.

Multiplying gj by an element of the center does not change the action in H

or the relation πj = gjn(1)g−1
j . So we assume gj =

˜(α
γ

β
δ

)
and g−1

j =
˜(
δ

−γ
−β

α

)
.
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Now∫
Bj(a)

dx

y
=
∫

B̃j(a)

dx

y
◦
(

α

γ

β

δ

)
=
∫

B̃j(a)

dx

y
+ 2 arg(γz + δ)

∣∣∣∣∣
w

v

= −
∫ ia+ξ

w

dx

y
+ o(1) +

∫ ia+ξ+1

v

dx

y
+ 2 arg(γw + δ) − 2 arg(γv + δ)

= 2 arg
(

γw + δ

γv + δ

)
+ o(1) (a →∞).

When combining the arguments, we note that γw + δ and γv + δ are either both
in the upper half plane, or both in the lower half plane. So we do not need a
correction term ±2π.

On the other hand πjp(uj+1)k(θj+1) = p(uj)k(θj), hence n(1)g−1
j p(gj · w)

k(θj+1) = g−1
j p(uj)k(θj). We use Equation (2.1) on p. 28 to obtain

− arg
(
−γ

αw + β

γw + δ
+ α

)
+ θj+1 = − arg

(
−γ

αv + β

γv + δ
+ α

)
+ θj .

Again, combining the arguments poses no problem. We arrive at

θj − θj+1 = arg
(

1
γv + δ

/
1

γw + δ

)
= arg

(
γw + δ

γv + δ

)
.

So
∫

Bj(a)
dx
y

= 2θj − 2θj+1 + o(1), as we set out to show.

3.3.7 Elliptic pieces. Let 1 ≤ j ≤ q, and put l = p + j. Equation (2.1) implies

εj = p(zj)k(π/vj)p(zj)−1

= p(εj · i)k
(
− arg

(
xj − i

yj
sin

π

vj
+ cos

π

vj

))
.

Hence εj is of the form
˜(α
γ

β
δ

)
, and γzj + δ = e−πi/vj .

∫
Bj

dx

y
=

∫
hj

(
dx

y
− dx

y
◦ εj

)
= −2 arg(γz + δ)

∣∣∣∣∣
ul+1

zj

= −2 arg(γul+1 + δ)− 2π
1
vj

.

We finish this case by noting that εj ũl+1 = ũl implies θl+1 − θl = arg (γul+1 + δ).
3.3.8 Hyperbolic pieces. Let 1 ≤ j ≤ g, and put l = p + q + j. As γ̂j and η̂j are
hyperbolic elements of G, we call the remaining pieces of ∂F (a) hyperbolic.

Now we have the situation of Figure 3.2 on p. 38. Let v be the end point of
bj , then we have the following scheme:



42 Chapter 3 Discrete subgroups

boundary part initial point end point
a′

j γjηjv = ul γjv
bj γjv v
aj v ηjv
b′j ηjv ηjγjv = ul+1

For the relation it does not matter whether we multiply γj or ηj by an element
of Z̃. We assume

γ−1
j =

˜(α

γ

β

δ

)
, η−1

j =
˜( ε

κ

θ

λ

)
.

The equality γ−1
j η−1

j p(ηjγjv)k(θl+1) = η−1
j γ−1

j p(γjηjv)k(θl) implies

− arg (γ(γj · v) + δ)− arg (κ(ηjγj · v) + λ) + θl+1

= − arg (κ(ηj · v) + λ)− arg (γ(γjηj · v) + δ) + θl.

So the contribution to the integral has the right value:∫
Bj

dx

y
=
∫

a′
j

(
dx

y
− dx

y
◦ γ−1

j

)
+
∫

b′
j

(
dx

y
− dx

y
◦ η−1

j

)
= −2 arg(γz + δ)|a′

j
− 2 arg(κz + λ)|b′

j
= 2 (θl − θl+1) .

3.4 Characters

We want to study families of automorphic forms depending on the spectral pa-
rameter and the character. (Characters of Γ̃ are in bijective correspondence to
multiplier systems for Γ; see 2.3.6.) So we need to understand the group of char-
acters of Γ̃. This is no problem, as we have available the canonical generators,
and the relations between them. We shall describe the characters with help of the
vector space of group homomorphisms Γ̃ → C.

3.4.1 Notation. X = hom(Γ̃, C∗) is the group of characters of Γ. So a character is
a group homomorphism from Γ̃ to the multiplicative group of C.

We denote the subgroup of unitary characters (i.e., |χ(γ)| = 1 for all γ ∈ Γ̃)
by Xu. This is a (real) compact subgroup of the (complex) abelian Lie group X .

3.4.2 Modular group. In 13.1.3 we give an explicit description for the modular
case: X (Γ̃mod) ∼= C mod 12Z. It is convenient to use r 	→ χr = eirα to parametrize
X (Γ̃mod), see 13.1.7. The α in the exponent is a group homomorphism Γ̃mod → R.
This indicates that it might be useful to consider the homomorphisms into the
additive group of C:

3.4.3 Notation. V = hom(Γ̃, C), Vr = hom(Γ̃, R).
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V is a vector space over C, and Vr a vector space over R. They are related
by V = C ⊗R Vr. The space V is the Lie algebra of the Lie group X . As X is an
abelian group, all Lie brackets in V are zero.

In the modular case, the element α discussed in 13.1.7 is an element of
Vr(Γ̃mod). From the relations in 13.1.2 it is easily seen that α spans V(Γ̃mod)r

over R, and V(Γ̃mod) over C. These facts also follow from the next result:

3.4.4 Lemma. dimC V = dimR Vr = 2g + p.
ϕ ∈ V is determined by its values on γj, ηj and πl, with 1 ≤ j ≤ g, 1 ≤ l ≤ p.

The values on the other generators are

ϕ(ζ) =
2π

vol(Γ̃\H)

p∑
j=1

ϕ(πj), ϕ(εj) =
1
vj

ϕ(ζ) for 1 ≤ j ≤ q.

Proof. See the relations in 3.3.3 and Equation 3.1.
3.4.5 Notation. exp : V → X : ϕ 	→ eiϕ is a group homomorphism. It sends Vr to
Xu; its kernel is hom(Γ̃, 2πZ) ⊂ Vr.
3.4.6 Remarks. In the modular case this amounts to exp : rα 	→ eirα. In 14.2.5
and 15.1.9 we discuss the space V for two other example groups.

It may happen that V = {0}. This is, for example, the case for those triangle
groups that are generated by elliptic elements. See, e.g., Lehner, [32], Ch. VII, 1.G,
p. 228. For these groups, one even has X = {1}. This means that these groups are
not interesting in the study of families of automorphic forms that depend on the
character in a holomorphic way.

For Γ̃mod we have seen that X = exp (V). For the two other example groups
(discussed in the final chapters of this book) one has the same equality. We give
an example of groups for which this is not the case:
3.4.7 Hecke groups. In §5 of [20] Hecke discusses a family of cofinite groups, indexed
by q ∈ N, q ≥ 3. Define Γq as the group generated by

(
1
0

2 cos π/q
1

)
and

(
0

−1
1
0

)
. For

q = 3 one obtains Γmod.
This leads to Γ̃q, the subgroup of G̃ generated by π1 = n(2 cos(π/q)) and

w = k(π/2). One may check that g = 0, p = 1 and that there are two elliptic
orbits. Canonical generators are π1, ε1 = w and ε2 = p(z2)k(π/q)p(z2)−1 with
z2 = eπi/q. The character χ0, determined by χ0(π1) = 1 and χ0(w) = e2πi/(q−2) is
not in exp (V) if q is even.
3.4.8 Notation. X0 is the subgroup of Xu of characters with value 1 on

γ1, . . . , γg , η1, . . . , ηg, π1, . . . , πp

and with χ(ζ) a root of unity.
For χ ∈ X0 all χ(εj) are roots of unity as well.
The character χ0 of Γ̃q is an element of X0. This shows that X0 need not be

trivial, and that it need not be contained in expV.
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3.4.9 Lemma. X0 is a finite group; X = X0 · expV.

Remark. This shows that to study the holomorphic dependence of a family of
automorphic forms on the character it suffices to work on components χ0 · exp (V)
of X , with χ0 ∈ X0.
Proof. Let χ ∈ X be given. Choose pj ∈ C such that eipj = χ(πj), r ∈ C such that
eir = χ(ζ) and bj ∈ 2Z such that ei(r+πbj)/vj = χ(εj). Then

r

π

q∑
j=1

1
vj

+
q∑

j=1

bj

vj
+

1
π

p∑
j=1

pj ≡ (2g − 2 + p + q)
r

π
mod 2.

We may arrange equality if we choose p1 or b1 suitably. If p = q = 0, then g > 1
by Equation (3.1) on p. 38, and hence ϕ(ζ) = 0. So

1
π

p∑
j=1

pj =

⎛⎝2g − 2 + p + q −
q∑

j=1

1
vj

⎞⎠ r

π
+ ξ

with ξ ∈ Q.
Define ϕ ∈ V such that eiϕ(γj) = χ(γj), eiϕ(ηj) = χ(ηj) for 1 ≤ j ≤ g and

ϕ(πj) = pj for 1 ≤ j ≤ p. Then exp ϕ and χ coincide on the generators γj , ηj and
πj . Further⎛⎝2g − 2 + p + q −

q∑
j=1

1
vj

⎞⎠ϕ(ζ) =

⎛⎝2g − 2 + p + q −
q∑

j=1

1
vj

⎞⎠ r + ξπ.

So ϕ(ζ) ∈ r + πQ. So χ(ζ).(exp ϕ)−1(ζ) is a root of unity, and χ · (exp ϕ)−1 ∈ X0.
Let χ ∈ X0. In the computations above we have pj = 0 for 1 ≤ j ≤ p. We

can impose the restrictions 0 ≤ bj < 2vj for 1 ≤ j ≤ q, and 0 ≤ r < 2π. The
computation shows that

q∑
j=1

bj

vj
≡
⎛⎝2g − 2 + p + q −

q∑
j=1

1
vj

⎞⎠ r

π
mod 2.

This has only finitely many solutions that satisfy the restrictions.

3.5 Notations

We consider automorphic forms as functions on G̃. But we have to keep in mind
that their transformation behavior implies that they are determined by their values
on p(z), where z runs through a fundamental domain. So in a sense we work above
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the quotient Y = Γ̃\H. In this section we fix some conventions that will be useful
in the sequel. The choices are based on a fixed canonical fundamental domain.

3.5.1 Exceptional points. We choose a finite set P ⊂ X containing at least the
cusps. We call it the set of exceptional points, above which we shall allow auto-
morphic forms to have singularities; see also 1.7.1. In the context of meromorphic
automorphic forms, the set P indicates where we allow poles. We leave P fixed in
Part I.

We put PY = P∩Y , and call it the set of interior exceptional points. Thus P
is the disjoint union of two finite — possibly empty — subsets of X: the set X∞

of cusps, and the set PY .

3.5.2 Notation. We fix a canonical fundamental domain F , and corresponding
canonical generators.

For each cusp P ∈ X∞ there is a unique representative gj · i∞ in the closure
of F in H∗. We put gP = gj and πP = πj = gP n(1)g−1

P ∈ Γ̃. We arrange gP to

have the form gP =
˜(a
c

b
d

)
, g−1

P =
˜(
d

−c
−b

a

)
, for some

(
a
c

b
d

)
∈ G. This is convenient

when we want to view automorphic forms as functions on H.
Next consider P ∈ PY . We choose zP ∈ F such that P = Γ̃ · zP . (If zP is a

boundary point of F , but not an elliptic point, we have some freedom of choice.)

We put gP = p(zP ). This implies that again gP =
˜(a
c

b
d

)
, g−1

P =
˜(
d

−c
−b

d

)
, with(

a
c

b
d

)
=
(√

y
P

0

xP /
√

y
P

1/
√

y
P

)
∈ G. If P is an elliptic orbit Γ̃ · zj, we take vP = vj and

εP = gP k(π/vP )g−1
P . Otherwise we put εP = ζ = k(π) and vP = 1. In both cases

εP = gP k(π/vP )g−1
P .

Thus we have selected for each P ∈ P an element gP ∈ G̃ such that either
gP · i∞ or gP · i corresponds to P under pr, and we have chosen πP , respectively
εP , in the subgroup of Γ̃ that leaves gP · i∞, respectively gP · i, invariant.

3.5.3 Standard neighborhoods of exceptional points are obtained from simple neigh-
borhoods of i∞ and i in H ∪ R ∪ {i∞} by projection. For σ > 0 we put

UP (σ) =

⎧⎪⎨⎪⎩
pr { gP z ∈ H : y > σ } ∪ {P} if P ∈ X∞

pr
{

gP z ∈ H :
∣∣∣∣z − i

z + i

∣∣∣∣ <

√
σ

σ + 1

}
if P ∈ PY

with σ ∈ (0,∞). If we take u = |z−i|2
4y (see 2.2.6), then the condition

∣∣∣ z−i
z+i

∣∣∣ <
√

σ
σ+1

is equivalent to u < σ.
We put U̇P (σ) = UP (σ) � {P}.

3.5.4 Coordinates. On

pr−1(U̇P (σ)) ∩ p(F )K̃ = pr−1(U̇P (σ)) ∩ { p(z)k(θ) : z ∈ F, θ ∈ R }
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we may use the following coordinates:

P ∈ X∞ gP p(z)k(θ) 	→ (x, y, θ) (Iwasawa coordinates)

P ∈ PY gP k(η)a(tu)k(ψ) 	→ (u, η, ψ) (polar coordinates),

provided σ is suitably chosen. Suitably means large enough for P ∈ X∞, and small
enough for P ∈ PY .

If P ∈ PY and σ is small enough, the set pr−1U̇P (σ) consists of infinitely
many connected components. Let us consider the component C of gP a(tσ/2). The
polar coordinates may be used to map C bijectively onto { (u, η, ψ) : 0 < u < σ,
η ∈ R, 0 ≤ ψ < π }. Left translation by εP maps C into itself, and amounts to
(u, η, ψ) 	→ (u, η + π/vP , ψ). As a set of points, pr−1U̇P (σ) is isomorphic to C
modulo the action of εP , provided σ is small enough.

For P ∈ X∞ and σ large enough, the Iwasawa coordinates map the connected
component C of gP a(2σ) onto { (x, y, θ) : x ∈ R, y > σ, θ ∈ R }. Left translation
by πP and by ζ both leave C invariant; πP corresponds to (x, y, θ) 	→ (x + 1, y, θ),
and ζ to (x, y, θ) 	→ (x, y, θ+π). If σ is large enough, then pr−1U̇P (σ) is isomorphic
to C modulo the group generated by the actions of πP and ζ.
3.5.5 Choice of the AP . We choose ÃP ∈ (0,∞) suitable in the sense just men-
tioned, such that in addition all UP (ÃP ) for P ∈ P are pairwise disjoint. To see
that this is possible, note that the set P is finite, and that the UP (σ) are a basis
for the neighborhoods of P in the Hausdorff space X.

The set Y �
⋃

P∈P UP (ÃP ) is compact.
To have some freedom in the construction of a transformation function in

Section 8.2, we take AP = ÃP + 1 if P ∈ X∞ and AP = 1
2 ÃP if P ∈ PY . The

UP (AP ) are strictly smaller than the UP (ÃP ). We shall glue functions on the sets
UP (ÃP ) � UP (AP ).

If we consider P = {P}, P = Γ̃mod ·i∞, in the modular case, then any positive
AP ≤ 2 is right. If we take P larger, other choices of the A∗ should be made. For
instance, if P = {P,Qi}, with P as before, and Qi = Γ̃mod · i, we need to be more
careful; see 13.1.12. For other examples see 14.2.7, and 15.1.11.
3.5.6 Notations. YP = Y � P, G̃P = pr−1(YP). We also define

ĨP = (ÃP ,∞) ⊃ IP = (AP ,∞) if P ∈ X∞

ĨP = (0, ÃP ) ⊃ IP = (0, AP ) if P ∈ PY .
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Automorphic forms

Definition 2.3.4 allows too huge a space of automorphic forms to be convenient. In
this chapter we formulate our concept of ‘automorphic form with growth condi-
tion’. In 1.7.1 we have already indicated that we want to allow singularities above
a finite set in Y = Γ̃\H. In 3.5.1 we have fixed this set as PY , the set of ‘interior
exceptional points’. Moreover, we want to impose growth conditions at all points
of P = PY ∪ {cusps}.

In the cuspidal case, P ∈ X∞ = {cusps}, condition iii) in 1.5.2 imposes
the usual condition of polynomial growth near the cusp. But it is better to allow
exponential growth to have for instance the Poincaré series in 1.5.9 and 1.7.2
come under our definition. The idea is present in 1.5.6: disregard a finite number
of terms in the Fourier expansion, and impose a growth condition on the remaining
sum. The condition of square integrability turns out to be more convenient in the
context of this book than that of polynomial growth. That is the regularity defined
in 4.1.8.

For interior points P ∈ PY we proceed in an analogous way. The Fourier
expansion is formed with respect to η in the polar coordinates (u, η, ψ) at P . Here
we define regularity as smoothness.

We use the term ‘growth condition’ to denote a rule that gives for each P ∈ P
a finite number of Fourier terms to be left free.

To carry this out, we consider in Section 4.1 the Fourier expansion at each
P ∈ P, and define regularity. Section 4.3 discusses the definition of ‘automorphic
form with growth condition’. The Maass-Selberg relation in Section 4.6 gives a
condition that is automatically satisfied by the Fourier terms of automorphic forms.

In 1.4.4 and 1.5.8 we have seen that Whittaker functions and confluent hy-
pergeometric functions turn up in the explicit description of Fourier terms at a
cusp. In Section 4.2 we discuss special functions needed to describe the Fourier
terms.

Maass, see [35], Chapter IV, (12) and (13) on p. 177, introduces differen-
tial operators that map automorphic forms to automorphic forms, and shift the
weight over 2. This can be seen as the action of elements of the Lie algebra g on
automorphic forms, see Section 4.5. In Section 4.4 we consider the action of these
differential operators on the Fourier terms.

The ideas we follow in this chapter may be found in Chapter IV of [35], except
that Maass allows no singularities in H, and less growth at the cusps.

47
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4.1 Fourier expansion

In Section 3.5 we have fixed a finite set P ⊂ X = Γ̃\H∗ of exceptional points,
containing at least the cusps. We have called the elements of P exceptional points.
We consider in this section the Fourier expansion of an automorphic form at an
exceptional point P ∈ P, and we define the condition ‘regular at P ’. Actually,
we do this for a wider class of functions, although we shall mainly use it for
automorphic forms.

We fix a character χ of the cofinite discrete group Γ̃ and a weight l satisfying
eπil = χ(ζ).

4.1.1 Definition. Let U ⊂ G̃ satisfy Γ̃UK̃ = U . For example, U = G̃P , or U is the
full original U = pr−1U̇P (σ) in G̃ of the open set UP (σ) ⊂ Y for some P ∈ P and
some σ > 0. A function f : U → C is called χ-l-equivariant if it satisfies

f(γgk(θ)) = χ(γ)f(g)eilθ for all γ ∈ Γ̃, g ∈ U, θ ∈ R.

The assumption eπil = χ(ζ) is necessary if we want to have non-zero equivariant
functions. The property of χ-l-equivariance combines conditions i) an ii) in the
definition of automorphic form in 2.3.4.

In 4.1.2 and 4.1.3 we consider a χ-l-equivariant function f ∈ C∞(U) with
ΓUK̃ = U .

4.1.2 Fourier expansion at a cusp. Let P ∈ X∞, and assume that U̇P (σ) is con-
tained in prU for some σ ≥ ÃP . The element πP of Γ̃ maps pr−1U̇P (σ) into itself,
see 3.5.4. As f(πP g) = χ(πP )f(g), we have the following Fourier series expansion
in x, valid on pr−1U̇P (σ):

f(gP p(z)k(θ)) =
∑

n

e2πinxFP,nf(y)eilθ ,

where n runs over the set CP (χ) = {n ∈ C : e2πin = χ(πP ) }, and where FP,nf ∈
C∞(σ,∞) is given by

FP,nf(y) =
∫ 1

0

f(gP p(x + iy))e−2πinxdx.

The n ∈ CP (χ) need not be integers.
FP,nf is a function of one variable, with domain (σ,∞). It determines a term

in the Fourier expansion. We call

F̃P,nf : pr−1U̇P (σ) → C : gpp(z)k(θ) 	→ e2πinxFP,nf(y)eilθ

the Fourier term of order (P, n) of f .
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Automorphic forms are eigenfunctions of the Casimir operator ω. Let us
consider the action of ω on Fourier terms. In the integral

F̃P,nf(g) =
∫ 1

0

e−2πinxf(gP n(x)g−1
P g) dx,

we differentiate under the integral sign; this gives ωF̃P,nf = F̃P,nωf . (Here we
use the invariance of ω under left translations.) The description of ω in Iwasawa
coordinates, obtained in 2.2.4, gives FP,nωf = lP,n(l)FP,nf with

lP,n(l) = −y2∂2
y + 4π2n2y2 − 2πnly.

4.1.3 Fourier expansion at interior exceptional points. Let P ∈ PY , and assume
that U̇P (σ) ⊂ U for some σ ∈ (0, ÃP ]. As f(εP g) = χ(εP )f(g), we have the
following Fourier series expansion in η, valid on pr−1U̇P (σ):

f(gP k(η)a(tu)k(ψ)) =
∑

n

einηFP,nf(u)eilψ ,

where n runs over CP (χ) = {n ∈ C : einπ/vP = χ(εP ) }, and where FP,nf ∈
C∞(0, ÃP ) is given by

FP,nf(u) =
∫ π

0

f(gP k(η)a(tu))e−inη dη

π
.

The Fourier term of order (P, n) is F̃P,nf(gP k(η)a(tu)k(ψ)) = einηFP,nf(u)eilψ ,
for 0 < u < σ, η, ψ ∈ R. Again ωF̃P,nf = F̃P,nωf , and FP,nωf = lP,n(l)FP,nf ,
with

lP,n(l) = −(u2 + u)∂2
u − (2u + 1)∂u +

(n− l)2

16(u2 + u)
− nl

4(u + 1)
.

4.1.4 Differential equation. The domain of FP,nf is a subset of (0,∞), depending
on the domain of f . It always contains an interval (σ,∞) if P ∈ X∞, and an
interval (0, σ) if P ∈ PY .

If f satisfies ωf = λf on U , all FP,nf are solutions of the second order linear
differential equation lP,n(l)F = λF . This differential equation is regular on (0,∞)
with analytic coefficients. We shall discuss its 2-dimensional space of solutions in
Section 4.2.
4.1.5 Examples. In Section 1.4, and also in 1.5.5, we have seen Fourier expansions
at the cusp of several modular forms. (Note that gP = 1 in these examples.) One
finds explicit Fourier expansions of automorphic forms for other groups in Sections
14.3 and 15.2.

Fourier expansions at interior points generalize the concept of power series
expansion; see 13.2.4 for an example.
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4.1.6 Dependence on the group. Our choice of the gP has the disadvantage that
if a modular form is considered as an automorphic form for a subgroup of finite
index, the Fourier expansions are written down in a different way; see 14.3.2.
4.1.7 Domain of convergence. the Fourier series expansion at each P ∈ P of a
χ-l-equivariant f ∈ C∞(G̃) converges on G̃. But if f has singularities on pr−1PY ,
the series at P converges on a smaller set, containing pr−1U̇P (ÃP ), whereas the
individual Fourier terms may be extended to G̃, respectively G̃ � (p(zP )K̃). But
whatever the domain of a given automorphic form is, we may extend its Fourier
terms at P as real analytic functions on G̃ if P ∈ X∞, and on G̃ � pr−1{P} if
P ∈ PY .
4.1.8 Regularity. Let P ∈ PY . If an automorphic form f is in C∞(G̃), then each
Fourier term F̃P,nf is a C∞-function on G̃ (as is seen from the integral repre-
sentation). But if f is singular at the points of pr−1{P}, then its Fourier terms
may have a singularity at the points of pr−1{P} as well. See for instance 13.2.4. It
seems natural to single out those Fourier terms that correspond to C∞-functions
at points of pr−1{P}. We shall call them regular.

For P ∈ X∞ it is less clear when a Fourier term at P should be considered
regular. In this book square integrability will turn out to be a useful criterion.

We give the definition of regularity for more general functions than just
Fourier terms. In particular, we define it for automorphic forms as well.
4.1.9 Definition. Let P ∈ P, and let f be defined on a set pr−1U̇P (σ), and suppose
that it satisfies on this set

f(gk(θ)) = f(g)eilθ for all θ ∈ R

f(πP g) = χ(πP )f(g) if P ∈ X∞

f(εP g) = χ(εP )f(g) if P ∈ PY .

If P ∈ PY we call f regular at P , if it is the restriction of a function in
C∞(pr−1UP (σ)).

If P ∈ X∞ choose ν ∈ CP (χ). We call f regular at P , if it is an element of
C∞(pr−1U̇P (σ)) and∫ ∞

y=σ

∫ 1

x=0

∣∣e−2πiνxf(gP p(z))
∣∣2 dx

dy

y2
< ∞.

If the conditions are met on some set pr−1U̇P (σ), they are met on smaller
sets of this form as well. For P ∈ X∞ the choice of ν in its class in C mod Z

does not influence the condition. If |χ(πP )| = 1, which is the case if χ is unitary,
then we do not need the factor e−2πiνx in the integral; but otherwise this factor
is really necessary to obtain a function z 	→ ∣∣e−2πiνxf(gP p(z))

∣∣ that is invariant
under z 	→ z + 1 for y > σ.

The condition of polynomial growth at the cusp in Definitions 1.2.2 and 1.5.2
does not imply regularity at that cusp. Lemma 4.3.7 will imply that modular cusp
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forms like Δ (see 1.3.2 and 1.4.2), and the cuspidal Maass forms (see 1.4.5) are
regular at Γ̃mod · i∞.

4.1.10 Lemma. If f is regular at P ∈ P, then all its Fourier terms at P are regular
as well.

Proof. Let n ∈ CP (χ). For P ∈ PY we conclude that F̃P,nf is regular by differen-
tiation under the integral sign. For P ∈ X∞ we take ν = n.∫ ∞

y=σ

∫ 1

x=0

∣∣∣e−2πinxF̃P,nf(gP p(z))
∣∣∣2 dx

dy

y2

=
∫ ∞

y=σ

∣∣∣F̃P,nf(gP a(y))
∣∣∣2 dy

y2
≤
∫ ∞

y=σ

∫ 1

0

∣∣e−2πinxf(gP p(z))
∣∣2 dx

dy

y2
< ∞.

Remark. The lemma states that taking a Fourier term does not destroy regularity.
On the other hand, it is in general not clear that the sum of a converging series of
regular Fourier terms is regular. In Lemma 4.3.7 we shall see that this is almost
always true for eigenfunctions of ω.

4.2 Spaces of Fourier terms

In this section we discuss the spaces of functions that can occur as Fourier terms
of automorphic forms. These spaces have dimension 2. We shall give a basis for
most values of the parameters.

We have collected the explicit formulas used in the sequel. That makes
this section rather technical. The main points are the definitions of the spaces
Wl(P, n, s) and the Wronskian below, the definitions of the standard elements
μl(P, n, s) and ωl(P, n, s) in 4.2.5, 4.2.6, 4.2.8 and 4.2.9, and Proposition 4.2.11.
The reader may prefer to skip the rest now, and refer to it when needed.
4.2.1 Definition. Let l, n, s ∈ C, and P ∈ P. If P ∈ PY , then we suppose n ≡
l mod 2 throughout this section. We define Wl(P, n, s) as the space of functions
F on G̃ if P ∈ X∞, respectively on G̃ � pr−1{P} if P ∈ PY , that satisfy ωF =(

1
4
− s2

)
F , and

F (gP n(x)g−1
P gk(θ)) = e2πinxF (g)eilθ if P ∈ X∞

F (gP k(η)g−1
P gk(ψ)) = einηF (g)eilψ if P ∈ PY .

If f is an automorphic form of weight l, with character χ and eigenvalue 1
4−s2,

and n ∈ CP , then F̃P,nf is a function on pr−1U̇P (AP ) that is the restriction of an
element of Wl(P, n, s).

In this definition of Wl, we do not use the eigenvalue λ as a parameter, but
a complex number s such that λ = 1

4
− s2. We have seen already in 1.2.3 that this
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parameter is more convenient than λ. We often call s the spectral parameter. Note
that Wl(P, n, s) = Wl(P, n,−s).

In the literature one often meets the parametrization λ = s(1−s). In compar-
ing results one then needs to make the translation s 	→ s+ 1

2 . Our parametrization
has the advantage that principal series representations of g and G̃ correspond to
purely imaginary numbers; see also the discussion in 1.2.3. The choice λ = s(1−s)
has the advantage of placing the critical line at Re s = 1

2
, which reminds us of the

Riemann zeta function.
Maass, [35], uses another parametrization, in which the spectral parameter

and the weight occur in a mixed way; see 2.1.7.
4.2.2 Differential equation. A function F as in 4.2.1 is determined by a function f
of one variable:

F (gP p(z)k(θ)) = e2πinxf(y)eilθ if P ∈ X∞

F (gP k(η)a(tu)k(ψ)) = einηf(u)eilψ if P ∈ PY .

The condition ωF =
(

1
4 − s2

)
F amounts to lP,nf =

(
1
4 − s2

)
f , with lP,n as

in 4.1.2–4.1.3. This second order linear differential operator lP,n has real analytic
coefficients, so any function f corresponding to an element of Wl(P, n, s) is a real
analytic function on (0,∞). Moreover, dim Wl(P, n, s) = 2.
4.2.3 Definition. The Wronskian of F1, F2 ∈Wl(P, n, s) is given by

Wr(F1, F2) =

⎧⎨⎩ f ′
1(y)f2(y)− f1(y)f ′

2(y) if P ∈ X∞

−(u2 + u)
(
f ′
1(u)f2(u)− f1(u)f ′

2(u)
)

if P ∈ PY ,

where fj ∈ C∞(0,∞) corresponds to Fj as indicated above.
One easily checks that Wr(f, g) does not depend on y, respectively u. So

Wr : Wl(P, n, s) ×Wl(P, n, s) → C

is a skew symmetric bilinear form. Wr(F1, F2) = 0 if and only if F1 and F2 are
linearly dependent. So the form Wr is non-degenerate.
4.2.4 Choice of a basis. We shall give various pairs of elements of Wl(P, n, s) that
form a basis for general values of the parameters. The Wronskian of such a pair will
be a non-zero meromorphic function of l and s. By ‘general case’ we mean those
values of the parameters at which both elements are holomorphic, and moreover
the Wronskian is non-zero. In the Lemmas 7.6.13–7.6.15, we shall consider how to
obtain a suitable basis in the special cases.

Elements of Wl(P, n, s) may be singled out either by their asymptotic be-
havior near P , or by their behavior far away from P . The concept of regularity,
defined in 4.1.9, is based on the behavior near P . Here we select first elements of
Wl(P, n, s) by their behavior far away from P .
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4.2.5 Cuspidal case. Let P ∈ X∞. If n = 0 the functions f corresponding to
F ∈ Wl(P, 0, s) satisfy −y2f ′′(y) = ( 1

4 − s2)f(y). One solution of this differential
equation is given by y 	→ ys+1/2. We put

μl(P, 0, s; gP p(z)k(θ)) = ys+1/2eilθ.

μl(P, 0, s) and μl(P, 0,−s) form a basis of Wl(P, 0, s) if s �= 0. The asymptotic
behavior of μl(P, 0, s) is simple far away from P (i.e., as y ↓ 0), and also near P
(i.e., as y →∞).

For general n, there is an element of Wl(P, n, s) with the same asymptotic
behavior far away from P . We write f corresponding to F ∈ Wl(P, n, s) in the
form f(y) = ys+1/2e−2πnyh(4πny). Then h satisfies

th′′(t) + (1 + 2s− t)h′(t)−
(

1
2

+ s− 1
2
l

)
h(t) = 0.

This is the confluent hypergeometric differential equation. In [33], 7.4, we find a
solution for s �∈ − 1

2N; this leads to

μl(P, n, s; gP p(z)k(θ)) = ys+1/2e∓2πny+2πinx
1F1

[
1
2

+ s∓ 1
2
l

1 + 2s

∣∣∣∣± 4πny

]
eilθ.

This extends the definition of μl(P, 0, s) given above, and preserves the behavior
as y ↓ 0. In [33], 7.4 (8), one sees that the choice of ± does not matter.

μl(P, n, s) and μl(P, n,−s) are elements of Wl(P, n, s). One easily checks that
their Wronskian is given by

Wr(μl(P, n, s), μl(P, n,−s)) = 2s for ± s �∈ 1
2

N.

Hence they form a basis if s �∈ 1
2Z.

4.2.6 Interior case. Let P ∈ PY . Write f corresponding to F ∈ Wl(P, n, s) in the
form

f(u) = u(n−l)/4(u + 1)−(n−l)/4−s−1/2h

(
1

u + 1

)
.

The differential equation for h is

t(1− t)h′′(t) +
(

2s + 1−
(

n− l

2
+ 2s + 2

))
h′(t)

−
(

1
2

+ s +
1
2
n

)(
1
2

+ s− 1
2
l

)
h(t) = 0.

This is the hypergeometric differential equation. For s �∈ − 1
2N it leads to the

following solution:

μl(P, n, s; gP a(tu))

=
(

u

u + 1

)(n−l)/4

(u + 1)−s−1/2
2F1

[
1
2 + s + n

2 , 1
2 + s− l

2
1 + 2s

∣∣∣∣ 1
u + 1

]
,
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see [33], 6.3 (1) and (5). The asymptotic behavior far from P is

μl(P, n, s; gP a(tu)) ∼ (u + 1)−s−1/2 (u →∞).

Wr(μl(P, n, s), μl(P, n,−s)) = 2s for ±s �∈ 1
2N, so we have a basis μl(P, n, s),

μl(P, n,−s) of Wl(P, n, s) for s �∈ 1
2
Z.

4.2.7 Another basis. Next we look for elements of Wl(P, n, s) with a simple be-
havior near P . With the exception of the case P ∈ X∞, Re n = 0, we shall find
a solution ωl(P, n, s) that is ‘small’ near P , and may be expressed in the form
ωl(P, n, s) =

∑
± vl(P, n,±s)μl(P, n,±s), with vl(P, n, s) an explicitly given func-

tion. We shall also define a solution ω̂l(P, n, s) =
∑

± v̂l(P, n,±s)μl(P, n,±s) that
is not a multiple of ωl(P, n, s), and has a larger growth than ωl(P, n, s) near P .
For ω̂l there is no canonical choice. In the cuspidal case one choice will do; in the
interior case we choose two possibilities.

In all cases, we choose elements that are invariant under s 	→ −s.
4.2.8 Cuspidal case. Let P ∈ X∞, and suppose that Ren �= 0. Put ε = sign(Re n).
If we write f corresponding to F ∈ Wl(P, n, s) in the form f(y) = h(4πεny), we
obtain for h the Whittaker differential equation

h′′(t) +
(
−1

4
+

1
2
εl

1
t

+ (
1
4
− s2)

1
t2

)
h(t) = 0.

It has solutions t 	→ Wεl/2,s(t) and t 	→ W−εl/2,s(−t), see [56], 1.7. We take the
branch of the Whittaker function Wκ,s(z) with −π

2 < arg(z) < 3π
2 . We define ωl

and ω̂l by

ωl(P, n, s; gP a(y)) = Wεl/2,s(4πεny), ω̂l(P, n, s; gP a(y)) = W−εl/2,s(−4πεny).

The choice of ω̂ is not very canonical, we could have taken the argument in another
way as well.

The relation with μl(P, n,±s) is given by

vl(P, n, s = (4πεn)s+1/2Γ(−2s)Γ(
1
2
− s− 1

2
εl)−1

v̂l(P, n, s) = ieπis(4πεn)s+1/2Γ(−2s)Γ(
1
2
− s +

1
2
εl)−1

ωl(P, n, s) =
∑
±

vl(P, n,±s)μl(P, n,±s)

ω̂l(P, n, s) =
∑
±

v̂l(P, n,±s)μl(P, n,±s).

In [56], 4.1.3, we find the asymptotic behavior near P :

ωl(P, n, s; gP a(y)) ∼ (4πεny)εl/2e−2πεny y →∞
ω̂l(P, n, s; gP a(y)) ∼ e−πiεl/2(4πεny)−εl/2e2πεny y →∞.
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The Wronskians are

Wr(ωl(P, n, s), ω̂l(P, n, s))

=
∑
±
±2svl(P, n, s)v̂l(P, n,−s) = −4πεn e−πiεl/2

Wr(μl(P, n, s), ωl(P, n, s))

= 2svl(P, n,−s) = (4πεn)−s+1/2 Γ(2s + 1)
Γ( 1

2
+ s− 1

2
εl)

.

4.2.9 Interior case. Let P ∈ PY . We put p = |n−l|
4

, and take ε = ±1 such that
4εp = n− l. Inspection of the differential equation shows that there is a solution
f(u) ∼ up as p ↓ 0, and also solutions f(u) ∼ u−p if p �= 0, and f(u) ∼ log u if
p = 0. The first case leads to

ωl(P, n, s; gP a(tu))

=
(

u

u + 1

)p

(u + 1)−s−1/2
2F1

[
1
2 + s + ε

2n, 1
2 + s− ε

2 l
1 + 2p

∣∣∣∣ u

u + 1

]
=

∑
±

vl(P, n,±s)μl(P, n,±s; gP a(tu)),

vl(P, n, s) =
(2p)!Γ(−2s)

Γ( 1
2 − s + ε

2n)Γ( 1
2 − s− ε

2 l)
.

We use [33], 6.4 (9), 6.5 (5) if ε = 1, and 6.4 (14), 6.5 (6) if ε = −1. Note that
ωl(P, n, s) is well defined for all s ∈ C. Often μl(P, n, s), ωl(P, n, s) may be used
as a basis:

Wr(μl(P, n, s), ωl(P, n, s)) = 2svl(P, n,−s)

=
(2p)!Γ(1 + 2s)

Γ( 1
2 + s + ε

2n)Γ( 1
2 + s− ε

2 l)
.

It is not obvious what is the right choice of ω̂l(P, n, s). We shall use two ver-
sions, depending on a parameter ζ ∈ {1,−1}. For a given ζ we put q = ζ(n + l)/4,
and define

ω̂l(P, n, ζ, s; gP a(tu))

= eπis

(
u

u + 1

)−q

u−s−1/2
2F1

[
1
2 + s + q + p, 1

2 + s + q − p
1 + 2q

∣∣∣∣ 1 +
1
u

]
,

provided q �∈ − 1
2N. We choose the branch of 2F1[., .; .|z] that is holomorphic in z

for arg(1− z) ∈ [0, π]. To see that this indeed defines an element of Wl(P, n, s), we
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express it in the μl(P, n,±s). Remark first that {p+q, p−q} = { ε
2
n,− ε

2
l}. In [33],

6.5 (7), 6.4 (11) and (16) we find

ω̂l(P, n, ζ, s;u) = eπisu−s−1/2−q(u + 1)q

·
(

Γ(−2s)Γ(1 + 2q)
Γ( 1

2
− s + q − p)Γ( 1

2
− s + q + p)

(
u + 1

u

)−1/2−s−q−p

· 2F1

[
1
2 + s + q + p, 1

2 + s− q + p
1 + 2s

∣∣∣∣ 1
u + 1

]
+

Γ(2s)Γ(1 + 2q)u1/2+s+q+p

Γ( 1
2

+ s + q + p)Γ( 1
2

+ s + q − p)
(u + 1)−1/2+s−q−p

· e−2πis
2F1

[
1
2 − s + q − p, 1

2 − s− q − p
1− 2s

∣∣∣∣ 1
u + 1

])
= eπisup(u + 1)−1/2−s−p Γ(−2s)Γ(1 + 2q)

Γ( 1
2 − s + q − p)Γ( 1

2 − s + q + p)

· 2F1

[
1
2 + s + ε

2n, 1
2 + s− ε

2 l
2s + 1

∣∣∣∣ 1
u + 1

]
+ e−πisup(u + 1)−1/2+s−p Γ(2s)Γ(1 + 2q)

Γ( 1
2 + s + q + p)Γ( 1

2 + s + q − p)

· 2F1

[
1
2 − s + ε

2n, 1
2 − s− ε

2 l
1− 2s

∣∣∣∣ 1
u + 1

]
.

Use [33] 6.4 (2) to see that this equals
∑

± v̂l(P, n, ζ,±s)μl(P, n,±s), with

v̂l(P, n, ζ, s) = eπis Γ(−2s)Γ(1 + 2q)
Γ( 1

2 − s + ζ
2n)Γ( 1

2 − s + ζ
2 l)

.

The Wronskian is

Wr(ω̂l(P, n, ζ, s), ωl(P, n, s))

=
∑
±
±2sv̂l(P, n, ζ,±s)vl(P, n,∓s)

= −ieπi(p−q) (2p)!Γ(1 + 2q)
Γ( 1

2
+ s + p + q)Γ( 1

2
− s + p + q)

.

4.2.10 Regular elements. We define W 0
l (P, n, s) as the subspace of those elements

of Wl(P, n, s) that are regular at P .
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4.2.11 Proposition. Let l, n, s ∈ C.

i) Suppose P ∈ X∞.

a) If s ∈ iR and n = 0, then W 0
l (P, n, s) = {0}.

b) If ±Re s > 0, n = 0, then dimC W 0
l (P, 0, s) = 1. A basis element is

μl(P, 0,∓s).

c) If Re n �= 0, then dimC W 0
l (P, n, s) = 1. A basis element is ωl(P, n, s).

ii) Suppose P ∈ PY , and n ≡ l mod 2. Then dimC W 0
l (P, n, s) = 1. A basis

element is ωl(P, n, s).

Remark. From this explicit form of the basis elements, we see that regular Fourier
terms of automorphic forms are in general bounded on a neighborhood of the
point P at which the Fourier expansion is centered. The exception occurs for
P ∈ X∞ and Re n = 0. Of course, if n or l is not real, then boundedness should
be understood for (x, θ), respectively (η, ψ), in compact sets.
Proof. The statements in part i) are clear from the explicitly given elements in
Wl(P, n, s); see 4.2.5 and 4.2.8.

We have seen that in the case P ∈ PY the differential equation in u deter-
mining Wl(P, n, s) has solutions of the form

uph1(u) + u−ph2(u) if p = 1
4 |n− l| �= 0

h1(u) + h2(u) ln u if p = 1
4
|n− l| = 0,

with h1 and h2 holomorphic on a neighborhood of u = 0 and either hj = 0 or
hj(0) �= 0. The regularity condition at points of pr−1{P} is not easy to check
in polar coordinates at P . Regularity is equivalent to smoothness at z = i of
z 	→ F (gP p(z)). We obtain for f corresponding to F (use 2.2.6):

F (gP p(z)) = e
1
2 in arg((z−i)/(z+i))f

( |z − i|2
4y

)
e−

1
2 il arg(−1−z2)

= f

( |z − i|2
4y

)
e

1
2 i(n−l) arg(−1−iz)− 1

2 i(n+l) arg(1−iz).

The discontinuity of arg(−1 − iz) does not give any problem, as n ≡ l mod 2.
Hence

F (gP p(z)) = f

( |z − i|2
4y

)( −1− iz

| − 1− iz|
)(n−l)/2 ( 1− iz

|1− iz|
)−(n+l)/2

.

The only smooth possibilities in the case n = l are of the form

h1

( |z − i|2
4y

)(
1− iz

|1− iz|
)−(n+l)/2

.



58 Chapter 4 Automorphic forms

We obtain for n �= l

F (gP p(z)) =

⎧⎨⎩ f
(

|z−i|2
4y

)
|z − i|−2p(−1− iz)2p · (∗) if n > l

f
(

|z−i|2
4y

)
|z − i|−2p(−1 + iz̄)2p · (∗) if n < l

where (∗) is a smooth factor without zeros. Only if f is of the form uph1(u), we
obtain a smooth function at z = i. So the one-dimensionality of W 0

l (P, n, s) is
clear, and ωl(P, n, s) is a non-zero element in it, see 4.2.9.
4.2.12 Isomorphism. The differential equation in y, respectively u, defining the
space Wl(P, n, s) is invariant under (n, l) 	→ (−n,−l). So we have a linear bijection

ι : Wl(P, n, s) −→ W−l(P,−n, s).

This isomorphism is not very canonical. Its definition depends on our choice of
coordinates.

In all cases:

ιμl(P, n, s) = μ−l(P,−n, s)
ιωl(P, n, s) = ω−l(P,−n, s).

Note that ιW 0
l (P, n, s) = W 0

−l(P,−n, s).

4.3 Automorphic forms with growth condition

We are ready to define ‘automorphic forms satisfying a growth condition’. The idea
is to replace the condition of polynomial growth in the definitions in Chapter 1
by regularity, and to apply this condition to the function minus a finite number of
Fourier terms. The property of being an eigenfunction of the Casimir operator is
strong enough to make this amount to a condition on the growth of the function.

Let P ⊂ X as before.
4.3.1 Definition. A growth condition c for Γ̃, P and χ, is a map c assigning a finite
subset c(P ) of CP (χ) to each P ∈ P, with the additional condition that for each
P ∈ X∞ the set CP (χ) ∩ iR is contained in c(P ).

The set CP (χ) specifies which terms occur in the Fourier expansion at P ,
see 4.1.2 and 4.1.3. The additional condition ensures that for all ∈ CP (χ) � c(P )
the spaces W 0

l (P, n, s) of regular Fourier terms are spanned by ωl(P, n, s); see
Proposition 4.2.11.

The minimal growth condition for a given character χ is c(χ), determined by
c(χ)(P ) = {0} if P ∈ X∞ and χ(πP ) = 1, and c(χ)(P ) = ∅ otherwise. By c0 we
denote the growth condition c0(P ) = {0} if P ∈ X∞, and c0(P ) = ∅ if P ∈ PY .
Hence c0 = c(1), the minimal growth condition for the trivial character.
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By |c(P )| we denote the number of elements of c(P ), and by |c| the number∑
P∈P |c(P )|.

4.3.2 Comment. We shall employ a growth condition c to indicate which Fourier
terms to ignore in the regularity condition, when defining automorphic forms with
growth condition. If we deal with eigenfunctions of ω, this implies a condition
on the growth of the function at P . For general functions in C∞(G̃P), the term
growth condition is misleading. Nevertheless, as this book deals with automorphic
forms, I feel justified to use it.
4.3.3 Definition. Consider a growth condition c, and a χ-l-equivariant function
f ∈ C∞(U), with U satisfying Γ̃UK̃ = U . If P ∈ P satisfies U̇P (σ) ⊂ prU for some
σ, we define its c-remainder f [c, P ] at P to be the function in C∞(pr−1U̇P (σ))
given by f [c, P ] = f −∑

n∈c(P ) F̃P,nf . We shall apply this with U = G̃P ; then
f [c, P ] is well defined for all P ∈ P.
4.3.4 Definition. Let Γ̃, χ, s and l be as before. An automorphic form of weight l,
with character χ and eigenvalue 1

4 − s2 for the growth condition c is a function
f ∈ C∞(G̃P) such that

i) f is χ-l-equivariant.

ii) ωf = ( 1
4 − s2)f on G̃P .

iii) f [c, P ] is regular at P for each P ∈ P.

We denote the space of all such automorphic forms by Al(χ, c, s).
4.3.5 Comments. As before, we parametrize the eigenvalue by s 	→ 1

4
− s2.

All Fourier terms of f ∈ Al(χ, c, s) with n ∈ CP (χ) � c(P ) are regular at P ,
and are hence at least bounded (boundedness understood as in the remark to
Proposition 4.2.11). So the growth of f near P is determined by the growth of
the Fourier terms at P with n ∈ c(P ). As c(P ) is finite, the growth is at most
exponential in y at P ∈ X∞, and at most polynomial in u at P ∈ PY — hence
the name growth condition. One may view growth conditions as a generalization of
divisors on X, as used in the study of meromorphic automorphic forms, see, e.g.,
2.4 in [53].

In the case P ∈ X∞, n ∈ CP (χ) with Re n = 0, the space W 0
l (P, n, s) may

be zero. By stipulating that such n are always an element of c(P ), we ensure that
the space of possible FP,nf has exactly dimension 1 for all n ∈ CP (χ) � c(P ).
4.3.6 Comparison. The Definitions 1.2.2 and 1.5.2 of modular forms concern the
case Γ̃ = Γ̃mod, χ = 1, and l ∈ 2Z, with the minimal growth condition c0. Those
definitions are the usual ones, see for instance Maass, [35], p. 185. It takes a bit of
work to see that the present definition defines the same concept:

Consider the function f̃ on G̃ corresponding to a modular form f on H,
as defined in 1.5.2 (this includes Definition 1.2.2). Put P = Γ̃mod · ∞, and take
λ = 1

4
− s2. As the c0-remainder f̃ [c0, P ] is smooth on pr−1U̇P (σ) for each σ > 0,



60 Chapter 4 Automorphic forms

it has an absolutely converging Fourier expansion. All terms in it have polynomial
growth, so are multiples of some ωl(P, n, s). Lemma 4.3.7 below shows that f̃ [c0, P ]
is quickly decreasing, hence regular.

For the converse, use Lemma 4.1.10 and Proposition 4.2.11 to obtain a Fourier
expansion of f̃ [c0, P ] to which we can apply Lemma 4.3.7. Together with the known
structure of FP,0f̃ , this leads to polynomial growth of f̃ near P .

Definition 1.5.6 corresponds to the case χ = χr (the character χr is described
in 13.1.3), and c(Γ̃mod · i∞) = { r

6
}.

We have indeed extended the definitions in Chapter 1. If we transform the ex-
amples of modular forms in that chapter into functions on G̃P , we obtain examples
of automorphic forms as defined above.

4.3.7 Lemma. Let P ∈ X∞, ν ∈ C, σ > 0, N > 0. Suppose the following series
converges absolutely for y > σ:

F (z) =
∑

n

cnωl(P, n, s; gP p(z))

with n ≡ ν mod 1 and |Ren| ≥ N . Then

|F (z)| � y|Re l|/2e−2πNye−2π Im(ν)x for y →∞,

with the implied constant depending on ν, s, l, σ, and F .

Proof. Use the asymptotic estimate, see 4.2.8,

ωl(P, n, s; gP a(y)) ∼ (4πεny)εl/2e−2πεny as y →∞,

with ε = sign Ren. Take t > σ; the convergence of the series at z = it gives

cn = O
(
|n|−εl/2e2π|Re n|t

)
.

So for y > t + 1:

|F (z)| �
∑

n

y|Re l|/2e−2π|Re n|(y−t)e−2πx Im n

� y|Re l|/2e−2πx Im νe−2πN(y−t).

4.3.8 Further remarks. If c and c1 are growth conditions and c(P ) ⊂ c1(P ) for all
P ∈ P, then Al(χ, c, s) ⊂ Al(χ, c1, s).

If f ∈ Al(χ, c, s) and n ∈ CP (χ) � c(P ), then FP,nf ∈ W 0
l (P, n, s), see

Lemma 4.1.10.

The criterion in 1.4.3 when to call a modular form a cusp form, is the van-
ishing of the term of order zero in the Fourier expansion at the cusp. This is a
special case of the following definition.
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4.3.9 Definition. f ∈ Al(χ, c, s) is called a cusp form for the growth condition c, if
F̃P,nf = 0 for all P ∈ P and all n ∈ c(P ). We denote the corresponding subspace
of Al(χ, c, s) by Sl(χ, c, s).
4.3.10 Remarks. Take c = c0 to get the usual definition of cusp form.

We have seen an example of a cusp form (for the growth condition c0) in 1.4.2.
The cuspidal Maass forms, see 1.4.5, are cusp forms as well. See 15.2.3 for an
unusual example.

If c(P ) ⊂ c1(P ) for all P ∈ P, then Sl(χ, c, s) ⊃ Sl(χ, c1, s).
Fix P0 ∈ P and define dN (P0) = {n ∈ CP0(χ) : |n| ≤ N }, dN (P ) fixed for

all P ∈ P, P �= P0. Then ⋂
N≥1

Sl(χ, dN , σ) = {0} .

Indeed, if f is an element of this intersection, it vanishes on pr−1U̇P (ÃP ). As f is
a real analytic function on the connected set G̃P , it vanishes everywhere.
4.3.11 Holomorphic automorphic forms. To f ∈ Al

(
χ, c, l−1

2

)
corresponds a func-

tion f̂(z) = y−l/2f(p(z)) on pr−1YP with transformation behavior

f̂

(
az + b

cz + d

)
= χ

( ˜(a

c

b

d

))
(cz + d)lf̂(z) for all

(
a

c

b

d

)
∈ Γ.

It is holomorphic on pr−1YP ⊂ H if and only if E−f = 0; this follows from
the description of E− in Iwasawa coordinates in 2.2.4. In 4.5.5 we shall discuss
holomorphic Fourier terms.

4.4 Differentiation of Fourier terms

We have just remarked that the action of the differential operator corresponding
to the element E− of the Lie algebra g singles out the holomorphic automorphic
forms. The action of g gives useful information for other automorphic forms as well.
Maass introduced differential operators Kα and Λβ between spaces of automorphic
forms, see, e.g., [35], p. 177 and p. 186. These operators shift the weight by 2. They
correspond to 1

2
E+ and 1

2
E−. In this section we discuss the action of E+ and E−

on the Fourier terms. In the next section we consider their effect on automorphic
forms.
4.4.1 The action of E±. Suppose that f ∈ C∞(Ω) with Ω ⊂ G̃ open, ΩK̃ = Ω,
satisfies ωf =

(
1
4 − s2

)
f , and f(gk(θ)) = f(g)eilθ . Then f is an analytic function.

Indeed, the Casimir operator ω corresponds to an elliptic differential operator
with analytic coefficients on H for functions of a fixed weight, see 2.2.4. So E±f
exists. The relation [W, E±] = ±2iE± implies that E±f has weight l±2. Moreover,
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ωE±f = E±ωf =
(

1
4
− s2

)
E±f ; this means that E±f is an eigenfunction of ω as

well, with the same eigenvalue.
As E+ and E− generate the enveloping algebra U(g), the function f generates

a vector space in which U(g) acts.
4.4.2 Action on Fourier terms. This section discusses the action of these differential
operators on elements of Wl(P, n, s). As E± commutes with left translations, we
get linear maps:

E± : Wl(P, n, s) −→ Wl±2(P, n, s).

Table 4.1 gives the action of E± on the standard basis elements μl and ωl. It turns
out that E±W 0

l (P, n, s) ⊂ W 0
l±2(P, n, s) in all cases considered. (If P ∈ X∞, n �= 0,

Ren = 0, one may check that this does not hold. This fact is behind the additional
condition in Definition 4.3.1.)
4.4.3 Lie algebra modules. For r ∈ C∗, one may form the infinite dimensional space⊕

l Wl(P, n, s), where l runs over the coset modulo 2 of the numbers satisfying
eπil = r. This is a module for U(g); all weight spaces have dimension 2. If we are
not in the case P ∈ X∞, Ren = 0, n �= 0, there is a submodule

⊕
l W

0
l (P, n, s).

4.4.4 The action of ι. The bijective maps ι : Wl(P, n, s) → Wl(P,−n, s), defined
in 4.2.12, induce a bijection

ι :
⊕

l

Wl(P, n, s) −→
⊕

l

W−l(P,−n, s).

This is not an isomorphism of U(g)-modules. It satisfies ι(Xf) = j(X)ιf , with j
the involution in g given by

jW = −W, jE± = E∓.

This involution j comes from the automorphism p(z)k(θ) 	→ p(−z̄)k(−θ) of G̃,
which covers the exterior automorphism(

a

c

b

d

)
	→
(

a

−c

−b

d

)
=
(−1

0
0
1

)(
a

c

b

d

)(−1
0

0
1

)
of SL2(R).
4.4.5 Holomorphic Fourier terms. E+E− acts in Wl(P, n, s) as multiplication by
−(1−4s2 + l2−2l) = (1+2s− l)(−1+2s+ l). This implies that E− : Wl(P, n, s) →
Wl−2(P, n, s) can have a non-zero kernel only if s = ± l−1

2
. Application of the

formulas in 2.2.4 and 2.2.5 shows that the kernel has dimension 1. It is spanned
by functions determined by⎧⎨⎩ y 	→ yl/2e−2πny if P ∈ X∞

u 	→ u(n−l)/4(u + 1)−(n+l)/4 if P ∈ PY .
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For P ∈ X∞, s �∈ − 1
2
N :

E±μl(P, n, s) = (1 + 2s± l)μl±2(P, n, s).

See [33], 7.3.1 (3).

For P ∈ X∞, ±Ren > 0 :

E±ωl(P, n, s) = −2ωl±2(P, n, s),

E±ω̂l(P, n, s) = 2( 1
4(l ∓ 1)2 − s2)ω̂l±2(P, n, s),

±Ren < 0 :

E±ωl(P, n, s) = 2( 1
4(l ± 1)2 − s2)ωl±2(P, n, s),

E±ω̂l(P, n, s) = −2ω̂l±2(P, n, s).

See [56], (2.4.21) and (2.4.24).

For P ∈ PY , s �∈ − 1
2
N :

E±μl(P, n, s) = −(1 + 2s± l)μl±2(P, n, s).

See [33], 6.2.1 (3) and 6.2.2 (2).

P ∈ PY , |n− l ∓ 2| = |n− l| − 2 :

E±ωl(P, n, s) = |n− l|ωl±2(P, n, s),

|n− l ∓ 2| = |n− l|+ 2 :

E±ωl(P, n, s) = − (l ± 1)2 − 4s2

|n− l|+ 2
ωl±2(P, n, s).

See [33], 6.2.1 (8) and (9), or express ωl in the μl.

For P ∈ PY , ±(n + l) + 2 �= 0 :

E±ω̂l(P, n,±1, s) = 4s2−(1±l)2

2±(n+l) ω̂l±2(P, n,±1, s),

without additional condition:

E±ω̂l(P, n,∓1, s) = ∓(n + l)ω̂l±2(P, n,∓, s).

Express ω̂l in the μl.

Table 4.1 Differentiation results.
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4.4.6 Holomorphic Fourier terms near a cusp. Consider P ∈ X∞. Let F be the
Fourier term determined by the function indicated above. Under the correspon-
dence discussed in 1.3.4 it gives the holomorphic function gP · z 	→ e2πinz on H.

The basis element indicated above is regular at P if Re n > 0, and also if
Ren = 0 and Re l < 1. For Ren > 0 this basis element should be a multiple
of ωl(P, n, l−1

2
). From the asymptotic behavior in 4.2.8 follows that it is equal to

(4πn sign(Re n))−l/2ωl(P, n, l−1
2 ).

This shows that Wl,(l−1)2(t) = tl/2et/2, and hence the basis element is equal
to eπil/2(−4πn)−l/2ω̂l(P, n, l−1

2 ) in the case Re n < 0.
For n = 0 we have obtained μl(P, 0, l−1

2 ).
4.4.7 Holomorphic Fourier term at an interior point. Take P ∈ PY . The function
F : gP k(η)a(tu)k(ψ) 	→ einηu(n−l)/4(u+1)−(n+l)/4eilψ corresponds to the function
F̂ : z 	→ y−l/2F (p(z)), which should be holomorphic.

We want to write gP p(z) in the form k(η)a(tu)k(ψ). Note that g−1
P p(z) =

p(zP )−1p(z) = p
(

z−xP

yP

)
. The relations in 2.2.6 give

u = |z − zP |2/(4yyP )
u + 1 = |z − zP |2/(4yyP )

e2iη =
z − zP

z − zP

∣∣∣∣z − zP

z − zP

∣∣∣∣
η + ψ =

π

2
− arg(z − zP ).

Remember that n ≡ l mod 2. We obtain

F̂ (z) = y−l/2ei(n−l)/2ηeil(η+ψ)u(n−l)/4(u + 1)−(n+l)/4

= y−l/2

(
z − zP

z − zP

)(n−l)/2

eπil/2e−il arg(z−zP )

· (4yyP )l/2|z − zP |0|z − zP |−l

= 2ly
l/2
P eπil/2(z − zP )−l

(
z − zP

z − zP

)(n−l)/2

.

We conclude that (z − zP )lf̂(z) is a multiple of w(n−l)/2, where w denotes the
coordinate (z − zP )/(z − zP ) on H near zP .

This basis element is regular at P if and only if n ≥ l. It is equal to
μl(P, n, l−1

2 ) for l �∈ −N ∪ {0}.
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4.5 Differentiation of automorphic forms

We consider the action of E+ and E− on automorphic forms.

4.5.1 Discussion. Let f ∈ Al(χ, c, s). Is E±f an element of Al±2(χ, c, s)?
We apply the conditions in Definition 4.3.4 to E±f (with l replaced by l±2).

Conditions i) and ii) are clearly satisfied. As each Fourier term of f is described
by an integral over a compact set, we have E±FP,nf = FP,nE±f . Hence also
E± (f [c, P ]) = (E±f)[c, P ]. So we have to show that for elements of Al(χ, c, s), the
action of E± preserves regularity. This will also imply the corresponding statement
for cusp forms.

For unitary χ and real weight this may be proved from a local form of the
convolution representation theorem of Harish Chandra, [18], Theorem 1 on p. 18.
This implies that an eigenfunction f of ω, with some weight r, may be written as
f = f ∗ α with α ∈ C∞

c (G̃), with supp(α) contained in a small neighborhood of 1
in G̃. In loc. cit. this is proved for f defined on G̃, but one may adapt the proof to
the situation in which f is defined on a suitable open subset. As E±f = f ∗ E±α,
the growth of E±f near a cusp is bounded by an average of the growth of f . In
the case of χ ∈ Xu and real weight, one may derive regularity of f ∗ E±α from
regularity of f ; but for general χ and l this seems to fail. We derive the desired
result with help of the next lemma and Lemma 4.3.7.

4.5.2 Lemma. Let P ∈ P and suppose that a function f on pr−1UP (σ) as in
Definition 4.1.9 is regular at P and is an eigenfunction of ω. If P ∈ X∞ we also
suppose that F̃P,nf = 0 for n ∈ CP (χ) with Re n = 0, n �= 0. Then E+f and E−f
are regular at P .

Proof. For P ∈ PY this is clear from the definition of regularity. So consider P ∈
X∞. We have seen in Lemma 4.1.10 that all F̃P,nf with n ∈ CP (χ) are regular. For
individual Fourier terms which may occur, we have seen that regularity is preserved
under E±. As E±f ∈ C∞(pr−1UP (σ)), it has a converging Fourier expansion on
pr−1UP (σ). As F̃P,nE±f = E±F̃P,nf , this expansion consists of regular Fourier
terms. So the proof may be completed by application of Lemma 4.3.7.

4.5.3 Proposition. Differentiation gives maps

E± : Al(χ, c, s) −→ Al±2(χ, c, s)
E± : Sl(χ, c, s) −→ Sl±2(χ, c, s).

If 1− 4s2 �= −l2 ∓ 2l, these maps are invertible.

Remark. Holomorphic automorphic forms correspond to elements of the kernel
of E−.
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Proof. Lemma 4.5.2 implies that E± preserves the regularity of f [c, P ], hence
the maps end up in the spaces indicated. On Al(χ, c, s) the map E∓E± acts as
multiplication by −(1− 4s2 + l2 ± 2l).

4.5.4 Lie algebra modules. One may form the U(g)-modules
⊕

l Al(χ, c, s) and⊕
l Sl(χ, c, s), with l satisfying χ(k(π)) = eπil. In the sequel we shall rarely take

this representational point of view. Here we note that

F̃P,n :
⊕

l

Al(χ, c, s) −→
⊕

l

Wl(P, n, s) if n ∈ c(P )

F̃P,n :
⊕

l

Al(χ, c, s) −→
⊕

l

W 0
l (P, n, s) if n �∈ c(P )

are U(g)-linear. So if we have explicitly computed the Fourier coefficients at P
of some automorphic form, we easily obtain the Fourier coefficients of the forms
(E±)n · f in other weights.

4.5.5 Holomorphic automorphic forms. The meromorphic automorphic forms of
weight l correspond to the kernel of E− : Al(χ, c, s) → Al−2(χ, c, s). Let f be
an element of this kernel, and let f̂(z) = y−l/2f(p(z)). For P ∈ X∞ we have a
Fourier expansion near gP · i∞ of the form (cz + d)−lf̂(gP · z) =

∑
n≥k cne2πinz ,

with gP =
˜(a
c

b
d

)
. At the end of the previous section we saw that regular terms

can be non-zero only for Ren ≥ 0. The growth condition c allows a finite number
of terms with Ren < 0 to occur. So f̂ is meromorphic at the cusp P .

For an interior point, P ∈ PY , a similar reasoning shows that f̂ is meromor-
phic at zP .

4.6 Maass-Selberg relation

An important theorem concerning real analytic modular forms is the Maass-
Selberg relation; see Maass, [35], Theorem 20 on p. 200. In Theorem 4.6.5 it is
stated for automorphic forms with growth conditions. It gives a bilinear relation
that the non-regular parts of the Fourier expansions of two automorphic forms
have to satisfy, if their weight, eigenvalue, and character are related in a special
way. The Maass-Selberg relation can be used to obtain an upper bound for the
dimension of the spaces Al(χ, c, s) mod Sl(χ, c, s).

4.6.1 Functions on Y . If c is a growth condition for χ, then −c : P 	→ −c(P ) is
one for χ−1.

Consider f ∈ Al(χ, c, s) and h ∈ A−l(χ−1,−c, s). Clearly the product fh is
left-Γ̃-invariant and right-K̃-invariant; hence it determines an element of C∞(YP).

In a similar (but a bit more complicated) way one may construct 1-forms
on YP .
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4.6.2 Lemma. Let f, h ∈ C∞(G̃P) satisfy

f(γgk(θ)) = χ(γ)f(g)eilθ

h(γgk(θ)) = χ(γ)−1f(g)eimθ

}
for all γ ∈ Γ̃, g ∈ G̃P , θ ∈ R.

Put
{f, h}+(z) = f(p(z))h(p(z))dz

y
if l + m = 2,

{f, h}−(z) = f(p(z))h(p(z))dz̄
y if l + m = −2,

[f, h](z) = f(p(z))h(p(z))dx∧dy
y2 if l + m = 0.

Then {f, h}± are smooth 1-forms on YP , and [f, h] is a smooth 2-form.
If l + m = ±2, then

d{f, h}± = −1
2
[E∓f, h]− 1

2
[f, E∓h].

Proof. The product fh is a function on Γ̃\G̃P of weight l + m. It is easily checked
that the corresponding differential forms on H � pr−1P are Γ̃-invariant. Use that
for F of weight r

(E+F )(p(z)) = (4iy∂z + r) F (p(z))
(E−F )(p(z)) = − (4iy∂z̄ + r) F (p(z)).

4.6.3 Definition. Suppose that f ∈ C∞(G̃P) is χ-l-equivariant, and that h ∈
C∞(G̃P) is χ−1-(−l)-equivariant. We put

η(f, h) = {E+f, h}+ − {f, E−h}−.

This is a smooth 1-form on YP . Lemma 4.6.2 shows that dη(f, h) = 2[ωf, h] −
2[f, ωh].
4.6.4 Closed differential form. If we take f ∈ Al(χ, c, s), h ∈ A−l(χ−1,−c, s), then
η(f, h) is a closed 1-form on YP , asking to be integrated over cycles representing
homology classes of YP .

To obtain the Maass-Selberg relation we integrate it over a representative of
the trivial homology class, the cycle consisting of curves C(P ) for each P ∈ P,
where C(P ) is a path inside U̇P (AP ) encircling P once in positive direction. This
gives ∑

P∈P

∫
C(P )

η(f, h) = 0.

The integrals
∫

C(P )
η(f, h) may be expressed in terms of the Fourier expan-

sions of f and h. We replace f , E+f , h and E−h by their Fourier expansions at P .
On the compact path C(P ) we can take the integral inside the double sum.
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Consider first P ∈ X∞, and take C(P ) of the form y = y0 in Iwasawa

coordinates. As gP is of the form
˜(α
γ

β
δ

)
, we obtain

{E+f, h}+(gP · z)

= E+f(gP p(z)k(arg(γz + δ))h(gP p(z)k(arg(γz + δ))
γz̄ + δ

γz + δ

dz

y

= E+f(gP p(z))h(gP p(z))
dz

y
,

and a similar result for {f, E−h}−(gP · z). This gives∫
C(P )

η(f, g)

=
∫ iy0+1

iy0

(
(E+f · h)(gP p(z))

dz

y
− (f · E−h)(gP p(z))

dz̄

y

)
=

∑
n∈CP (χ)

1
y0

(
FP,nE+f(y0)FP,−nh(y0)

− FP,nf(y0)FP,−nE−h(y0)
)

=
∑

n∈CP (χ)

1
y0

( (
2y0(FP,nf)′(y0)

+ (l − 4πny0)FP,nf(y0)
)
FP,−nh(y0)

− FP,nf(y0) (2y0(FP,−nh)′(y0)− (−l − 4π(−n)y0)FP,−nh(y0))
)

=
∑

n∈CP (χ)

2Wr(FP,nf, ιFP,−nh),

see 4.2.3 for the Wronskian Wr.



4.6 Maass-Selberg relation 69

For P ∈ PY we take a path [0, π/vP ] → H : η 	→ gP k(η) · it0, with t0 = tu0

and gP = p(zP ).∫
C(P )

η(f, h)

=
∫

η modπ/vP

(
(E+f · h)(gP p(k(η) · it0)dgP k(η) · it0

dη

− (f · E−h)(gP p(k(η) · it0)dgP k(η) · it0
dη

)
dη

Im(gP k(η) · it0)

=
∫ π/vP

η=0

(
(E+f · h)(gP k(η)a(t0))− (f · E−h)(gP k(η)a(t0))

)
(1− t20) Im zP

| − it0 sin η + cos η|2
| − it0 sin η + cos η|2

t0 Im zP
dη

=
∑

n∈CP (χ)

(
(FP,nE+f)(u0)FP,−nh(u0)

− FP,nf(u0)(FP,−nE−h)(u0)
)

π

vP

1− t20
t0

=
π

vP

∑
n∈CP (χ)

(
2
√

u2
0 + u0(FP,nf)′(u0)FP,−nh(u0)

− FP,nf(u0)2
√

u2
0 + u0(FP,−nh)′(u0)

)
(−4)

√
u2

0 + u0

=
8π

vP

∑
n∈CP (χ)

Wr(FP,nf, ιFP,−nh).

For all n ∈ CP (χ)�c(P ) the Fourier terms are regular. Hence the Wronskians
vanish for these n. Thus we have obtained the following result:

4.6.5 Theorem. Maass-Selberg relation. Put uP = 2 for P ∈ X∞ and uP = 8π/vP

for P ∈ PY . Let f ∈ Al(χ, c, s) and h ∈ A−l(χ−1,−c, s). Then∑
P∈P

uP

∑
n∈c(P )

Wr
(
F̃P,nf, ιF̃P,−nh

)
= 0.

4.6.6 Remarks. This formula seems to depend on special choices (of gP in the
definition of the Fourier terms, and of the isomorphism ι). But in the proof we
have seen that the result is completely natural.

Define Wl(c, s) =
⊕

P

⊕
n Wl(P, n, s) with P ∈ P and n ∈ c(P ). The form

Wr : Wl(c, s)×W−l(−c, s) −→ C,
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defined by Wr(a, b) =
∑

P uP

∑
n Wr(aP,n, ιbP,−n), gives a non-degenerate bilinear

pairing of the 2|c|-dimensional spaces Wl(c, s) and W−l(−c, s).
Define F (c) : Al(χ, c, s) → Wl(c, s) by (F (c)f)P,n = F̃P,nf . Then kerF (c) =

Sl(χ, c, s).
The Maass-Selberg relation states that the spaces

F (c)Al(χ, c, s) ⊂Wl(c, s) and F (−c)A−l(χ−1,−c, s) ⊂ W−l(−c, s)

are Wr-orthogonal. Hence

dim (Al(χ, c, s)/Sl(χ, c, s)) + dim
(
A−l(χ−1,−c, s)/S−l(χ−1,−c, s)

) ≤ 2|c|.

4.6.7 Unitary case. For 1
4 − s2 ∈ R, a unitary character (and hence a real weight),

we can consider
(f, h) 	→

∑
P

uP

∑
n

Wr(F̃P,nf, ιF̃P,nh)

as a sesquilinear form on Al(χ, c, s). This has the advantage of dealing with only
one space of automorphic forms.

In the case χ−1 = χ, l = 0, we conclude

dim (Al(χ, c, s)/Sl(χ, c, s)) ≤ |c|.

We shall prove that in many cases one has equality. In 14.3.3 we show equality in
a very special case by explicitly exhibiting two automorphic forms.



Chapter 5

Poincaré series

In the previous chapter we defined automorphic forms of a rather general type. We
have seen examples for the modular case in Chapter 1. In this chapter we discuss
the sole general method to construct automorphic forms; it works for a unitary
character χ and a spectral parameter s with Re s > 1

2 . It is the construction of
Poincaré series.

Eisenstein series, as discussed in 1.2.3, are a special case of Poincaré series.
More general Poincaré series are mentioned in 1.5.9 and 1.7.2. The series repre-
senting a resolvent kernel, c.f. 1.7.3, also comes under the concept of Poincaré
series discussed in this chapter.

The results in this chapter are known, or are easy extensions of known results.
In Poincaré’s paper [47] one finds the essential ideas; he works on the unit disk
and considers holomorphic automorphic forms. Real analytic Poincaré series have
been studied by, e.g., Niebur, [41], and Neunhöffer, [40].

Actually, these Poincaré series are not individual automorphic forms; they oc-
cur in families, depending continuously on the unitary character χ and the spectral
parameter s. It is our aim to prove their meromorphic continuation in (χ, s). We
shall attain this aim in Theorem 10.2.1.

We discuss Poincaré series in Section 5.1, and their Fourier terms in Sec-
tion 5.2.

Throughout this chapter we fix a weight l ∈ R, and a character χ ∈ Xu. (This
is essential for the convergence of the Poincaré series.)

5.1 Construction of Poincaré series

The idea behind Poincaré series is simple: to obtain χ-l-equivariant functions, start
with an arbitrary function f of weight l, and consider g 	→ ∑

γ∈Γ̃/Z̃ f(γg). With
luck, this converges, and defines a χ-l-equivariant function. This idea is worked out
in 5.1.1–5.1.4. It leads, in Proposition 5.1.6, to Poincaré series that are automorphic
forms in the sense of the previous chapter.

5.1.1 Construction of Γ̃-equivariant functions. Suppose Δ is a subgroup of Γ̃ con-
taining Z̃. Let f : U → C with U ⊂ G̃, Γ̃UK̃ = U satisfy the condition

f(δgk(θ)) = χ(δ)f(g)eilθ for all δ ∈ Δ, g ∈ U, θ ∈ R.

71
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This function f is χ-l-equivariant, but on the left for the group Δ only. Then

T Γ̃
Δf(g) =

∑
γ∈Δ\Γ̃

χ(γ)−1f(γg)

defines T Γ̃
Δf = Tf : U → C satisfying

Tf(γgk(θ)) = χ(γ)Tf(g)eilθ for all γ ∈ Γ̃, g ∈ U, θ ∈ R,

provided the sum converges absolutely for each g ∈ U . We shall use U = G̃, and
also U = G̃ �

(
Γ̃g0K̃

)
for some fixed g0.

If, moreover, the absolute convergence is uniform for g in sets of the form
CK̃ with C ⊂ U compact, then(

ω − 1
4

+ s2

)
f = 0 =⇒

(
ω − 1

4
+ s2

)
T Γ̃

Δf = 0.

To see this, note first that (ω− 1
4 +s2)f = 0 implies that all terms g 	→ χ(γ)−1f(γg)

are eigenfunctions of ω. So we might try to differentiate inside the sum. But it is
easier to consider the function z 	→ Tf(p(z)) on the subset Û = pr−1U of H.
We have to show that it is an eigenfunction of the elliptic differential operator
−y2∂2

y − y2∂2
x + ily∂x. It suffices to prove this weakly, c.f. the discussion in 2.1.4.

Integration against a test function in C∞
c (Û) can be taken inside the sum, as

the absolute convergence is uniform on compact sets. The individual terms are
eigenfunctions of ω, hence the sum represents an eigendistribution with the same
eigenvalue, which has to be an analytic eigenfunction.
5.1.2 Poincaré’s series. Take χ = 1, l ≥ 4 even, and let h be a holomorphic
function on H. Put f(p(z)k(θ)) = yl/2h(z)eilθ, and apply the discussion above
with Δ = Z̃. We obtain

y−l/2T Γ̃
Z̃

f(p(z)) =
∑

γ

h(γ · z)
(cz + d)l

where γ = ±
(

a
c

b
d

)
runs through the group of transformations of H corresponding

to Z̃\Γ̃. Go over to the unit disk by z = i 1+w
1−w , w = z−i

z+i , and take h of the form
h(z) = H(w)(1− w)l. Then

(1− w)−l
∑

γ

h(γ · z)
(cz + d)l

=
∑
V

H(V · w)
(

dV · w
dw

)l/2

.

Here V runs through the corresponding group of transformations of the unit disk.
Under some conditions on H, the right hand side is a série thétafuchsienne, as
introduced by Poincaré; see [47], §1, p. 208.
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5.1.3 Choice of Δ. We shall apply the construction in 5.1.1 with f given by
μl(P, n, s) (see 4.2.5 and 4.2.6 for the definition), P ∈ P and

Δ = ΔP =

⎧⎨⎩ { ζkπm
P : k,m ∈ Z } if P ∈ X∞

Z̃ if P ∈ PY .

If P ∈ PY happens to be an elliptic orbit, we could have taken ΔP a bit larger;
the present choice will keep some formulas simpler.

5.1.4 Lemma.

i) Suppose the bounded function h : G̃ → C satisfies

h
(
k(η)a(tu)k(ψ)

)
= O (u−σ

)
(u →∞)

uniformly in η and ψ, for some σ > 1. Then F (g) =
∑

γ∈Z̃\Γ̃ h(γg) converges
absolutely, uniformly for g in compact sets, and F is a bounded function
on G̃.

ii) Let P ∈ X∞. Suppose the left-ΔP -invariant function h : G̃ → C satisfies

h
(
gP n(x)a(y)k(θ)

)
= O (yσ) (y ↓ 0)

uniformly in x and θ, for some σ > 1. Then F (g) =
∑

γ∈ΔP \Γ̃ h(γg) con-
verges absolutely, uniformly for g in compact sets. For Q ∈ X∞,

F
(
gQn(x)a(y)k(θ)

)
= δP,Qh

(
gP n(x)a(y)k(θ)

)
+O(1) (y →∞),

uniformly in x and θ.

Proof. These results are well known. The idea is to estimate the sum by an integral,
see Poincaré’s proof in §1 of [47], or Satz 1 and 2 of Petersson, [44], p. 38 and 40.

For i) we refer to Hejhal, [21], Ch. VI, Corollary 5.2 on p. 28. (Note that if

z = k(η)a(tu) · i, then 1−
∣∣∣ z−i
z+i

∣∣∣2 = 1
u+1 , and apply the corollary to the group Γ.)

We show how to derive ii) from i). We may assume that h(gP n(x)a(y)k(θ))
does not depend on x and θ, and that h ≥ 0. First we consider the case h(gP a(y)) =
0 for y > AP . Let

h0(gP p(z)k(θ)) =
{

h(gP a(y)) if− 1
2 < x ≤ 1

2
0 otherwise.

Then g 	→ h0(gP g) satisfies the assumptions of i). This gives the absolute conver-
gence, uniform for g in compact sets, of∑

γ∈Z̃\Γ̃
h0(γg) =

∑
γ∈ΔP \Γ̃

∑
δ∈Z\ΔP

h0(δγg) =
∑

γ∈ΔP \Γ̃
h(γg) ≤ C
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for some constant C.
For general h, write h = h1 + h2 with h2(gP a(y)) = τ(y)h(gP a(y)) and τ the

characteristic function of (AP ,∞). For g in a fixed compact set, there are only
finitely many γ ∈ ΔP \Γ̃ such that h2(γg) �= 0. Hence the absolute convergence as
stated in the lemma is no problem.

Let Q ∈ X∞. Consider F2(g) =
∑

γ∈ΔP \Γ̃ h2(γg) as y → ∞, where g =
gQp(z)k(θ). Let y > AQ, then pr(g) ∈ UQ(AQ). On the other hand, if γg ∈
supp(h2), then pr(g) ∈ UP (AP ). Hence F2(g) = 0 if Q �= P . If P = Q, then
γg ∈ supp(h2) only if γ ∈ ΔP , and hence F2 = h2. So we obtain uniformly for
g = gP p(z)k(θ) with y > AQ

F (g) =
∑

γ∈ΔP \Γ̃
h1(γg) + δP,Qh2(g) = O(1) + δP,Qh(g).

5.1.5 Notation. Put C1/2 = { s ∈ C : Re s > 1
2
}.

We are ready to state the convergence of Poincaré series. We use μl(P, n, s)
(see 4.2.5 and 4.2.6) as the function h in the discussion above. Among the elements
of Wl(P, n, s) this function is characterized by its asymptotic behavior far away
from P , and that behavior controls the convergence of the Poincaré series.

5.1.6 Proposition. Let χ ∈ Xu, l ∈ R, s ∈ C, Re s > 1
2 , P ∈ P, and n ∈ CP (χ).

Then
Pl(P, n, χ, s; g) =

∑
γ∈ΔP \Γ̃

χ(γ)−1μl(P, n, s; γg)

converges absolutely, uniformly for (χ, s, g) in compact subsets of Xu × C1/2 ×(
G̃ � pr−1{P}

)
. It defines the automorphic form Pl(P, n, χ, s) ∈ Al(χ, c, s) for

each growth condition c for χ that satisfies n ∈ c(P ).

Remarks. If P ∈ X∞, the automorphic form Pl(P, n, χ, s) is in C∞(G̃), whereas it
has a singularity along pr−1{P} if P ∈ PY .

If P ∈ X∞, and n = 0 ∈ CP (χ), then μl(P, 0, s; gP p(z)k(θ)) = ys+1/2eilθ .
In this case Pl(P, 0, χ, s) is called an Eisenstein series. The condition 0 ∈ CP (χ)
amounts to χ(πP ) = 1. If this holds, then the cusp P is called singular for χ; if
χP (πP ) �= 0, then P is called a regular cusp.

If we vary χ in Xu, then l and n have to vary as well. We tacitly assume
that the set over which χ varies is small enough to admit n and l as continuous
functions of χ satisfying e2πin = χ(πP ) or eiπn/vP = χ(εP ), and eπil = χ(k(π)).

From the uniform convergence for (χ, s, g) in compact sets, we conclude that
Pl(P, n, χ, s; g) is continuous in (χ, s, g).
Proof. First we consider P ∈ X∞. The function μl(P, n, s) satisfies the esti-
mate in ii) of Lemma 5.1.4, uniformly for s and χ in compact sets. So we have
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convergence of the series on G̃, uniformly for (χ, s, g) in compact sets. Further
(ω − 1

4 + s2)Pl(P, n, χ, s) = 0, as we have discussed in 5.1.1. So Pl(P, n, χ, s) is
analytic on G̃, hence regular at each Q ∈ PY . The boundedness in the lemma gives
regularity at Q ∈ X∞, Q �= P . At P itself, Pl(P, n, χ, s)[c, P ] is regular for each
growth condition c satisfying n ∈ c(P ).

For P ∈ PY the function μl(P, n, s) may be written as H1 + H2, with
H2(gP k(η)a(tu)k(ψ)) = 0 for all u ≥ AP , and H1 bounded. To H1 we apply part i)
of the lemma to obtain absolute convergence of P1(g) =

∑
γ∈Z̃\Γ̃ χ(γ)−1H1(γg)

uniform for (χ, s, g) in compact sets. The resulting estimate of P1 is uniform for
(χ, s) in compact sets. Consider H2(γg); it can only be non-zero for γ in a finite
number of classes of Z̃\Γ̃ (more than one class only if zP is an elliptic point). This
implies the desired convergence of the whole series. On G̃�pr−1{P} the sum again
satisfies (ω − 1

4 + s2)Pl(P, n, χ, s) = 0. This gives regularity at Q ∈ PY , Q �= P .
Moreover, the sum is bounded outside pr−1UP (AP ). Hence we obtain regularity
at Q ∈ X∞. Near P itself

Pl(P, n, χ, s; g)

=
∑

γ∈Z̃\Γ̃, γ·zP 	=zP

χ(γ)−1μl(P, n, s; γg) +
vP∑

k=1

χ(εP )−kμl(P, n, s; εk
P g).

The first sum gives a C∞-function near P (zP )K̃; the second sum contributes
vP μl(P, n, s; g). So removal of the Fourier term F̃P,nPl(P, n, χ, s) makes the sum
regular at P .

5.1.7 Comments. We follow the practice of using the name Poincaré series for this
general type of series. This type includes Eisenstein series and resolvent kernels.

Neunhöffer [40] and Good [16] have studied these Poincaré series in weight 0.
Good defined another type of Poincaré series as well; these are not associated to
a point of X, but to a closed geodesic.

Our definition of the Poincaré series Pl(P, n, χ, s) depends on the choice of gP .
This is not visible in the notation.

5.1.8 Resolvent kernel. Let P ∈ PY . We check that the Poincaré series Pl(P, l, χ, s)
is a multiple of the resolvent kernel used in the proof of the trace formula of
Selberg, see Hejhal, [21], p. 350. We put w = zP = gP · i and compute G(z) =
Pl(P, l, χ, s; p(z)) = 1

2

∑
γ∈Γ χ(γ̃)−1μl(P, l, s; γ̃p(z)). We shall show that

G(z) =
−4πΓ(2s + 1)

Γ( 1
2 + s + 1

2 l)Γ( 1
2 + s− 1

2 l)
Gs+1/2(z, w; v),

with Gs as in (5.3) of p. 350 of loc. cit. and v the multiplier system of Γ given by
v(γ) = χ(γ̃). We assume that Γ( 1

2
+ s ± 1

2
l) �= 0, and, as before, that Re s > 1

2
.
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Put

k̃s+1/2(z, w) =
(

1−
∣∣∣∣z − w

z − w̄

∣∣∣∣g 2
)s+1/2

e−il arg(iw̄−iz)

· 2F1

[
1
2 + s + 1

2 l, 1
2 + s− 1

2 l
1 + 2s

∣∣∣∣ 1− ∣∣∣∣z − w

z − w̄

∣∣∣∣2
]

.

Up to the factors mentioned above, this is the function k.(., .) in (5.3) on p. 350 of
loc. cit. We want to show that∑

γ∈Γ

χ(γ̃)−1μl(P, l, s; γ̃p(z)) =
∑
γ∈Γ

v(γ)k̃s+1/2(z, γw)eil arg(cw+d).

We may replace γ̃ =
˜(a
c

b
d

)
by γ̃−1 in the sum in the left hand side. As γ̃−1p(z) =

p
(

dz−b
−cz+a

)
k
(
arg

(
1

a−cz

))
we have to show that

μl(P, l, s; p(γ−1z))eil arg(1/(a−cz)) = k̃s+1/2(z, γw)eil arg(cw+d)).

The equality gP = p(w) implies the relation

μl(P, l, s; p(z))

= μl

(
P, l, s; gP p

(
z − Rew

4y Imw

))
= exp

(
1
2
il

(
arg

(
z −w

z − w̄

)
− arg

(
w̄ − z

z − w

)))
μl (P, l, s; gP a(tu)) ,

with u =
|z − w|2
4y Im w

. As

( |z −w|2
4y Imw

+ 1
)−1

=
4y Im w

|z − w|2 = 1−
∣∣∣∣z − w

z − w̄

∣∣∣∣2 ,

we obtain μl(P, l, s; p(z)) = k̃s+1/2(z, w). We still have to check that

k̃s+1/2(γ−1z, w)eil arg(1/(a−cz)) = k̃s+1/2(z, γw)eil arg(cw+d).

A computation shows that
∣∣∣γ−1z−w
γ−1z−w̄

∣∣∣ =
∣∣∣z−γw
z−γw

∣∣∣, and careful consideration of the
arguments gives

− arg(iw̄ − iγ−1z) + arg(iγw − iz)

= arg
(

γw − z

w̄ − γ−1z

)
= arg

(
a− cz

cw̄ + d

)
= − arg

(
1

a− cz

)
+ arg(cw + d).
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This completes the computation.
Of course, both w and z are variables in loc. cit., whereas in our context w =

gP ·i is fixed. Nevertheless, Theorem 10.2.1 will give the meromorphic continuation
of resolvent kernels in multiplier system and spectral parameter.

The factor −4πΓ(2s + 1)Γ( 1
2 + s + 1

2 l)−1Γ( 1
2 + s − 1

2 l)−1 arises from a dif-
ference in the normalization. A resolvent kernel should have the right logarithmic
singularity along the diagonal to represent the resolvent of the differential operator
corresponding to ω. We have normalized μl(P, l, s) by imposing a simple behavior
as u → ∞. Our choice has the advantage that μl(P, l, s) has no singularities in
Re s > 1

2 .
5.1.9 Examples. The Eisenstein series in 1.2.3 is an example of a Poincaré series.
In 1.5.9 we have seen another Poincaré series for the modular group. Section 15.4
discusses Poincaré series for another cofinite discrete group.
5.1.10 Dimension. Let c be a growth condition for χ. The Pl(P, n, χ, s) with P ∈ P,
n ∈ c(P ), correspond to linearly independent elements of Al(χ, c, s)/Sl(χ, c, s)
provided μl(P, n, s) �∈ W 0

l (P, n, s). The exception may occur if 2svl(P, n,−s) = 0
and n �= 0; see 4.2.8 and 4.2.9.

So the quotient spaces Al(χ, c, s)/Sl(χ, c, s) have at least dimension |c| for
general s with Re s > 1

2
, and χ ∈ Xu. From the Maass-Selberg relation, see Theo-

rem 4.6.5, we conclude that the dimension is exactly equal to |c|.
5.1.11 Differentiation. The results in Section 4.4 imply the equality

E±Pl(P, n, χ, s) = θ(1 + 2s± l)Pl±2(P, n, χ, s),

with θ = 1 if P ∈ X∞ and θ = −1 otherwise, provided we justify differentiation
under the sum defining the Poincaré series. This is no problem, as it may be proved
weakly; see the discussion in 5.1.1.
5.1.12 Representational point of view. Let H(s, r) be the abstract space

⊕
l C ·ϕl,

with l running through the solutions of eπil = r. The ϕl are not functions on G̃,
but just symbols describing an algebraic basis of H(r, s). We make H(r, s) into a
module for the Lie algebra g by defining

Wϕl = ilϕl, E±ϕl = (1 + 2s± l)ϕl±2.

Let Re s > 1
2 , P ∈ P, n ∈ CP . Take α = 0 if P ∈ X∞, and α = 1 otherwise.

The differentiation result in 5.1.11 means that ϕl 	→ eαπil/2Pl(P, n, χ, s) may be
extended linearly to give a Lie algebra morphism

P (P, n, χ, s) : H(s, χ(k(π))) →
⊕

l

Al(χ, c, s),

with
⊕

l Al(χ, c, s) as discussed in 4.5.4, and c a growth condition for χ such that
n ∈ c(P ).
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The g-module H(s, χ(k(π))) is contained in larger spaces, on which not only g
acts, but the group G̃ as well. One may extend P (P, n, χ, s) to some of these
larger spaces. This is discussed by Miatello and Wallach, [39]. They prove the
meromorphic continuation in s of the extended P (P, n, χ, s) for P ∈ X∞. They
employ another method (spectral decomposition) than we shall use in this book.

We have considered H(r, s) as an abstract space. One may realize it as a
space of functions on G̃: identify ϕl with the function p(z)k(θ) 	→ ys+1/2eilθ, and
extend this linearly. One can obtain this space as an induced representation.

5.2 Fourier coefficients

The continuity in (χ, s) of Poincaré series implies continuity of the coefficients
that express the Fourier terms of Pl(P, n, χ, s) in the basis elements μl(Q,m, s)
and ωl(Q,m, s) discussed in Section 4.2. This is the content of Proposition 5.2.1.

The major part of this section is devoted to some computations of Fourier
coefficients of Poincaré series. We shall refer to these computations in the examples
in Part II. In Part I the explicit description of the Fourier coefficients is irrelevant.

5.2.1 Proposition. Let P,Q ∈ P, n ∈ CP (χ), m ∈ CQ(χ). There exists a continuous
function cl(Q,m;P, n) : Xu × C1/2 −→ C such that

F̃Q,mPl(P, n, χ, s) = wP δP,Qδn,mμl(P, n, s)

+ cl(Q,m;P, n;χ, s)
{

μl(Q, 0,−s) if Q ∈ X∞ and m = 0
ωl(Q,m, s) otherwise,

with wP = 1 if P ∈ X∞, wP = vP if P ∈ PY .

Proof. In the proof of Proposition 5.1.6 we saw that Pl(P, n, χ, s) is regular at Q
if Q �= P . In the case Q = P we have regularity if we omit the term with γ ∈
ΔP , respectively the terms with γ · zP = zP . So Proposition 4.2.11 implies that
F̃Q,mPl(P, n, χ, s) has the form indicated in the proposition. The continuity of
Pl(P, n, χ, s) in (χ, s, g) gives the continuity of (χ, s) 	→ cl(Q,m;P, n;χ, s), as one
sees by taking g ∈ pr−1UQ(AQ) such that μl(Q, 0,−s), respectively ωl(Q,m, s) is
not zero for (χ, s) in a small neighborhood of some (χ0, s0).
5.2.2 Computations. One can describe the Fourier coefficients cl more explicitly.
As the series defining the Poincaré series converges absolutely on compact sets, we
obtain for Q ∈ PY and 0 < u < ÃQ

cl(Q,m;P, n;χ, s)ωl (Q,m, s; gQa(tu))

=
∑′

γ∈Z̃\Γ̃
χ(γ)−1

∫ π

0

e−imημl(P, n, s; γgQk(η)a(tu))
dη

π
,
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and for Q ∈ X∞ and y > ÃQ

cl(Q,m;P, n;χ, s) (ωl (Q,m, s; gQa(y)) or μl (Q, 0,−s; gQa(y)))

=
∑′

γ∈ΔP \Γ̃/ΔQ

χ(γ)−1

∫ ∞

−∞
μl(P, n, s; γgQn(x)a(y)) dx.

The prime means that we restrict the summation to γ �∈ ΔP , respectively γ · zP �=
zP , in the case Q = P .

In §7 of [16], Good gives a unified treatment, for χ = 1, and l = 0. He
gives integral representations of basis elements of W0(P, n, s) with more or less
the same structure for the three cases P ∈ X∞, P ∈ PY , and the case coming
from closed geodesics (not treated in this book). He derives all properties he needs
from those integral representations, whereas we are content to take the functions
in Wl(P, n, s), and their properties, from books on special functions.

Good remarks that c0(Q,m;P, n;χ, s) has the following structure:

(gamma factors and exponentials)
∑

c

(generalized Kloosterman sum for c) · J(c),

where the sum is over a discrete set of positive numbers depending on Γ̃, and on P
and Q. The function J may be just c 	→ c−1−2s, but is in general more complicated:
for instance a Bessel function. See Lemma 9 on p. 61 of [16].

5.2.3 Four combinations. One can work this out for four cases: P and Q may each
be in X∞ and in PY .

In the mixed case, Hejhal shows in [21], Ch. VI, p. 39–41 that the Fourier
coefficients at Q ∈ X∞ of a Poincaré series at P ∈ PY are values at P of Poincaré
series for the cusp Q.

For the case P , Q ∈ PY the Fourier coefficients are again Poincaré series, in
other weights, obtained by the Maass operators E+ and E−. This is not surprising.
The Fourier series expansion at an interior point may be viewed as a generalized
power series expansion. Hence the derivatives of the function expanded should
turn up in the Fourier coefficients.

5.2.4 The case P,Q ∈ X∞ is considered in the remaining part of this chapter.
These computations are used nowhere in Part I. Nevertheless, I have included
them, as they are used in applications of this theory.

Let n ∈ CP (χ), m ∈ CQ(χ). Take y > AQ, put η(y) = μl(Q, 0,−s; gQa(y)) if
m = 0, and η(y) = ωl(Q,m, s; gQa(y)) otherwise. The proof of Proposition 5.1.6
implies that

cl(Q,m;P, n;χ, s)η(y) =
∑′

γ

χ(γ)−1

∫ 1

0

e−2πimxμl(P, n, s; γgQn(x)a(y)) dx,
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where
∑′

γ denotes the sum over γ ∈ ΔP \Γ̃, γ �∈ ΔP if P = Q. So g−1
P γgQ ·i∞ �= i∞

for all γ that occur. This means that ̂g−1
P γgQ is of the form

(
∗
	=0

∗
∗
)
, or in other

words, g−1
P γgQ is an element of the big cell ÑÃZ̃wÑ of the Bruhat decomposition

G̃ = ÑÃZ̃ � ÑÃZ̃wÑ (disjoint union). One can check that for these γ the cosets
ΔP γ · gQn(k)g−1

Q , for varying k ∈ Z, are all different. Hence

cl(Q,m;P, n;χ, s)η(y)

=
∑′

γ∈ΔP \Γ̃/ΔQ

χ(γ)−1
∑

δ∈Z̃\ΔQ

χ(δ)−1

∫ 1

0

e−2πimxμl(P, n, s; γδgQn(x)a(y)) dx

=
∑′

γ∈ΔP \Γ̃/ΔQ

χ(γ)−1

∫ ∞

−∞
e−2πimxμl(P, n, s; γgQn(x)a(y)) dx,

where in the case P = Q the double coset ΔP is omitted.
For each term there is some freedom in the choice of γ. If we write g−1

P γgQ =˜(a
c

b
d

)
k(πν) with

(
a
c

b
d

)
∈ SL2(R), c > 0, ν ∈ Z, we may arbitrarily choose ν and

replace a by a + pc and d by d + qc with p, q ∈ Z. Let us take ν = 0, and for
instance −a, d ∈ (− 1

2c, 1
2c]. This gives

cl(Q,m;P, n;χ, s)η(y)

=
∑′

γ∈ΔP \Γ̃/ΔQ

χ(γ)−1

·
∫ ∞

−∞
e−2πim(x−d/c)μl

(
P, n, s; gP

˜(a

c

b

d

)
p

(
x− d

c
+ iy

))
dx

=
∑′

γ

χ(γ)−1e2πimd/c

·
∫ ∞

−∞
e−2πimxμl

(
P, n, s; gP p

(
a

c
− 1

c(cx + ciy)

))
e−il arg(x+iy) dx

=
∑′

γ

e2πi(md+na)/c

·
∫ ∞

−∞
e−2πimxμl(P, n, s; gP p(−1/c2(x + iy))e−il arg(x+iy) dx.

5.2.5 Definition. This leads to the definition of the generalized Kloosterman sum

Sχ(Q,m;P, n; c) =
∑

d modc

χ(γ(c,d))−1e2πi(na+md)/c, (5.1)
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where c > 0, and d mod c occur in γ(c,d) = gP

˜(a
c

b
d

)
g−1

Q ∈ Γ̃.

In 13.2.6 we see that S1(Γmod ·i∞,m; Γmod ·i∞, n; c) is the usual Kloosterman
sum.

5.2.6 General form of Fourier coefficient. We have obtained

cl(Q,m;P, n;χ, s)η(y) =
∑

c

Sχ(Q,m;P, n; c)

·
∫ ∞

−∞
e−2πimxμl(P, n, s; gP p(−1/c2(x + iy)))e−il arg(x+iy) dx,

where c runs over the positive numbers occurring in gP
˜(a
c

b
d

)
g−1

Q ∈ Γ̃. We are left
with the computation of the integral. We want to write the Fourier coefficient in
the form

cl(Q,m;P, n;χ, s) = Gl(Q,m;P, n; s)
∑

c

Sχ(Q,m;P, n; c)J(Q,m;P, n; s; c),

where J does not depend on l, and where Gl consists of gamma-factors and expo-
nentials and does not depend on c.

Take ε ∈ {1,−1}, and take x = −εyξ in the integral. This gives

Gl(Q,m;P, n; s)J(Q,m;P, n; s; c)η(y)

= ye−πil/2

∫ ∞

−∞
e2πiεmyξμl(P, n, s; gP p(−1/c2y(−εξ + i))e−iεl arctan ξ dξ.

5.2.7 Case n = 0. We put J(Q,m;P, n; s; c) = c−1−2s. We obtain, with |m| = −εm,

Gl(Q,m;P, 0; s)η(y)

= e−πil/2y−s+1/2

∫ ∞

−∞
e−2πi|m|yξ(1 + ξ2)−s−1/2e−ilε arctan ξdξ.

For m = n = 0 the first and the second formula on p. 9 of [36] imply

Gl(Q, 0;P, 0; s) =
21−2sπΓ(2s)e−πil/2

Γ( 1
2 + s + 1

2 l)Γ( 1
2 + s− 1

2 l)
.

For m �= 0 use Corollary 6.7.5 in [4] to obtain

Gl(Q,m;P, 0; s) =
πs+1/2e−ilπ/2

Γ( 1
2

+ s + 1
2
l sign(m))

|m|s−1/2.
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5.2.8 Case n �= 0. Take ε = sign(n). If we apply Lemma 5.5 on p. 357 of [21], we
find

1
Γ(1 + 2s)

∫ ∞

−∞
e2πi|n|y−1c−2ξ(1+ξ2)−1

(4π|n|)s+1/2

· μl

(
P, n, s; gP a

(
1

yc2(1 + ξ2)

))
e−iεl arg(1+iξ)e2πiεmyξdξ

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2π

Γ( 1
2

+ s + 1
2
εl)

W 1
2 εl,s(4π|m|y)y−1c−1

· ∣∣ n
m

∣∣1/2
J2s

(
4π

√
mn
c

)
if mn > 0

2πs+3/2

sΓ( 1
2 + s− 1

2 l)Γ( 1
2 + s + 1

2 l)
y−s−1/2c−1−2s|n|s+1/2

if m = 0
2π

Γ( 1
2

+ s− 1
2
εl)

W− 1
2 εl,s(4π|m|y)y−1c−1

· ∣∣ n
m

∣∣1/2
I2s

(
4π

√
|mn|
c

)
if mn < 0

with the Bessel functions

J2s(t) =
∞∑

v=0

(−1)v(t/2)2s+2v

v!Γ(2s + 1 + v)

I2s(t) =
∞∑

v=0

(t/2)2s+2v

v!Γ(2s + 1 + v)
.

If we impose J(Q,m;P, n; s; c) ∼ c−1−2s as c→∞, we obtain the same factors Gl

as in the case n = 0. We summarize the result of our computations as a proposition:

5.2.9 Proposition. For P,Q ∈ X∞ the Fourier coefficients of Poincaré series satisfy

cl(Q,m;P, n;χ, s)

= Gl(Q,m;P, n; s)
∑

c

Sχ(Q,m;P, n; c)J(Q,m;P, n; s; c). (5.2)

The variable c runs over the positive numbers occurring in g−1
P γgQ ∈

(̃
.
c

.

.

)
Z with

γ ∈ Γ̃. The generalized Kloosterman sum Sχ has been defined in (5.1). The other
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factors are

J(Q,m;P, n; s; c)

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

c−1−2s if mn = 0

c−1J2s

(
4π
√

mn

c

)
Γ(1 + 2s)

(2π)2s(mn)s
if mn > 0

c−1I2s

(
4π
√|mn|

c

)
Γ(1 + 2s)

(2π)2s|mn|s if mn < 0

Gl(Q,m; s)

= e−ilπ/2

⎧⎪⎪⎨⎪⎪⎩
π21−2sΓ(2s)

Γ( 1
2

+ s + 1
2
l)Γ( 1

2
+ s− 1

2
l)

if m = 0

πs+1/2

Γ( 1
2 + s + 1

2 l sign(m))
|m|s−1/2 if m �= 0

=
e−ilπ/2π21−2sΓ(2s)

Γ( 1
2 + s + 1

2 l)Γ( 1
2 + s− 1

2 l)

{
1 if m = 0
vl(Q,m,−s)−1 if m �= 0.

Remarks. Gl(Q,m;P, n; s) does not depend on P and n; we have written it as
Gl(Q,m; s).

In general, this description of the Fourier coefficients is as far as one can
get. But if Γ is a congruence subgroup of SL2(Z), and if the character χ can
be described by congruences as well, then more explicit formulas are possible.
In 13.2.5 we consider this for the modular case. That gives the expansion in 1.4.4.
See also 14.4.5 and 15.4.5.
5.2.10 Maass-Selberg relation. A check is provided by the Maass-Selberg relation,
see Theorem 4.6.5. If (P, n) �= (Q,m) we should have

Wr
(
F̃P,nPl(P, n, χ, s), ιF̃P,−nP−l(Q,−m,χ−1, s)

)
+ Wr

(
F̃Q,mPl(P, n, χ, s), ιF̃Q,−mP−l(Q,−m,χ−1, s)

)
= 0.

All other (P ′, n′) cannot contribute. This condition gives

c−l(P,−n;Q,−m;χ−1, s)Wr(μl(P, n, s), ιη−l(Q,−n))
+ cl(Q,m;P, n, χ, s)Wr(ηl(P,m), ιμ−l(Q,−m, s)) = 0,

with the same interpretation of η·(·, ·) as above.
If we define, in this computation, vl(P, n,−s) = 1 for n = 0, then we have to

check (see 4.2.8 and 4.2.9):

c−l(P,−n;Q,−m;χ−1, s)vl(P, n,−s) = cl(Q,m;P, n;χ, s)vl(P,m,−s).
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As G−l(P,−n;Q,−m; s)vl(P, n,−s) = eπilGl(Q,m;P, n; s)vl(Q,m,−s), we may
concentrate on the series with J and the Kloosterman sums.

The c occurring in g−1
P γgQ ∈

˜(a
c

b
d

)
Z with γ ∈ Γ̃, occur also in g−1

Q γ−1gP ∈˜(
−d

c
b

−a

)
Z. Indeed,

˜(a
c

b
d

)−1

=
˜(

−d
c

b
−a

)
k(π) if c > 0. Further, if we choose the

γ ∈ Γ̃ for fixed c with d ∈ (− 1
2
c, 1

2
c] such that − 1

2
c ≤ a < 1

2
c, then γ−1

(c,d)k(−π) =

gQ

˜(
−d

c
b

−a

)
g−1

P . So

Sχ−1(P,−n;Q,−m; c) =
∑

d

χ(γ−1
(c,d)k(−π))e2πi(−m(−d)−n(−a))/c

= χ(k(π))−1
∑

d

χ(γ(c,d))−1e2πi(na+md)/c = e−πilSχ(Q,m;P, n; c).

The factor e−πil cancels the factor in the relation for Gl. As J(Q,m;P, n;n; s) and
J(P,−n;Q,−m; s) are equal, the check is complete.



Chapter 6
Selfadjoint extension of the Casimir operator

In 1.2.6 and 1.5.7 we discussed the selfadjoint extension of the differential oper-
ator Lr. This concerned the modular case. The extension was an operator in a
Hilbert space H(r), for r ∈ R. Its eigenfunctions were stated to be modular forms,
and |r|

2 (1− |r|
2 ) its smallest eigenvalue. In this chapter we prove these statements,

in the more general setting of Part I. We work in a Hilbert space H(χ, l) depending
on a unitary character χ of Γ̃, and a (real) weight l suitable for χ. In Section 6.1 we
define this Hilbert space as a completion of the space of all smooth χ-l-equivariant
functions with compact support in Y .

The differential operator Lr, discussed in 1.5.7, corresponds to the action of
the Casimir operator ω in the functions of weight r. The existence of the selfadjoint
extension A(χ, l) of the Casimir operator, as an operator in H(χ, l), can be proved
in several ways. Roelcke, [50], §3, follows a more direct method than the one used
here. We shall construct A(χ, l) as the Friedrichs extension of the operator ω in the
compactly supported smooth χ-l-equivariant functions. This idea may be found
in Colin de Verdière, [12], and also in Lax & Phillips, [31]. Precisely the same
method will be used in Chapter 9 in the truncated situation; for the modular case
the result has been discussed in 1.6.2. Although the results will be needed later, I
view this chapter primarily as an introduction to the methods used in Chapters 8
and 9.

In Section 6.5 the selfadjoint extension A(χ, l) of ω will be determined by a
sesquilinear form s in H(χ, l). The domain D(χ, l) of s is a dense linear subspace
of H(χ, l). It is a Hilbert space itself for another norm, the energy norm, which
takes into account the first order derivatives as well. We discuss this Hilbert space
D(χ, l) in Section 6.2.

If all cusps are regular, i.e., χ(πP ) �= 1 for all P ∈ X∞, we shall see in
Theorem 6.5.5 that A(χ, l) has a compact resolvent. This is a strong result. It
implies that the spectrum of A(χ, l) is discrete. To prove compactness, we give in
Section 6.3 estimates of the Fourier coefficients of elements of D(χ, l). We use these
estimates in Section 6.4 to prove that the inclusion D(χ, l) → H(χ, l) is compact.
This will imply Theorem 6.5.5. The estimates in Section 6.3 will be used also in
Chapter 8.

If there are singular cusps (i.e., χ(πP ) = 1 for some P ∈ X∞), the spectrum of
A(χ, l) has a continuous part. This part can be described with help of the Eisenstein
series, after they have been meromorphically continued as a function of the spectral
parameter s. So, for the spectral decomposition of A(χ, l) we need square integrable
automorphic forms to get the discrete spectrum, and the Eisenstein series to get

85
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the continuous part. This is the subject of the spectral theory of automorphic
forms, culminating in the trace formula of Selberg, see, e.g., Hejhal, [21]. In this
book we do not discuss the continuous part of the spectrum of A(χ, l). The possible
presence of singular cusps will force us to use another selfadjoint operator. In the
modular case this is aA(r), see 1.6.2. We shall treat the general case in Section 9.2.

Section 6.6 gives the relation between eigenfunctions of the selfadjoint op-
erator A(χ, l) and automorphic forms: the kernel of A(χ, l) − 1

4 + s2 consists of
those automorphic forms in Al(χ, c(χ), s) that represent elements of H(χ, l). So
the study of A(χ, l) is related to the study of square integrable automorphic forms
for the minimal growth condition c(χ) for χ.

The fact that A(χ, l) is selfadjoint implies that solely for s2 ∈ R there may
be square integrable automorphic forms of eigenvalue 1

4 − s2. We shall see that
there are further restrictions on s. For some of these restrictions we need the
representational point of view discussed in 4.5.4. That is the subject of Section 6.7.

In this chapter χ is a unitary character of Γ̃, and l ∈ R satisfies eπil = χ(k(π)).
We shall often omit the dependence on χ from the notation.

6.1 The Hilbert space of equivariant functions

We define the Hilbert space of square integrable χ-l-equivariant functions, and
consider under what conditions automorphic forms are square integrable.
6.1.1 Definition. Let K(χ, l) = K(l) consist of the χ-l-equivariant functions h ∈
C∞(G̃) that vanish outside a set of the form Γ̃CK̃ with C ⊂ G̃ compact. Functions
with the latter property we call compactly supported in Y .

We do not use the abbreviation K for K(l), to avoid confusion with the
subgroup K = SO2(R) ⊂ G, and its cover K̃.
6.1.2 Differentiation. The differential operators discussed in 2.2.3 give linear maps

E± : K(l) → K(l ± 2), ω : K(l) → K(l).

6.1.3 Definition. We put a scalar product on K(l) by defining

(k1, k2)l =
∫

Γ\H
k1(p(z))k2(p(z)) dμ(z).

The integration may be carried out on the fundamental domain F . This scalar
product also make sense if both functions are continuous and χ-l-equivariant, and
only one of them is compactly supported in Y .

6.1.4 Lemma. For k1, k3 ∈ K(l), k2 ∈ K(l ± 2):

(E±k1, k2)l±2 = −(k1, E∓k2)l

(ωk1, k3)l = (k1, ωk3)l =
1
8

∑
±

(E±k1, E±k3)l±2 − 1
4
l2(k1, k3)l.
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The same formulas hold if one of the kj is not compactly supported in Y , but is
smooth and χ-l- respectively χ-(l ± 2)-equivariant.

Proof. Note that

(E±k1, k2)l±2 + (k1, E∓k2)l =
∫

F

dη

with η = −2k1(p(z))k2(p(z))dx∓idy
y

. We use a truncated version F (a) of the fun-
damental domain F , like we did in 3.3.5. Take a such that p(F � F (a)) is not
contained in supp(k1k2). As η is Γ̃-invariant, we obtain

∫
F (a)

dη =
∫

∂F (a)
η = 0.

Use ω = − 1
4

E±E∓ + 1
4

W2 ∓ i
2

W for the assertion concerning (ωk1, k3)l.
6.1.5 Definition. H(χ, l) = H(l) is the completion of K(l) for the norm ‖.‖l corre-
sponding to the scalar product (., .)l.
6.1.6 Remarks. One may identify H(l) with L2(F, dμ). To see this, note that the
ϕ ∈ C∞

c (H) of which the support is contained in the interior of F form a dense
subspace in L2(F, dμ). Define ϕ̃ ∈ C∞(G̃) by ϕ̃(γp(z)k(θ)) = χ(γ)ϕ(z)eilθ for
γ ∈ Γ̃, z ∈ F , θ ∈ R. The ambiguity in the choice of γ, z and θ for a given
g = γp(z)k(θ) ∈ G̃ does not matter, as χ(ζ) = eπil, and ϕ(z) = 0 for z near the
boundary of F . Now ϕ̃ ∈ K(l), and ‖ϕ̃‖2l =

∫
F
|ϕ(z)|2 dμ. The map ϕ 	→ ϕ̃ induces

an isometric injection L2(F, dμ) → H(l). As the ϕ̃ are dense in K(l), that map is
an isomorphism of Hilbert spaces.

I prefer to define H(l) as the completion of K(l), as this does not depend on
the choice of a fundamental domain, and avoids the introduction of H(l) as a space
of equivalence classes of functions. Moreover, with this definition it is immediately
clear that we can view H(l) as the space of continuous antilinear forms on K(l),
by associating to f ∈ H(l) the map K(l) → C : k 	→ (f, k)l.
6.1.7 Examples of elements of H(l). An easy example, for χ = 1, l = 0, is the
constant function 1 : g 	→ 1. As Γ̃\H has finite volume, 1 represents an element
of H(1, 0).

We use the identification between H(l) and L2(F, dμ) to give another exam-
ple. For any unitary χ and real l with χ(ζ) = eπil, the function F → R that is 1
on the interior of F and 0 on the boundary is in L2(F, dμ). Hence it determines
an element of H(l). For general χ this element is not represented by a smooth
function on G̃. It depends on the choice of F .
6.1.8 Square integrability of automorphic forms. Let c be a growth condition for χ,
and let f ∈ Al(χ, c, s). We show that the square integrability of f is determined
by the Fourier terms corresponding to P ∈ P, n ∈ c(P ).

The automorphic form f ∈ Al(χ, c, s) represents an element of H(l), if and
only if the function fl : z 	→ f(p(z)) is square integrable on F . The decomposition
of Y discussed in 3.5.5 gives a decomposition of F . As fl is smooth on the compact
set F �

⋃
P∈P pr−1UP (AP ), it is square integrable on it.

Take P ∈ P. On F∩pr−1UP (AP ) the function fl is the sum of its c-remainder
f [c, P ]l and the Fourier terms corresponding to n ∈ c(P ). If P ∈ PY , then f [c, P ]l
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is smooth on F ∩ pr−1UP (AP ), hence it is square integrable. If P ∈ X∞, the
definition of regularity in 4.1.9 amounts to square integrability. We use that χ is
unitary to see that the factor e−2πiνx in 4.1.9 does not matter. Fourier terms for
different (P, n) are orthogonal to each other (expand dμ(z) in Iwasawa and polar
coordinates to see this orthogonality). Hence f ∈ H(l) if and only if all Fourier
terms for P ∈ P, n ∈ c(P ) are square integrable on F ∩ pr−1UP (AP ).

For P ∈ X∞ square integrability amounts to regularity. For P ∈ PY regular
Fourier terms are square integrable, but if n = l all Fourier terms are square
integrable (see 4.2.9, and use that dμ = 4 du ∧ dη in polar coordinates).

Suppose the growth condition c is the minimal one for f , i.e., f �∈ Al(χ, c1, s)
for c1 ⊂ c, c1 �= c. Then f ∈ H(l) if and only if the following conditions hold:

c(P ) ⊂ {0} if P ∈ X∞

F̃P,0f ∈ W 0
l (P, 0, s) if P ∈ X∞ and c(P ) = {0}

c(P ) ⊂ {0} if P ∈ PY .

In particular, Sl(χ, c(χ), s) ⊂ H(l). We check that the resolvent kernel dis-
cussed in 5.1.8 is also square integrable. Part i) of Lemma 5.1.4 implies that any
Fourier term of order zero at a cusp is bounded, hence it is square integrable (re-
member that Re s > 1

2 in the domain of convergence). Other Poincaré series as
defined in the previous chapter are in general not in H(l). Square integrability
occurs if μl(P, n, s) ∈W 0

l (P, n, s) for P ∈ X∞.
6.1.9 Explicit examples. In Chapter 1 we have mentioned square integrable modular
forms: the holomorphic cusp form Δ, see 1.3.2 and 1.4.2; the cuspidal Maass forms
in 1.4.5; and ηr for r ≥ 0, see 1.5.5. Except for η0 = 1 these functions are cusp
forms.

See 14.3.1, p. 269, for a more interesting example of a square integrable
automorphic form that is not a cusp form.

6.2 The subspace for the energy norm

We define the subspace D(χ, l) of H(χ, l) by ‘square integrability of the first deriva-
tives’. This subspace turns out to be the completion of K(l) with respect to an-
other norm, the ‘energy norm’. D(χ, l) will contain the domain of the selfadjoint
extension of ω (to be defined in Section 6.5).

E+ and E− are the derivatives that we use to define D(χ, l). The maps E± :
K(l) → K(l ± 2) are not continuous if we provide K(l) with the norm ‖ · ‖l, and
K(l ± 2) with ‖ · ‖l±2. Hence they cannot be extended as maps H(l) → H(l ± 2).
But the identification of elements of H(l ± 2) with continuous linear forms on
K(l ± 2) allows us to make sense of the condition E±f ∈ H(l ± 2).
6.2.1 Extension of differential operators. E± : K(l) → K(l ± 2) can be extended
to H(l) in distribution sense: for f ∈ H(l) we define E±f as the antilinear form

E±f : k 	→ −(f, E∓k)l
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on K(l ± 2). This form is continuous for the norm k 	→ ‖E∓k‖l + ‖k‖l±2. In this
way E±f makes sense as a distribution for each f ∈ H(l).

The map E±f : k 	→ −(f, E∓k)l may happen to be continuous for ‖.‖l±2. In
that case the antilinear form is given by an element of H(l ± 2), which we also
denote by E±f . We have (E±f, k)l±2 = −(f, E∓k)l for all k ∈ K(l ± 2).

Lemma 6.1.4 shows that if f ∈ C∞(G̃)∩H(l), and the usual derivative E±f
is in H(l ± 2), then E±f represents k 	→ −(f, E∓k)l.
6.2.2 Definition.

D(χ, l) = D(l) =
{

f ∈ H(l) : E+f ∈ H(l + 2) and E−f ∈ H(l − 2)
}

.

For f, g ∈ D(l) we define

(f, g)D,l = (f, g)l +
1
8

∑
±

(E±f, E±g)l±2

‖f‖2D,l = (f, f)D,l = ‖f‖2l +
1
8

∑
±
‖E±f‖2l±2.

We call ‖ · ‖D,l the energy norm.
6.2.3 Examples. Let χ = 1. Then 1 ∈ H(l). Moreover, E±1 = 0 implies 1 ∈ D(0)

and ‖1‖0 = ‖1‖D,0 =
√

vol(Γ̃\H).
All cusp forms are elements of D(l); see Proposition 4.5.3. The differentiation

result in 5.1.11 implies that the resolvent kernel is not an element of D(l).
6.2.4. As K(l) ⊂ D(l), the space D(l) is dense in H(l).

D(l), provided with the scalar product (., .)D,l, is a Hilbert space itself. In-
deed, any Cauchy sequence (fn) in D(l) with respect to ‖.‖D,l determines f =
limn→∞ fn in H(l) with respect to ‖.‖l, and f± = limn→∞ E±fn in H(l± 2) with
respect to ‖.‖l±2. We check that E±f = f±: for k ∈ K(l ± 2)

(f±, k)l±2 = lim
n→∞(E±fn, k)l±2 = lim

n→∞−(fn, E∓k)l = −(f, E∓k)l.

6.2.5 Lemma. If h ∈ D(l) satisfies (h, k)D,l = 0 for all k ∈ K(l), then h is
represented by a real analytic function on G̃.

Remark. In the next proposition we shall see that h = 0.
Proof. Put η(ψ) =

∫
H

ψ(z)h(p(z)) dμ(z) for ψ ∈ C∞
c (H). As z 	→ h(p(z)) is locally

square integrable on H, this defines a distribution η. Moreover,

η(ψ) =
∫

F

∑
γ∈Γ̄

ψ(γz)h(p(γ · z)) dμ(z)

=
∫

F

1
2

∑
γ∈Γ

χ0(γ̃)−1e−il arg(cγ+dγ)ψ(γz)h(p(z)) dμ(z)

= (kψ, h)l
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with
kψ(p(z)k(θ)) =

1
2

∑
γ∈Γ

χ(γ̃)−1e−il arg(cγ+dγ)ψ(γz)eilθ .

This sum is a finite one for each z ∈ H, uniformly for z in compact sets in H. This
implies that kψ ∈ C∞(G̃). If kψ(p(z)k(θ)) �= 0, then z ∈ Γ̃ · suppψ. Hence kψ ∈
K(l). The condition (h, k)D,l = 0 for all k ∈ K(l) implies ((ω+ 1

4 l2 +1)kψ, h)l = 0.
As (ω + 1

4
l2 + 1)kψ = kρ, with ρ = (−y2∂2

x − y2∂2
y + ily∂x)ψ, we see that η is an

eigendistribution of an elliptic differential operator on H with analytic coefficients.
Hence z 	→ h(p(z)) is an analytic function, see, e.g., [29], App. 4, §5, and [3], p.
207–210.

6.2.6 Proposition. K(l) is dense in D(l) with respect to ‖.‖D,l.

Proof. Suppose h ∈ D(l) is (., .)D,l-orthogonal to K(l). The previous lemma
shows that h is represented by a real analytic function. Take, for n large, ψn ∈
C∞(Γ̃\H) = C∞(Γ̃\G̃/K̃) in the following way:

0 ≤ ψn ≤ 1
ψn = 1 outside pr−1

⋃
P∈X∞ UP (n)

ψn(gP · z) = ψ̃(y/n) for gP p(z) ∈ pr−1UP (n), P ∈ X∞

with ψ̃ ∈ C∞(0,∞), ψ̃(y) = 1 for y ≤ 2, ψ̃(y) = 0 for y ≥ 3. Then ψn · h ∈ K(l)
and limn→∞ ψnh = h in H(l). For P ∈ X∞, y > n we have

E±ψn(gP · z) =
2y

n
ψ̃′(y/n) = O(1).

As ψnh ∈ K(l), we have (ψnh, h)D,l = 0. So for large n

∑
P∈X∞

∫
pr−1UP (n)∩F

(
ψn|h|2 +

1
8

∑
±

(
E±ψn

)
h E±h +

1
8

∑
±

ψn

∣∣E±h
∣∣2) dμ

+
∫

remainder of F

(
|h|2 +

1
8

∑
±

∣∣E±h
∣∣2) dμ

equals zero. If h were non-zero, the integral over the remainder of F would eventu-
ally give a positive contribution, which does not decrease when n grows. So there
would be a positive number τ such that for all large n

−τ ≥
∑

P∈X∞

∫
pr−1UP (n)∩F

1
8

∑
±

(
E±ψn

)
h E±hdμ.

h and E±h determine elements of L2(F, dμ). This implies the integrability of the
functions 1

8
(E±ψn) h E±h. As the E±ψn are bounded and have pointwise limit 0
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as n→∞, we obtain by dominated convergence

lim
n→∞

∑
P∈X∞

∫
pr−1UP (n)∩F

1
8

∑
±

(
E±ψn

)
h E±hdμ = 0.

This gives a contradiction.

6.2.7 Lemma. For f ∈ D(l), h ∈ D(l ± 2)(
E±f, h

)
l±2

= − (f, E∓h
)
l
.

Proof. This holds for h ∈ K(l ± 2) by the definition of E±f . Both sides of the
equality depend continuously on h with respect to the norm ‖.‖D,l.

6.3 Fourier coefficients

The elements f ∈ D(χ, l) are defined by square integrability of f , E+f , and E−f .
We shall see in Lemma 6.3.7 that this implies an estimate of most Fourier terms
of f at the cusps. This estimate will imply that the selfadjoint extension of ω has a
compact resolvent if all cusps are regular (Theorem 6.5.5). It will also be essential
in Section 8.4, in the truncated situation.

Up till now we have defined the Fourier term operator FP,n for C∞-functions
only, see Section 4.1. To define it in the L2-context, we again view square integrable
functions as antilinear forms on a space of test functions.

Let X∞ ⊂ P ⊂ X as before. Consider P ∈ P and n ∈ CP (χ).
6.3.1 Definition. For each ϕ ∈ C∞

c (0,∞) we define

(ΘP,n,lϕ) (g) =
∑

γ∈ΔP \Γ̃
χ(γ)−1hϕ(γg),

with ⎧⎨⎩ hϕ(gP p(z)k(θ)) = e2πinxϕ(y)eilθ if P ∈ X∞

hϕ(gP k(η)a(tu)k(ψ)) = einηϕ(u)eilψ if P ∈ PY .

The sum is finite for each g, uniformly for g in compact sets. In the case P ∈ PY

this follows from the fact that supp(hϕ)/K̃ is compact and meets only finitely
many different Γ̃-translates of the fundamental domain F . In the case P ∈ X∞

only finitely many translates of ΔP · F intersect supp(hϕ)/K̃.
We see in particular that pr supp(ΘP,n,lϕ) = pr supp(hϕ) is compact. So

ΘP,n,l : C∞
c (0,∞)→ K(l).

6.3.2 Notation. We provide (0,∞) with the measure dνP , given by dνP (y) = y−2dy
if P ∈ X∞, and dνP (u) = 4π du if P ∈ PY .

Remember that ĨP ⊂ (0,∞) is equal to (ÃP ,∞), respectively (0, ÃP ). The
next lemma shows that we have chosen dνP in such a way that ΘP,n,l : C∞

c (ĨP )→
K(l) is an isometry for the L2(ĨP , dνp)-norm on C∞

c (ĨP ) and ‖.‖l on K(l).
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6.3.3 Lemma. Let J ⊂ (0,∞) be of the form (B,∞) if P ∈ X∞ and of the form
(0, B) if P ∈ PY , with B > 0. The operator ΘP,n,l : C∞

c (J) → K(l) has a
continuous extension ΘP,n,l : L2(J, dνP ) −→ H(l). If J ⊂ ĨP , then ΘP,n,l is an
isometry.

Proof. We use the identification of H(l) with L2(F, dμ), where F is the canonical
fundamental domain that we have chosen.

Let P ∈ PY . For each γ ∈ Γ̃:∫
F

|hϕ(γp(z))|2 dμ(z) ≤
∫
H

|hϕ(gP p(z))|2 dμ(z) = ‖ϕ‖2.

supp(hϕ)/K̃ = gP K̃{ a(tu) : 0 ≤ u ≤ B }K̃/K̃ meets only finitely many Γ̃-
translates of F .

Let P ∈ X∞. Now supp(hϕ)/K̃ ∼= { gP · z : y ≥ B } meets only finitely many
translates of ΔP ·F . Moreover F is contained in { gP · z : α ≤ x ≤ α+1 } for some
α ∈ R. Hence∫

F

|hϕ(γp(z))|2 dμ(z) ≤
∫ α+1

x=α

∫ ∞

y=B

|hϕ(gP p(z))|2 dμ(z) = ‖ϕ‖2.

In the case that J ⊂ ĨP , there is exactly one translate meeting supp(hϕ)/K̃;
hence we obtain equality.
6.3.4 Definition. Let B and J be as in the previous lemma. We denote the adjoint
map of ΘP,n,l by FP,n : H(l) −→ L2(J, dνP ).

So FP,n is a bounded operator with bound depending on B. If J ⊂ ĨP ,
then FP,n is an orthogonal projection followed by an isometry. If f ∈ C∞(G̃P)
represents an element of H(l), then the FP,nf defined in Section 4.1 represent the
FP,nf ∈ L2(J, dνP ) as defined here.

We shall mostly use FP,n on J ⊂ ĨP . But the general definition may be useful
as well. In [29], Ch. XIII, §1, we see that the ΘP,0,l and FP,0 with P ∈ X∞ singular
play a role in the study of the continuous part of the spectral decomposition
of H(l).
6.3.5 Distributions. Let J be as above. Any h ∈ L2(J, νP ) determines a distribution
C∞

c (J) −→ C : ϕ 	→ ∫
J

hϕdνP on J . We define the derivatives of distributions
on (0,∞) with respect to dνP : if η is a distribution on (0,∞), then

∂yη : ϕ 	→ η
(
−ϕ′ + 2

y
ϕ
)

if P ∈ X∞

∂uη : ϕ 	→ −η (ϕ′) if P ∈ PY .

If η is given by a C∞-function, then the usual derivative determines the same
distribution.
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6.3.6 Lemma. For f ∈ D(l) we have in distribution sense on (0,∞):

FP,nE±f =

⎧⎨⎩ (2y∂y ∓ 4πny ± l) FP,nf if P ∈ X∞(
2
√

u2 + u∂u ± (n−l)/2−ul√
u2+u

)
FP,nf if P ∈ PY .

Proof. We treat the case P ∈ X∞; the other case is proved similarly.
Let ϕ ∈ C∞

c (0,∞), and put ϕ1(y) = 2yϕ′(y) + (±4πny ∓ l − 2)ϕ(y).∫ ∞

0

FP,nE±f · ϕdνP =
(
E±f,ΘP,n,l±2ϕ̄

)
l±2

= − (f, E∓ΘP,n,l±2ϕ̄
)

l
= − (f,ΘP,n,lϕ̄1)l =

∫ ∞

0

FP,nf · (−ϕ1) dνP ,

6.3.7 Lemma. Let P ∈ X∞, n ∈ CP (χ), n �= 0. Let J = (B,∞) with B > 0. Put

AB(l, n) =

⎧⎨⎩ 2π|n| − |l|
2B

if nl > 0

2π|n| if nl ≤ 0

ÃB(l, n) = 2π|n|B − 1
2
l sign(n).

Let f ∈ D(l). Then y 	→ yFP,nf(y) represents an element of L2(J, dνP ). If B >
l

4πn , then

∫ ∞

B

1
8

∑
±

∣∣FP,nE±f(y)
∣∣2 dy

y2
≥

⎧⎪⎪⎨⎪⎪⎩
AB(l, n)2

∫ ∞

B

|yFP,nf(y)|2 dy

y2

ÃB(l, n)2
∫ ∞

B

|FP,nf(y)|2 dy

y2
.

Remark. If ln ≤ 0 then the condition B > l
4πn is automatically satisfied.

Proof. Put h = FP,nf , h1 = 1
2

∑
± FP,nE±f and h2(y) = (l − 4πny)h(y). By the

previous lemma h2 = 1
2FP,nE+f− 1

2FP,nE−f . So h, h1, h2 ∈ L2(J, dνP ). As n �= 0,
we obtain the first assertion of the lemma. Furthermore,∫ ∞

B

1
8

∑
±

∣∣FP,nE±f
∣∣2 dy

y2
=
∫ ∞

B

1
4
(|h1(y)|2 + |h2(y)|2) dy

y2

≥ 1
4

∫ ∞

B

(l − 4πny)2|h(y)|2 dy

y2

≥
⎧⎨⎩

∫∞
B

(
2π|n| − l sign(n)

2y

)2

y2|h(y)|2 dy
y2 ≥ AB(l, n)2

∫∞
B

y2|h(y)|2 dy
y2∫∞

B

(
2π|n|y − 1

2
l signn

)2 |h(y)|2 dy
y2 ≥ ÃB(l, n)2

∫∞
B
|h(y)|2 dy

y2 .
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6.3.8 Decomposition. Consider FP,n : H(l) → L2(ĨP , dνP ). Each ΘP,n,lFP,n is
the orthogonal projection on a subspace HP,n(l) of H(l) that is isomorphic to
L2(ĨP , dνP ). If (P, n) �= (P ′, n′), then (ΘP,n,lϕ, ΘP ′,n′,lϕ

′) = 0 for all ϕ,ϕ′ ∈
L2(ĨP , dνp). So we have an orthogonal decomposition

H(l) = L2

(
F � pr−1

(⋃
P

UP (ÃP )

)
, dμ

)
⊕
⊕
P

⊕
n

HP,n(l).

6.4 Compactness

We consider the inclusion map Id : D(l) → H(l). It is a bounded operator, if we
provide H(l) with the norm ‖.‖l, and D(l) with ‖.‖D,l. If Id is a compact operator
that has consequences for the automorphic spectrum. The values of χ(πP ) for
P ∈ X∞ regulate this compactness.

6.4.1 Lemma. Let Ỹ be a compact subset of Y . Denote by D̃, respectively H̃, the
subspace of D(l), respectively H(l), of elements supported in pr−1Ỹ , provided with
the topology induced by D(l), respectively H(l). Then the inclusion D̃ → H̃ is
compact.

Proof. We reduce this to the usual Sobolev theory on a torus, see, e.g., [29], App. 4,
§4. Take a fundamental domain F and put F̃ = F ∩ pr−1Ỹ . Choose C ⊂ H open,
C̄ compact, such that F̃ ⊂ C. Take ψ ∈ C∞

c (H), ψ|F̃ = 1, 0 ≤ ψ ≤ 1, suppψ ⊂ C.
C meets only a finite number of Γ̃-translates of F . This implies continuity

of the map H̃ → L2(C, dμ), obtained by identifying elements of H̃ with functions
on H.

����
F̃

����
�����

C R

Let R be an euclidean rectangle in H, containing C in its interior. This rect-
angle may be viewed as a fundamental domain of a torus T . We map L2(C, dμ)
continuously to L2(T, dx ∧ dy) by means of C ↪→ R → T . This is no isometry, as
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the measures differ. By usual Sobolev theory there is for each ε > 0 a subspace
H̃(ε) of the first Sobolev space H1(T ) on T , of finite codimension, such that

‖h‖2T < ε

(
‖h‖2T +

∥∥∥∥ ∂

∂x
h

∥∥∥∥2

T

+
∥∥∥∥ ∂

∂y
h

∥∥∥∥2

T

)

for all h ∈ H̃(ε). The derivatives are to be understood in distribution sense; so if
f ∈ D̃, then we may consider f as function on H, and ψf , ψ ∂

∂y
f and ψ ∂

∂x
f are in

L2(C, dμ). The derivatives ∂
∂y (ψf) and ∂

∂x(ψf) are also in L2(C, dμ). So there is a
subspace D̃(ε) of finite codimension in D̃ such that f 	→ ψf maps D̃(ε) into H̃(ε).

D̃
f 
→ψf−→ H1(T )

∪ ∪
D̃(ε) −→ H̃(ε)

For f ∈ D̃(ε):

‖f‖2l = ‖f‖2
F̃
�Ỹ ‖ψf‖2T

< ε

(
‖ψf‖2C +

∥∥∥∥ ∂

∂x
(ψf)

∥∥∥∥2

C

+
∥∥∥∥ ∂

∂y
(ψf)

∥∥∥∥2

C

)

�C ε

(
‖f‖2C + ‖ψxf‖2C +

∥∥∥∥ ∂

∂x
f

∥∥∥∥2

C

+ ‖ψyf‖2C +
∥∥∥∥ ∂

∂y
f

∥∥∥∥2

C

)

�l,C,ψ ε

(
‖f‖2C +

∑
±

∥∥E±f
∥∥2

C

)
�l,C,ψ εN‖f‖2D,l.

6.4.2 Proposition. Suppose that all cuspidal orbits are regular for χ. Then the
inclusion Id : (D(l), ‖.‖D,l) −→ (H(l), ‖.‖l) is compact.

Remark. The regularity condition means that χ(πP ) �= 1 for all P ∈ X∞.
Proof. For each ε > 0, we have to produce a subspace Dε with finite index in D(l)
such that ‖f‖l < ε‖f‖D,l for all f ∈ Dε. We have seen in the previous lemma
that on compact parts of Y this follows from the usual Sobolev theory. We use the
estimates in Lemma 6.3.7 on a neighborhood of a cusp P . This is possible if the
n ∈ CP (χ) stay away from zero; that is why we need the regularity condition.

Let ε > 0 be given. Choose for each P ∈ X∞ a number α(P ) strictly larger
than max

(
ÃP , |l|/2+1/ε

2πMP

)
, with MP = min{ |n| : n ∈ CP (χ) }. As χ(πP ) �= 0, we

know that MP > 0. This choice of α(P ) implies that Ãα(P )(., .) in Lemma 6.3.7
satisfies Ãα(P )(l,MP ) > 1

ε
. Define sets U1 and U by U1 =

⋃
P∈X∞ U̇P (2α(P )),
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U =
⋃

P∈X∞ U̇P (α(P )); put Ỹ = Y � U1. Fix a function ψ ∈ C∞(Γ̃\G̃/K̃) such
that 0 ≤ ψ ≤ 1, ψ = 1 on pr−1(Y � U) and ψ = 0 on pr−1U1. We apply the
previous lemma to Ỹ . As f 	→ ψf maps D(l) into D̃, there is a subspace Dε of
finite codimension in D(l) such that

‖ψf‖l ≤ ε‖ψf‖D,l for all f ∈ Dε.

For all f ∈ D(l) we apply Lemma 6.3.7 to f1 = (1− ψ)f :

‖f1‖2l =
∫

F∩pr−1U

|f1|2 dμ ≤
∑

P∈X∞

∑
n

∫ ∞

α(P )

|FP,nf1(y)|2 dy

y2

≤
∑

P∈X∞

1
Ãα(P )(l,MP )2

∫
F∩pr−1U̇P (α(P ))

1
8

∑
±
|E±f1|2 dμ

< ε2

∫
F∩pr−1U

1
8

∑
±
|E±f1|2 dμ ≤ ε2‖f1‖2D,l.

So for f ∈ Dε

‖f‖l ≤ ‖ψf‖l + ‖(1− ψ)f‖l ≤ ε (‖ψf‖D,l + ‖(1− ψ)f‖D,l) .

Use, for η = ψ or 1− ψ,

‖E±(ηf)‖2l±2 =
∫

F

∣∣ηE±f + (E±η)f
∣∣2 dμ

≤ 2
(‖E±f‖2l±2 + aη‖f‖2l

)
,

with aη = sup{ |E±η(g)|2 : g ∈ G̃ }, to obtain

‖f‖l ≤ ε

(√
1 +

1
2
aψ +

√
1 +

1
2
a1−ψ

)
‖f‖D,l for all f ∈ Dε.

One problem remains: do aψ and a1−ψ introduce a dependence on ε? If we take ψ
of the form

ψ(gP p(z)k(θ)) = τ

(
y

α(P )

)
for y ≥ α(P ), P ∈ X∞,

with τ ∈ C∞(0,∞), 0 ≤ τ ≤ 1, τ(y) = 1 for y ≤ 1 and τ(y) = 0 for y ≥ 2, then

E±ψ(gP p(z)k(θ)) = e±2iθ2
y

α(P )
τ ′
(

y

α(P )

)
,

which is bounded uniformly in α(P ). The same holds for the function E±(1− ψ).
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6.4.3 Counterexample. If some cuspidal orbit P ∈ X∞ is singular, then the inclu-
sion Id : D(l) → H(l) is bounded, but not compact.

Indeed, take f of the form ΘP,0,lϕ with ϕ ∈ C∞
c (0,∞), with support con-

tained in IP = (AP ,∞). Then ‖ΘP,0,lϕ‖2l =
∫∞

AP
|ϕ(y)|2 dy

y2 and

1
8

∑
±
‖E±ΘP,0,lϕ‖2D,l =

∫ ∞

AP

(
y2|ϕ′(y)|2 +

1
4
l2|ϕ(y)|2

)
dy

y2
.

So f = ΘP,0,lϕ ∈ K(l) ⊂ D(l) satisfies

‖f‖2D,l =
(

1 +
1
4
l2
)
‖f‖2l +

∫ ∞

AP

|ϕ′(y)|2 dy

‖f‖2l =
∫ ∞

AP

|ϕ(y)|2y−2dy.

If we take ϕa(y) = ϕ(ay) with a ≤ 1, ϕ �= 0, we obtain infinitely many linearly
independent fa ∈ D(l) for which

‖fa‖2l = a‖f‖2l , ‖fa‖2D,l = a‖f‖2D,l.

This contradicts compactness of Id : D(l) → H(l).

6.5 Extension of the Casimir operator

The Casimir operator ω maps K(l) into itself. It is not bounded with respect to
the norms ‖ · ‖l and ‖ · ‖D,l. So it cannot be extended to the whole of H(χ, l),
or of D(χ, l). But it has a selfadjoint extension A(χ, l) in H(χ, l), with domain
contained in D(χ, l). To construct this extension, it suffices to have available the
results in Sections 6.1 and 6.2. Sections 6.3 and 6.4 allow us to prove that A(χ, l)
has a compact resolvent if all cusps are regular for χ.

See [12], and also [31], for this approach to the selfadjoint extension of ω.
6.5.1 Definition. We define s as the sesquilinear form on D(l) given by

s[f, h] =
1
8

∑
±

(E±f, E±h)l±2 − 1
4
l2(f, h)l.

As K(l) ⊂ D(l) is dense in H(l), the form s is densely defined in H(l). It is
closed, symmetric and bounded from below by − 1

4 l2:

s[f, f ] ≥ −1
4
l2‖f‖2l for all f ∈ D(l).

See, e.g., [25], Ch. VI, §1, No. 1–3, for the definitions of these properties of sesquilin-
ear forms see.
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The form s is continuous with respect to the norm ‖.‖D,l on D(l). In fact,
s[f, h] = (f, h)D,l −

(
1 + 1

4 l2
)
(f, h)l.

6.5.2 Definition. Sesquilinear forms of this type correspond to selfadjoint operators
in H(l); see [25], Ch.VI, §2.1. By A = A(χ, l) we denote the unique selfadjoint
operator in H(l) with dom(A) ⊂ D(l), such that

s[f, h] = (Af, h)l for all f ∈ dom(A), h ∈ D(l).

The domain of A consists of those f ∈ D(l) for which h 	→ s[f, h] is continuous
with respect to ‖.‖l and hence is given by an element of H(l). That element is Af .
6.5.3 Extension of the Casimir operator. A computation based on Lemma 6.1.4
and the relations in Section 2.2.3 shows, for k ∈ K(l) and h ∈ D(l),

s[k, h] = −1
8

∑
±

(E∓E±k, h)l − 1
4
l2(k, h)l = (ωk, h)l.

So K(l) ⊂ dom(A) and A = ω on K(l).
A is the Friedrichs extension of ω : K(l)→ H(l); see [25], Ch. VI, §2.3.

6.5.4 Spectrum. The spectrum of A is contained in [−1
4 l2,∞). At least for each

λ ∈ C � [− 1
4
l2,∞) the resolvent R(λ) = (A− λ)−1 is a bounded operator in H(l).

See [25], Ch. V, §3.5.

6.5.5 Theorem. Suppose that all cusps of Γ̃ are regular for χ. Then the resolvent
λ 	→ R(λ) is a family of compact operators H(l) → H(l), and the spectrum of A is a
discrete set. The spectrum consists of eigenvalues λj , − 1

4
l2 ≤ λ1 < λ2 < λ3 < · · ·,

with limj→∞ λj = ∞. All eigenspaces ker(A− λj) have finite dimension; they are
orthogonal to each other and span H(l).

Remark. This result is well known. See, e.g., [21], (10.3) on p. 99 for the case of
weight 0.
Proof. Theorem 6.29 in [25], Ch. III, §6.8 shows that it suffices to prove com-
pactness of the resolvent for only one value of λ to obtain it for all λ outside
the spectrum. Furthermore, compactness implies that the spectrum is a discrete
set, that each λ̃ in the spectrum is an eigenvalue of A, and that ker(A − λ̃) has
finite dimension. Apply Theorem 2.10 in loc. cit., Ch. V, §2.3 to (A − λ)−1 with
λ < − 1

4 l2 to obtain the orthogonality and completeness of its 1
λ−λj

-eigenspaces.
As H(l) is a separable Hilbert space, there are countably many eigenvalues.

We show that
(
A− (− 1

4
l2 − 1

))−1 is compact. Provide D(l) with the norm
‖.‖D,l. By Proposition 6.4.2 the inclusion Id : D(l) → H(l) is compact. Hence
its adjoint Id∗ : H(l) → D(l) is compact as well; see loc. cit., Ch. III, §4.2,
Theorem 4.10. For g ∈ H(l), h ∈ D(l) we obtain

s[Id∗g, h] = (Id∗g, h)D,l −
(

1 +
1
4
l2
)

(Id∗g, h)l
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= (g, Idh)l −
(

1 +
1
4
l2
)

(Id∗g, h)l.

So h 	→ s[Id∗g, h] is represented by g − (
1 + 1

4 l2
)
Id∗g ∈ H(l). This means that

Id∗g ∈ dom(A) and
(
A + 1 + 1

4 l2
)
Id∗g = g. Hence Id∗ =

(
A + 1 + 1

4 l2
)−1. This

operator is compact as an operator H(l) → D(l), hence as an operator H(l) →
H(l) as well.
6.5.6 Remark. If some cuspidal orbit is singular for χ, then the spectrum of A(χ, l)
is not discrete. The part of H(l) corresponding to the continuous spectrum is
described by the extension of Eisenstein series; see, e.g., [29], Ch. XIV, §13.

6.6 Relation to automorphic forms

In this book we use the selfadjoint extension A(χ, l) of the Casimir operator as a
means to obtain information on automorphic forms. We now indicate the relation
between both concepts by proving that for each s ∈ C the kernel of A(χ, l) −
1
4 + s2 corresponds to a subspace of Al(χ, c(χ), s). The growth condition c(χ) is
the minimal one for χ. This is in contrast to the previous chapter, where Poincaré
series provided us with examples of automorphic forms for a growth condition that
is in general not minimal.
6.6.1 Notation. Let s ∈ C. We put A2

l (χ, s) = Al(χ, c(χ), s) ∩ H(χ, l) for the
unitary character χ and the real eigenvalue l. We call the elements of A2

l (χ, s)
smooth square integrable automorphic forms.

In the notation the growth condition is not needed. These spaces of automor-
phic forms are defined only for unitary characters χ and real weights l.

The Poincaré series Pl(P, l, s) with P ∈ PY (resolvent kernel) are examples of
square integrable automorphic forms that are not smooth on G̃. So these functions
are not in A2

l (χ, s).

6.6.2 Proposition. Let λ ∈ C and let c(χ) be the minimal growth condition for χ.
The selfadjoint extension A = A(χ, l) of ω satisfies

ker(A− λ) = A2
l

(
χ,
√

1
4 − λ

)
.

Remark. The choice of ± in
√

1
4
− λ does not matter.

Proof. First let f ∈ dom(A), Af = λf . We have to prove that f ∈ C∞(G̃) and
ωf = λf . Let ψ ∈ C∞

c (H), define hψ(p(z)k(θ)) = ψ(z)eilθ. Then

kψ(g) =
∑

γ∈Z̃\Γ̃
χ(γ)−1hψ(γg)
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defines kψ(g) ∈ K(l) and ωkψ = kη with η =
(−y2∂2

y − y2∂2
x + ily∂x

)
ψ. The

function z 	→ f(p(z)) is locally square integrable on H, so it gives a distribution Φ.

Φ(ψ̄) =
∫
H

f(p(z))ψ(z) dμ(z) =
∫

F

f(p(z))kψ(p(z)) dμ(z) = (f, kψ)l.

The distribution derivative
(−y2∂2

y − y2∂2
x + ily∂x

)
Φ is given by((−y2∂2

y − y2∂2
x + ily∂x

)
Φ
)
(ψ̄) = Φ(η̄) = (f, ωkψ)l

= s[kψ, f ] = s[f, kψ] = (Af, kψ)l = (λf, kψ)l = λΦ(ψ̄).

So Φ is an eigendistribution of an elliptic differential operator with analytic coef-
ficients, hence it is given by a real analytic function; c.f. 2.1.4. This means that
f is represented by an element of C∞(G̃) (also denoted f) and that ωf = λf .
Consider Definition 4.3.4. All conditions are satisfied, the regularity even without
going over to the c-remainder. So f ∈ Al(χ, c(χ), s) with λ = 1

4 − s2.
Conversely, let f ∈ Al(χ, c(χ), s) represent an element of H(l). As c(χ)(P ) = ∅

for all P ∈ PY , we have f ∈ C∞(G̃). At P ∈ X∞ the square integrability implies
regularity. We apply Lemma 4.5.2. As χ ∈ Xu, we need no condition on the FP,nf .
We conclude that E+f and E−f are regular at all P ∈ P. So E±f represent
elements of H(l ± 2) that coincide with the distribution derivatives E±f . This
means f ∈ D(l) and for k ∈ K(l):

s[f, k] = (f, ωk)l = (ωf, k)l =
(

(
1
4
− s2)f, k

)
l

by 6.5.3 and repeated application of Lemma 6.1.4. As k 	→ s[f, k] and k 	→
( 1
4 − s2)(f, k)l are continuous for the norm ‖.‖D,l on K(l), the equality is valid for

all k ∈ D(l). Hence it shows that f ∈ dom(A) and Af = ( 1
4
− s2)f .

6.6.3 Remarks. All cusp forms are smooth square integrable automorphic forms.
So the spaces Sl(χ, c(χ), s) are zero for 1

4 − s2 �∈ [− 1
4 l2,∞).

For f ∈ Al(χ, c(χ), s), f �∈ Sl(χ, c(χ), s), the condition f ∈ H(l) amounts to
F̃P,0f being regular for all P ∈ X∞ with χ(πP ) = 1. Combining the condition
1
4 − s2 ∈ [− 1

4 l2,∞) with Proposition 4.2.11, we see that this is possible only if
− 1

4
l2 ≤ 1

4
− s2 < 1

4
, and that all those F̃P,0f should be multiples of μl(P, 0,−|s|).

So A2
l (χ, s) �= Sl(χ, c(χ), s) is possible only if χ is singular at some cusp, and ±s ∈

(
(
0, 1

2

√
l2 + 1

]
. (Even stronger conclusions can be drawn, see Proposition 6.7.8.)

6.6.4 Lemma. If f ∈ ker (A(χ, l)− λ), then E±f ∈ ker (A(χ, l ± 2)− λ) and
E∓E±f =

(−4λ− l2 ∓ 2
)
f .

Proof. Take λ = 1
4 − s2. Proposition 6.6.2 implies that each f ∈ ker(A(χ, l) − λ)

satisfies f ∈ A2
l (χ, s), with λ = 1

4
− s2. Proposition 4.5.3 implies that E±f ∈

Al±2(χ, c(χ), s). As f ∈ D(l), we obtain E±f ∈ ker(A(χ, l ± 2)− λ) from Proposi-
tion 6.6.2. This reasoning, applied to E±f , gives E∓E±f ∈ ker(A(χ, l) − λ). Now
use the relations in 2.2.3.
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6.7 The discrete spectrum

We have seen in 6.6.3 that the spectral parameter s has to satisfy rather strong
conditions if the space A2

l (χ, s) of smooth square integrable automorphic forms is
to be non-zero. The representational point of view discussed in 4.5.4 gives some
more conditions. Those conditions are the subject of this section. Actually, we
more or less redo the classification of irreducible unitary representations of g.
6.7.1 Automorphic g-modules. Consider a non-zero smooth square integrable au-
tomorphic form f ∈ A2

l (χ, s). Proposition 6.6.2 and Lemma 6.6.4 imply that
(E+)m(E−)nf ∈ A2

l−2n+2m(χ, s) for all n,m ∈ N≥0. This leads to the submod-
ule U(g) · f of the Lie algebra module⊕

m≡lmod2

Am(χ, c(χ), s).

U(g) is the enveloping algebra of g. It consists of all non-commutative polynomials
in E+, E− and W. The relations [E−, E+] = 4iW and [W, E±] = ±2iE∓ in g,
see 2.2.3, imply that each element of U(g)·f may be written as a linear combination
of elements (E+)n(E−)rWk · f . But W · f = ilf , and ωf1 = ( 1

4 − s2)f1 for all
f1 ∈ U(g)·f . This can be used to obtain a basis of U(g)·f that consists of elements
of the form (E+)n ·f and (E−)k ·f . All these basis elements are automorphic forms
themselves, so U(g) · f does not look too bad after all.

U(g) · f carries a scalar product obtained from the scalar products on the
A2

m(χ, s) ⊂ H(χ, m). Lemma 6.2.7 implies that (E+f1, f2)+(f1, E−f2) = 0. Hence
(Qf1, f2) + (f1, Qf2) = 0 for all Q ∈ gr.

The classification of U(g)-modules with these properties has been carried out.
It is closely related to the classification of irreducible unitary representations of G̃.
We shall give the various possibilities in Proposition 6.7.3.
6.7.2 Representations of G̃. The classification of irreducible unitary representations
of G = SL2(R) is discussed in, e.g., [29], Ch. VI; consult [48] for the universal
covering group G̃ of SL2(R). We find three classes of representations, related to
the eigenvalue λ of the Casimir operator in the representation:

λ ∈ [1
4
,∞) principal series,

λ ∈ [14 − τ2, 1
4) complementary series,

λ ∈ (−∞, 1
4 − τ2) discrete series.

The number τ ∈ (− 1
2 , 1

2 ] depends on the weights occurring in the representation:
2τ ≡ l + 1 mod 2. It equals 1

2 for even weights, and 0 for odd weights. For our
purpose the following distinction is more useful:

λ >
1
4
− τ2 λ is of continuous series type
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λ ≤ 1
4
− τ2 λ is of discrete series type.

We shall not explicitly consider these irreducible unitary representations, but
start with some non-zero f ∈ ker(A(χ, l) − λ) and construct other automorphic
forms in U(g) · f by differentiation.

For f as indicated, we define fq ∈ ker(A(χ, q) − λ) for q ≡ l mod 2 by

fl = f
fq+2 = E+fq for q ≥ l
fq−2 = E−fq for q ≤ l.

Lemma 6.6.4 shows that indeed fq ∈ ker(A(χ, q) − λ). Let us consider the set
L(f) = { q : q ≡ l mod 2, fq �= 0 }. Always l ∈ L(f). It turns out that the
eigenvalue λ determines the form of this set.

6.7.3 Proposition. Define τ = τ(χ) by τ ∈ (− 1
2
, 1

2
], χ(k(π)) = −e2πiτ . Let f ∈

ker (A(χ, l)− λ), f �= 0. Then the eigenvalue λ and the weight l determine the
form of the set L(f) = { q : q ≡ l mod 2, fq �= 0 } according to the following rules:

i) Continuous series type. If λ > 1
4 − τ2, then L(f) = l + 2Z.

ii) Holomorphic discrete series type. If l ≡ b mod 2 and λ = 1
2
b(1− 1

2
b) for some

b ∈ (0, l], then L(f) = { q : q ≡ l mod 2, q ≥ b }.
iii) Antiholomorphic discrete series type. If l ≡ −b mod 2 and λ = 1

2
b(1 − 1

2
b)

for some b ∈ (0,−l], then L(f) = { q : q ≡ l mod 2, q ≤ −b }.
iv) Constant function. If l = λ = 0, then L(f) = {0}.

These four cases exhaust the possibilities.

Remarks. If λ has discrete series type then E−fq = 0 or E+fq = 0 occurs for some
q ∈ L(f). We have noted in 2.3.7 that E−fq = 0 means that fq corresponds to a
holomorphic automorphic form. Similarly, if E+fq = 0, then fq corresponds to an
antiholomorphic automorphic form on H.

If λ has continuous series type, E±fq = 0 does not occur. The correspond-
ing fq are often called Maass forms.
Proof. As λ ∈ R, we may write λ = 1

4 − s2 with s ∈ i(0,∞) ∪ [0,∞). Take a
non-zero f ∈ ker(A(χ, l) − λ) and form L(f) as indicated above. Lemmas 6.2.7
and 6.6.4 give, for each q ∈ L(f) with ±(q − l) ≥ 0:

‖fq±2‖2q±2 = (E±fq, fq±2)q±2

= −(fq, E∓E±fq)q = 4
(

1± q

2
+ s

)(
1± q

2
− s

)
‖fq‖2q .
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This has the following consequences:

q, q + 2 ∈ L(f) =⇒
(

1 + q

2
+ s

)(
1 + q

2
− s

)
> 0,

q ∈ L(f),
(

q ± 1
2

+ s

)(
q ± 1

2
− s

)
> 0 =⇒ q ± 2 ∈ L(f).

The way we have constructed L(f) implies that there are b and c with −∞ ≤ b ≤
l ≤ c ≤ ∞, such that L(f) = { q ≡ l mod 2 : b ≤ q ≤ c }.

The condition
(

1+q
2 + s

) (
1+q
2 − s

)
> 0 is satisfied for all q ≡ l mod 2 if and

only if either s ∈ i(0,∞) or 0 ≤ s < |τ |. This corresponds to λ > 1
4
− τ2. In this

case L(f) = l + 2Z.
If L(f) has a minimum b, then b ≡ l mod 2, b ≤ l and

0 = ‖fb−2‖2b−2 = 4
(

1− b

2
+ s

)(
1− b

2
− s

)
‖fb‖2b ,

so
(

b−1
2

+ s
) (

b−1
2
− s

)
= 0. This implies s =

∣∣ b−1
2

∣∣, λ = 1
2
b(1 − 1

2
b). Similarly, if

L(f) has a maximum c, then c ≡ l mod 2, c ≥ l, s =
∣∣ 1+c

2

∣∣, λ = 1
2 (−c)(1− 1

2(−c)) =
− 1

2c(1 + 1
2c).

If L(f) is bounded, then b = min L(f) and c = max L(f) satisfy 1
2b(1− 1

2b) =
− 1

2c(1 + 1
2c), hence b = −c, c ≥ 0 and b, c ∈ Z. If c > 0, then −c,−c + 2 ∈ L(f),

hence
(

1−c
2 + c+1

2

) (
1−c
2 − c+1

2

)
> 0; this is impossible. So b = c = l = λ = 0 is

the only possibility for bounded L(f).
In all other cases L(f) is bounded on only one side. We consider the case

b = minL(f), and leave the other case to the reader.
We have |τ | ≤ s =

∣∣ b−1
2

∣∣, b ≤ l, and b ≡ l mod 2. The product
(

1+q
2 + s

)(
1+q
2 − s

)
has to be positive for all q ≡ b mod 2, q ≥ b. Take q = 2τ − 1 to see

that b > 2τ − 1, hence b > 0. If b > 0, then s =
∣∣ b−1

2

∣∣ and
(

1+q
2 + s

) (
1+q
2 − s

)
=(

1+q
2 + b−1

2

) (
1+q
2 − b−1

2

)
> 0 for all q ≥ b, q ≡ b mod 2, so L(f) = { q : q ≡

l mod 2, q ≥ b }.
6.7.4 Remarks. This proposition implies the lower bound 1

2 |l| − 1
4 l2 for the eigen-

values; this is better than the bound − 1
4 l2 for A(χ, l) itself. As we have not shown

that the continuous spectrum is contained in [14 ,∞), we keep using the lower bound
− 1

4 l2 for A(χ, l).
The eigenvalues λ ≤ 1

4 − τ2 come from automorphic forms f obtained by
repeated differentiation of a holomorphic or an antiholomorphic automorphic form
on H. So these eigenvalues are related to automorphic forms that are reasonably
well known. The last case in the proposition, L(f) = {0}, corresponds to constant
functions, so it can only occur if χ = 1.

There is much less information on the automorphic forms with eigenvalue
λ > 1

4
− τ2. In the spectral theory of automorphic forms, one often knows only
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distribution results averaged over the spectrum. In applications it is sometimes im-
portant to know the eigenvalues smaller than 1

4 , usually called exceptional eigen-
values. The exceptional eigenvalues ≤ 1

4 − τ2 are known from the holomorphic
theory. If l �∈ 1 + 2Z, the interval ( 1

4 − τ, 1
4 ) may contain exceptional eigenvalues

of continuous series type.

6.7.5 Cuspidal eigenvalues. We call 1
4 − s2 ∈ R a cuspidal eigenvalue for Γ̃ and χ,

if Sl(χ, c(χ), s) �= {0} for some l satisfying eπil = χ(k(π)).
The next proposition shows that eigenvalues of discrete series type tend to

be cuspidal.

6.7.6 Proposition. Let b ≥ 1, l ≡ ±b mod 2, ±l ≥ b. Then the kernel of A(χ, l) −
1
2
b(1− 1

2
b) is equal to Sl(χ, c(χ), b−1

2
).

Let b > 0, l ≡ ±b mod 2, ±l ≥ b. If P ∈ P, n ∈ CP satisfy ±n < 0 if P ∈ X∞,
±n < b if P ∈ PY , then FP,nf = 0 for all f ∈ ker

(
A(χ, l)− 1

2b(1− 1
2b)

)
.

Remark. The first assertion need not hold for 0 < b < 1. See 14.3.1 for a coun-
terexample.
Proof. Application of E∓ reduces the proof to the case l = ±b.

Let f ∈ ker(A(χ,±b) − 1
2b(1 − 1

2b)), f �= 0. Then E∓f = 0. The Fourier
coefficient FP,0f is in L2((AP ,∞), y−2dy) for each P ∈ X∞ with χ(πP ) = 1. It
satisfies e∓iθ (∓2iy∂x + 2y∂y ± i∂θ)FP,0f(y)e±ibθ = 0, hence it is a multiple of
y 	→ yb/2. As b ≥ 1, it can only be square integrable if it vanishes.

Let P ∈ P, n ∈ CP , n �= 0 if P ∈ X∞. Suppose FP,nf �= 0. As F̃P,nf is a
multiple of ω±b(P, n, b−1

2
), we conclude from E∓f = 0 that E∓ω±b(P, n, b−1

2
) = 0.

In Table 4.1 on p. 63 we see that this implies ∓n < 0 if P ∈ X∞, and ±n ≥ b
otherwise.

6.7.7 Spectral sets. We define

Σ(χ, l) =
{

s ∈ C : Re s ≥ 0, A2
l (χ, s) �= {0}

}
Σc(χ) = Σc(χ, l) =

{
s ∈ Σ(χ, l) :

1
4
− s2 >

1
4
− τ(χ)2

}
Σd(χ, l) =

{
s ∈ Σ(χ, l) : s ≥ |τ(χ)|

}
Σ0(χ, l) =

{
s ∈ Σ(χ, l) : Sl(χ, c(χ), s) �= {0}

}
Σe(χ, l) =

{
s ∈ Σ(χ, l) : A2

l (χ, s) �= Sl(χ, c(χ), s)
}

Σb
a(χ, l) = Σb(χ, l) ∩ Σa(χ, l) for a = c, d and b = 0, e.

The set Σc(χ, l) does not depend on l, see Proposition 6.7.3. Clearly Σ(χ, l) =
Σd(χ, l)�Σc(χ) (disjoint union), and Σ(χ, l) = Σ0(χ, l)∪Σe(χ, l) (not necessarily
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disjoint). Σe(χ, l) �= ∅ can occur only if some P ∈ X∞ is singular for χ. Proposi-
tion 6.7.3 implies

Σc(χ) ⊂ iR ∪ (0, |τ(χ)|)
Σd(χ, l) ⊂

{∣∣∣∣b− 1
2

∣∣∣∣ : 0 < b ≤ |l|, b ≡ |l| mod 2
}

if l �= 0

Σd(χ, 0) ⊂
{

1
2

}
.

So Σd(χ, l) is a finite set. In Corollary 9.2.7 and 11.2.5 we shall see that Σc(χ)
is a discrete, not necessarily finite set. In the case that all cusps are regular for
the character χ, the discreteness of Σ(χ, l) follows from the compactness of the
resolvent, see Theorem 6.5.5. In that case Σ(χ, l) is infinite.

In the modular case, with trivial character and weight 0 as considered in
Section 1.2, we have Σd(1, 0) = { 1

2}, corresponding to the constant functions. All
other smooth square integrable modular forms are of continuous series type: the
cuspidal Maass forms, see 1.4.5. We have to go to other weights to obtain holo-
morphic cusp forms. The discussion above gives the reason from a representational
point of view. (For another point of view see, e.g., Theorem 2.24 in Shimura, [53].)
Section 13.3 gives more information concerning the modular case.

6.7.8 Proposition. Σe(χ, l) ⊂ (0, |τ(χ)|].
If τ(χ) = 1

2 , then 1
2 ∈ Σe(χ, l) if and only if l = 0 and χ = 1. In that case

A2
0(1, 0) = C · 1.

Proof. Let s ∈ Σe(χ, l). Remark 6.6.3 shows that s > 0. Propositions 6.7.3 and 6.7.6
imply s ≤ |τ(χ)|.

Let τ(χ) = 1
2
. If s = 1

2
, then Proposition 6.7.3 leaves l = 0 as the only

possibility. Any f ∈ A2
0(χ, 1

2 ) has to satisfy E±f = 0, again by Proposition 6.7.3.
Hence f is constant, and χ = 1 if f is non-zero.



Chapter 7
Families of automorphic forms

Up till now we have studied individual automorphic forms. These turn out to occur
in families in a natural way. For instance, the Poincaré series depends continuously
on the weight l, the unitary character χ, and the spectral parameter s. The de-
pendence on s is holomorphic. It is not clear from the series that there might be
a holomorphic or meromorphic dependence on the character and the weight. In
Chapters 9 and 10 we shall get meromorphy by functional analytic methods.

In Section 7.2 we state our concept of holomorphic families of automorphic
forms. There are various concepts of holomorphic dependence on the parameters.
One concept is pointwise holomorphy, another one is holomorphy in Hilbert space
sense. In this book, it turns out to be useful to work with a mixture of these
concepts.

We view the parameters as functions on a complex manifold, the parameter
space, discussed in Section 7.1. As this parameter space has, in general, complex
dimension larger than one, we need results on holomorphic functions in several
complex variables. Most of these can be found in Hörmander, [23]; occasionally
we refer to [17] of Grauert and Remmert. Families of automorphic forms need not
be defined on the whole parameter space, and even if they are, we are sometimes
interested solely in the behavior near a certain point. The language of sheaves is
suitable for discussions of this kind.

The next chapters use mainly the concepts and results stated in Sections 7.1
and 7.2. The other sections of this chapter give proofs, and further information to
which we shall refer only occasionally.

The Fourier terms of holomorphic families of automorphic forms depend on
the parameters in a holomorphic way as well. For that reason we consider in
Sections 7.3 and 7.4 a more general concept: ‘holomorphic family of eigenfunctions’.
Later on we specialize this to families of automorphic forms and to families of
functions that may occur in Fourier expansions.

7.1 Parameter spaces

We use complex manifolds as parameter spaces. In this book we restrict ourselves
to simply connected parameter spaces. This is a practical restriction. It implies
that the equation eg = f has a solution g holomorphic on an open set Ω for each
holomorphic f that is nowhere zero on Ω. The complications of topological nature
that we avoid in this way may be interesting.

107
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A still greater generalization would be to allow all complex spaces as a pa-
rameter space. That would make generalization of the results in 7.3.2 difficult and
perhaps impossible.
7.1.1 Structure sheaf. The fact that a topological space W is a complex manifold
implies that each point of W is provided with a neighborhood and a homeomor-
phism from this neighborhood to an open set in some Cn. Functions on an open
subset Ω ⊂ W are called holomorphic if their restrictions to such neighborhoods
correspond to holomorphic functions on the corresponding open sets in Cn, i.e.,
locally given by converging power series in the coordinates.

By O(Ω) we indicate the ring of holomorphic functions on Ω, and by O(Ω)∗

the group of units in this ring. The sheaf O = OW , given by Ω 	→ O(Ω), is called
the structure sheaf of W . Consult, e.g., Grauert & Remmert, [17], Ch. 1, §1.1–5,
for complex manifolds and more general complex spaces. According to loc. cit. we
should have said ‘O is the sheaf associated to the presheaf Ω 	→ O(Ω)’, but for
sheaves we follow the terminology of Hartshorne, [19], Ch. II, §1.
7.1.2 Definition. A parameter space for Γ̃ is a simply connected complex manifold
(W,O) provided with a holomorphic function s ∈ O(W ) and a group homomor-
phism χ : Γ̃ → O(W )∗.

The group Γ̃ is finitely generated. So the homomorphism χ is determined by
finitely many holomorphic functions that have no zeros in W .

We shall use λ = 1
4
− s2 ∈ O(W ) as the eigenvalue. The condition that the

spectral parameter s is holomorphic on W is a further restriction of the concept
of parameter space.
7.1.3 Weights and Fourier term orders. For each parameter space we define

wt =
{

l ∈ O(W ) : eπil = χ(k(π))
}

CP = {n ∈ O(W ) : n(w) ∈ CP (χ(w)) for all w ∈ W } for P ∈ P.

The set wt of weights and the set CP of Fourier term orders at P ∈ P do not depend
on the choice of s. These subsets of O(W ) are non-empty, as we have supposed W
to be simply connected. For more general parameter spaces one should define wt
and the CP as locally constant sheaves.
7.1.4 Trivial example. Choose s ∈ C and χ ∈ X . Let W consist of one point t;
then O(W ) = C. Take s : t 	→ s and χ : t 	→ χ to view W as a parameter space.

In this example CP = CP (χ), as discussed in 4.1.2 and 4.1.3. Hence it does
no harm to use the same notation.
7.1.5 Other examples. Fix χ ∈ Xu. Take W = C1/2 = { s ∈ C : Re s > 1

2 }; put
s : s 	→ s and χ : s 	→ χ. This is the parameter space on which the family of
Poincaré series s 	→ Pl(P, n, χ, s) lives. The sets wt and CP consist of constant
functions, as χ is constant.

For the powers of the eta function, see 13.1.7, a suitable parameter space
would be W = C, with s : r 	→ r−1

2
and χ : r 	→ χr. For P = Γ̃mod · i∞ we
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see that CP consists of the functions r 	→ r
12

+ ν, with ν ∈ Z. The weights are
wt = { r 	→ r + 2k : k ∈ Z }. As χr+12 = χr one might be inclined to take
W = C mod 12Z as the parameter space. Then it would be impossible to define
CP and wt globally.

See 15.6.1 for another example.

7.1.6 Morphisms. A morphism of parameter spaces j : W1 →W is a holomorphic
map j : W1 → W such that sW1 = sW ◦ j and χW1(γ) = χW (γ) ◦ j for all γ ∈ Γ̃.
Composition with j also maps wtW into wtW1 ; similarly for the CP .

We shall work almost exclusively with a fixed parameter space W , and only
occasionally use a morphism j : W1 → W of parameter spaces. Then objects like
O, wt, or CP will refer to the main parameter space W . If an object is meant
to be related to W1, we attach the name of the morphism as a subscript between
brackets. For example, O(j) denotes the structure sheaf of W1 and CP,(j) is a subset
of O(j)(W1).

7.2 Holomorphic families of automorphic forms and Fourier terms

In Chapter 4 we have defined automorphic forms satisfying a growth condition.
In this section we extend the concepts considered in that chapter. Instead of indi-
vidual automorphic forms, we study holomorphic families of automorphic forms.
Taking a Fourier term becomes a map which associates a family of Fourier terms
to a family of automorphic forms. In this section we give definitions and state the
main results. We give proofs in the later sections of this chapter. We view fami-
lies of automorphic forms as sections of a sheaf of O-modules on W , similarly for
families of cusp forms and of Fourier terms. Taking a Fourier term gives rise to a
morphism of O-modules. The same holds for the differential operators E±.

7.2.1 Definition. A growth condition c for P ⊂ X on the open subset Ω of the
parameter space W is a map assigning a finite subset c(P ) of CP ⊂ O(W ) to each
P ∈ P; if P ∈ X∞ the set c(P ) has to contain at least those n ∈ CP for which
Ren is zero somewhere in Ω. This implies that c determines a growth condition
c(w) suitable for χ(w) for each w ∈ Ω; see 4.3.1.

For a large parameter space W it may happen that there are no growth
conditions on the whole of W . For instance, consider the parameter space W = C,
s : r 	→ r−1

2 , χ : r 	→ χr, mentioned in 7.1.5. For P = Γ̃mod · i∞ the set CP consists
of the functions r 	→ r

12
+ν, with ν ∈ Z; all these functions have real part equal to

zero somewhere in W . The set c(P ) should be finite, so there are no global growth
conditions on this parameter space.

7.2.2 Notations. For growth conditions c and d on Ω ⊂ W , we define c ⊂ d to
mean c(P ) ⊂ d(P ) for all P ∈ P. Take in this situation Ωc ⊃ Ω maximal such
that c is a growth condition on Ωc, and similarly Ωd for d. Then Ωd ⊃ Ωc.
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Define n by n(P ) = ∅ for all P ∈ P. This does not define a growth condition n
on Ω ⊂ W if there are P ∈ X∞ and n ∈ CP for which Ren has a zero somewhere
in Ω. If n is a growth condition we call it the empty growth condition.
7.2.3 Holomorphic families of automorphic forms. Let Ω ⊂ W be open. We have
to decide under what conditions we call a function f on Ω × G̃P a holomorphic
family of automorphic forms on Ω for the growth condition c. It seems sensible to
impose at least the following conditions:

i) f ∈ C∞(Ω× G̃P).

ii) f(w) : g 	→ f(w; g) is in Al(w)(χ(w), c(w), s(w)) for each w ∈ Ω.

iii) fg : w 	→ f(w; g) is holomorphic on Ω for each g ∈ G̃P .

The regularity condition iii) in Definition 4.3.4 should also be generalized. Let us
stay as close as possible to Definition 4.3.4 of individual automorphic forms.

Let P ∈ P and n ∈ CP . The Fourier term F̃P,nf ∈ C∞(Ω × pr−1U̇P (AP ))

is defined by
(
F̃P,nf

)
(w; g) =

(
F̃P,n(w)f(w)

)
(g). As a Fourier term is given by

integration over a compact set, we have holomorphy of w 	→ F̃P,nf(w; g) for each
g ∈ pr−1U̇P (AP ). We define f [c, P ] = f −∑n∈c(P ) F̃P,nf ; this is a C∞-function
on Ω× pr−1U̇P (AP ).

It seems sensible to impose the following additional conditions on f :

iv) For each P ∈ PY the function f [c, P ] can be extended to give a C∞-function
on Ω× UP (AP ).

v) For P ∈ X∞ we take some nP ∈ CP .

Fw,P (z) = e−2πinP (w) Re(z)f [c, P ](w, gP p(z))

defines a square integrable function on SP,AP
= { z ∈ H : 0 ≤ x < 1, y >

AP } with respect to dμ(z) = y−2dx ∧ dy. The condition is that w 	→ Fw,P

is an L2-holomorphic function Ω→ L2(SP,AP
, dμ) for each P ∈ X∞.

The L2-holomorphy means that near each w̃ ∈ Ω the Fw,P are given by a series∑
wn1

1 · · ·wnN

N hn1,...,nN

converging in the L2-norm; w1, . . . , wN are complex coordinates with wj(w̃) = 0.
In the case P ∈ PY , the function w 	→ f [c, P ](w, g0) is holomorphic for

g0 with pr(g0) = P as well. Indeed, the functions ∂wj
f [c, P ] are elements of

C∞(Ω× pr−1UP (AP )), and vanish on the dense subset Ω× pr−1U̇P (AP )). Hence
the derivatives ∂wj

f [c, P ] are identically zero.
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7.2.4 Example: the family r 	→ ηr. Take for the modular group Γ̃mod the parameter
space W = { r ∈ C : Re r > 0 }, χ : r 	→ χr, s : r 	→ r−1

2 . Take P = {P},
P = Γ̃mod · i∞. The empty growth condition n is suitable on W . We consider
the family f : r 	→ ηr given by ηr(p(z)k(θ)) = yr/2e2r log η(z)eirθ, with η the eta-
function of Dedekind. Conditions i)–iii) above are clearly satisfied, condition iv)
is not relevant. For condition v), note that f [n, P ] = f . We have to check that
H(r) : z 	→ e−πirx/6ηr(p(z) is L2-holomorphic on SP,a = { z ∈ H : y > a } for
some a ≥ 1. The norm in L2(SP,2) of this function, given by

‖H(r)‖2 =
∫ ∞

a

∫ 1/2

−1/2

yRe re−πy Re r/6

∣∣∣∣∣
∞∏

m=1

(1− e2πimz)2r

∣∣∣∣∣
2

dx
dy

y2
,

is bounded for r in compact sets in W . As H is pointwise holomorphic in r,
all scalar products with compactly supported functions on SP,a are holomorphic
in r. We obtain the L2-holomorphy from the fact that weak holomorphy implies
holomorphy in norm. (See, e.g., [29], App. 5, §1; in Lemma 7.4.3 we have given a
version of this result that discusses L2-holomorphy of families of more than one
variable.)

7.2.5 Example: Poincaré series. In 7.5.3 we shall see that the Poincaré series de-
fined in Proposition 5.1.6 gives a holomorphic family of automorphic forms with s
as the parameter.

7.2.6 Definition. Let c be a growth condition on an open subset Ω0 of W ; let l ∈ wt.
For each open Ω ⊂ Ω0, we define Al(c; Ω) as the linear space of all holomorphic
families of automorphic forms on Ω for the growth condition c. If Ω1 ⊂ Ω we have
the restriction map Al(c; Ω) → Al(c; Ω1). One can check that Ω 	→ Al(c; Ω) defines
a sheaf Al(c) on Ω0. Multiplication by a holomorphic function on Ω maps Al(c; Ω)
into itself. This gives Al(c) the structure of an O-module on Ω0.

7.2.7 Definition. Sl(c) is the O-submodule of Al(c) of holomorphic families of cusp
forms for the growth condition c. It is defined by

Sl(c; Ω) =
{

f ∈ Al(c; Ω) : f(w) ∈ Sl(w)(χ(w), c(w), s(w)) for all w ∈ Ω
}

.

7.2.8 Definition. Let P ∈ P, n ∈ CP , l ∈ wt. Put G̃P = G̃ � {P}. Note that
G̃P = G̃ if P ∈ X∞.

The O-module Wl(P, n) of Fourier terms is determined by the condition that
Wl(P, n; Ω) consists of the f ∈ C∞(Ω× G̃P )) that satisfy

i) f(w) : g 	→ f(w; g) is in Wl(w)(P, n(w), s(w)) for each w ∈ Ω.

ii) w 	→ f(w; g) is in O(Ω) for each w ∈ G̃P .
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The condition f(w) ∈ W 0
l(w)(P, n(w), s(w)) for all w ∈ Ω determines a sub-

module W0
l (P, n) of Wl(P, n).

7.2.9 Proposition. Let c be a growth condition on Ω ⊂ W , and let l ∈ wt.

i) Differentiation. The operators E+ and E− define morphisms of O-modules
E± : Al(c) → Al±2(c) and E± : Sl(c) → Sl±2(c).

ii) Divisibility. Let f ∈ Al(c; Ω1), respectively Sl(c; Ω1). Let ψ ∈ O(Ω1), ψ not
identically zero on Ω1. Suppose that for each g ∈ G̃P the function w 	→

1
ψ(w)f(w; g) extends as a holomorphic function on Ω1. Then there exists h ∈
Al(c; Ω1), respectively Sl(c; Ω1), such that f = ψ · h.

iii) Fourier terms. For each P ∈ P, n ∈ CP , there is a morphism of O-modules
F̃P,n : Al(c) → Wl(P, n). It is given by

(
F̃P,nf

)
(w) = F̃P,n(w)f(w), for

f ∈ Al(c; Ω).

If n �∈ c(P ), then F̃P,nAl(c) ⊂ W0
l (P, n). If n ∈ c(P ), then F̃P,nSl(c) = {0}.

Proof. See 7.5.1, 7.5.2, and 7.7.2.
7.2.10 Dependence on the growth condition. If c ⊂ d for growth conditions c and
d on Ω, then Sl(d) ⊂ Sl(c) ⊂ Al(c) ⊂ Al(d). Furthermore, Sl(n) = Al(n) and⋂

d⊃c Sl(d) = {0}. For the last fact, note that the F̃P,n describe the Fourier terms
on the set pr−1U̇P (AP ). If an analytic function vanishes on only one pr−1U̇P (AP ),
it vanishes on G̃P . (We can restrict the intersection to a collection of growth
conditions for which

⋃
d d(Q) = CQ for one Q ∈ P.)

7.2.11 Proposition. Let P ∈ P, n ∈ CP , l ∈ wt.

i) Wl(P, n) is a free O-module of rank 2.

ii) W0
l (P, n) is a free O-module of rank 1 on Ω ⊂ W in the following cases:

a) P ∈ PY .

b) P ∈ X∞, n(w) �= 0 for all w ∈ Ω.

c) P ∈ X∞, n vanishes identically on Ω, and Re s(w) �= 0 for all w ∈ Ω.

iii) The operators E+ and E− define morphisms of O-modules E± : Wl(P, n) →
Wl±2(P, n). If P , n and Ω satisfy one of the conditions a)–c) in ii), then
E±W0

l (P, n) ⊂ W0
l±2(P, n) on Ω.

Proof. See 7.6.2, 7.6.7, and 7.7.1. In Section 7.6 we shall give explicit sections that
form O-bases.
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7.3 Families of eigenfunctions

The division property in Proposition 7.2.9 looks trivial. Nevertheless, a careful
proof takes some work. That is one of the things we do in the Sections 7.3–7.5.
This being done, we shall use the divisibility result freely in the next chapters,
sometimes without stating it explicitly.

In this section we start with families that are more general than families of
automorphic forms.

We keep fixed a parameter space (W, s, χ).
7.3.1 Definition. Let Ω ⊂ W and U ⊂ G̃ be non-empty open sets, with UK̃ = U ,
and let l ∈ wt. A holomorphic family of eigenfunctions f on Ω× U of weight l is
an element f ∈ C∞(Ω× U) such that

i) f(w; gk(θ)) = f(w; g)eil(w)θ for all w ∈ Ω, g ∈ U , θ ∈ R,

ii) ωf(w) = ( 1
4
− s(w)2)f(w) on U for each w ∈ Ω,

iii) w 	→ f(w; g) is in O(Ω) for each g ∈ U .

Often we shall just say family of eigenfunctions; the holomorphy in w will be
understood. The operator of which these families are eigenfunctions is the Casimir
operator.

A holomorphic family of automorphic forms, as considered in the previous
section, is a family of eigenfunctions on Ω× G̃P . Elements of Wl(Q,n; Ω) are also
families of eigenfunctions on Ω× G̃Q.
7.3.2 Analyticity. A family of eigenfunctions is a real analytic function. To see this,
we consider a small Ω on which we have complex coordinates w1, . . . , wN . Let Û
be the image of U in H ∼= G̃/K̃. A family of eigenfunctions f on Ω×U determines
a function F on Ω× Û by F (w, z) = f(w; p(z)); this function is annihilated by the
elliptic differential operator

−∂w1∂w1 − · · · − ∂wN
∂wN

− y2∂2
x − y2∂2

y + il(w)∂x − 1
4

+ s(w)2,

hence it is real analytic on Ω× Û .
This also shows that the C∞-condition in Definition 7.3.1 can be weakened.

We formulate this as a lemma:

7.3.3 Lemma. Let w1, . . . , wN be complex coordinates on an open set Ω ⊂ W , and
let U be open in G̃. Take Û as above. If the distribution Φ on Ω× Û satisfies

i)
(−y2∂2

x − y2∂2
y + il(w)∂x

)
Φ = ( 1

4 − s(w)2)Φ on Ω× Û ,

ii) ∂wj
Φ = 0 for j = 1, . . . , N ,
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then Φ is given by a real analytic function and

f(w; p(z)k(θ)) = Φ(w, z)eil(w)θ

defines a family of eigenfunctions on Ω× U .

7.3.4 Operations on families of eigenfunctions.

• Restriction to a smaller Ω or to a smaller U sends families of eigenfunctions to
families of eigenfunctions. This also holds for composition with a morphism
of parameter spaces.

• Multiplication by an element of O(Ω) sends families of eigenfunctions to
families of eigenfunctions.

• Differentiation by E− or E+ sends families of eigenfunctions of weight l to
families of weight l ∓ 2.

The conditions defining a family of eigenfunctions are local: If Ω =
⋃

i Ωi,
then a family of eigenfunctions f on Ω×U is determined by its restrictions fi to the
Ωi×U . Any collection {fi} of families of eigenfunctions on the Ωi×U determines a
family of eigenfunctions on Ω×U , provided fi = fj on the intersections (Ωi ∩ Ωj)×
U .
7.3.5 Definition. Let U ⊂ G̃ and l ∈ wt as above. For each open Ω ⊂W , we define
Fl(U ; Ω) to be the linear space of all holomorphic families of eigenfunctions on
Ω × U . If Ω1 ⊂ Ω, restriction gives a map Fl(U ; Ω) → Fl(U ; Ω1). Clearly Ω 	→
Fl(U ; Ω) defines a sheaf Fl(U) on W . Multiplication by a holomorphic function
on Ω maps Fl(U ; Ω) into itself. This gives Fl(U) the structure of an O-module
on W .

The O-module Fl(U) is torsion-free: if for w ∈ W the stalks ψ ∈ Ow and
f ∈ Fl(U)w satisfy ψf = 0 in Fl(U)w, then ψ = 0 or f = 0.

One could vary the U in Fl(U), and consider Fl as a sheaf on W × Y . In the
context of this book I refrain from taking this point of view.
7.3.6 Zero set. For ψ ∈ O(Ω) the zero set is N (ψ) = {w ∈ Ω : ψ(w) = 0 }. This is
of course an analytic set (locally the intersection of the zero sets of finitely many
holomorphic functions). If ψ �= 0, then Ω � N (ψ) is open and dense in Ω.

We define the zero set N (f) of f ∈ Fl(U ; Ω) as the intersection
⋂

g∈U N (fg),
with fg : w 	→ f(w; g). This set N (f) is also analytic; see [17], Ch. 5, §6.1.

The next three lemmas concern divisibility in Fl(U).

7.3.7 Lemma. Let Ω be open in W , ψ ∈ O(Ω), ψ �= 0, Ω1 = Ω � N (ψ). Let U
be open in G̃. Let f ∈ Fl(U ; Ω1), and suppose that for each g ∈ U there exists
fg ∈ O(Ω) such that fg(w) = f(w; g) for w ∈ Ω1. Then f(w; g) = fg(w) defines f
as an element of Fl(U ; Ω).
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Remark. The sole role of ψ in this lemma is to determine Ω � Ω1. In particular,
the set Ω � Ω1 cannot be too wild.
Proof. The assertion is local on Ω, so we take a ∈ N (ψ) and replace Ω by a smaller
neighborhood if necessary.

We can assume that Ω ⊂ CN with complex coordinates w1, . . . , wN vanishing
at a, and we can assume that ψ(w1, 0, . . . , 0) = wm

1 τ(w1) with τ holomorphic
at w1 = 0, τ(0) �= 0 (see [17], Ch. 2, §1.3). So there exists δ > 0 such that
{ (w1, 0, . . . , 0) : |w1| = δ } is a compact subset of Ω1. By loc. cit. Ch. 2, §1.2
we can assume that ψ is a Weierstrass polynomial: ψ(w1, w2, . . . , wN ) = wm

1 +∑m−1
j=0 aj(w2, . . . , wN )wj

1 with aj holomorphic on a neighborhood of 0 in CN−1

and aj(0) = 0 for 0 ≤ j ≤ m − 1. From loc. cit. Ch. 2, §3.5, Supplement, we
conclude that there exists ε > 0 such that { (w1, w2, . . . , wN ) : |w1| = δ, |wj | <
ε for j = 2, . . . , N } is contained in Ω1. So if |w1| < δ and |wj | < ε for j = 2, . . . , N ,
we find

fg(w1, . . . , wN ) =
1

2πi

∫
|ζ|=δ

1
ζ − w1

f(ζ, w2, . . . , wN ; g) dζ.

Differentiate under the integral to see that (w, g) 	→ fg(w) is a C∞-function at
each point of {a} × U . The validity of conditions i) and ii) in Definition 7.3.1
extends from Ω1 × U to Ω× U by continuity.

7.3.8 Lemma. Let f ∈ Fl(U ; Ω), let ψ ∈ O(Ω), ψ �= 0, and suppose that for each
g ∈ pr−1U there exists hg ∈ O(Ω) such that f(w; g) = ψ(w)hg(w) for all w ∈ Ω.
Then h(w; g) = hg(w) defines h ∈ Fl(U ; Ω).

Proof. Clear from the previous lemma.
In this lemma we have assumed the existence of the hg. We assume less in

the next lemma.

7.3.9 Lemma. Let f ∈ Fl(U ; Ω), let a ∈ Ω, and ψ ∈ O(Ω). Suppose that ψ is
irreducible in the stalk Oa and that f(w; g) = 0 for all w ∈ N (ψ) and all g ∈
pr−1U . Then there exists a holomorphic family of eigenfunctions h ∈ Fl(U ; Ω̃) on
an open neighborhood Ω̃ ⊂ Ω of a, such that f = ψh on Ω̃× U .

Remarks. If W has complex dimension 1, then this is trivial. Let w be a coordi-
nate near a. Then ψ may be supposed to be ψ = w − w(a) on a small enough
neighborhood Ω̃ of a in Ω. For each g ∈ U , the function fg is divisible by ψ on Ω̃;
take hg = 1

ψ fg, and apply the previous lemma.
The higher dimensional case is more complicated. In the stalk Oa each fg is

divisible by ψ, but the corresponding hg = 1
ψ fg might be represented by holomor-

phic functions on different neighborhoods of a, the intersection of which one might
fear to be {a}.
Proof. The sheaf of ideals I of N (ψ) is a coherent O-module, see [17], Ch. 4, §2. By
Ch. 4, §1.5 of loc. cit. this sheaf I is the radical of the sheaf O·ψ. The irreducibility



116 Chapter 7 Families of automorphic forms

of ψ implies Ia = Oa · ψ. So Iw = Ow · ψ for all w in some neighborhood Ω̃ ⊂ Ω
of a, see loc. cit., Annex, §3.1. Hence Ω̃ has a covering by open sets Ωj and each
b ∈ I(Ω̃) is of the form b = gjψ on Ωj for some gj ∈ O(Ωj). As O has no zero
divisors, gi = gj on Ωi ∩Ωj , hence b = gψ on Ω̃ with g ∈ O(Ω̃). We conclude that
I(Ω̃) = O(Ω̃) · ψ. Apply this to the w 	→ f(w; g) to obtain hg ∈ O(Ω̃) such that
hg(w) = 1

ψ(w)f(w; g) for w ∈ Ω̃ � N (ψ). The previous lemma completes the proof.

7.3.10 Divisibility. These three lemmas state that the Fl(U) has the divisibility
property that we want to prove for Al(c) and Sl(c). These O-modules are sub-
modules of Fl(G̃P). It will suffice to show that if a section f of Al(c) is divisible
in Fl(G̃P) by a holomorphic function ψ, then the quotient 1

ψ f is still a section of
Al(c). We proceed a bit more generally, and define an eigenfunction module as a
submodule of an Fl(U) with this divisibility property.
7.3.11 Definition. Let l and U be as above. We call an O-submodule H of Fl(U) an
eigenfunction module if it has the following property for each w ∈W : if f ∈ Fl(U)w

and h ∈ Hw satisfy h = ψf for some non-zero ψ ∈ Ow, then f ∈ Hw.
The Lemmas 7.3.7–7.3.9 imply immediately:

7.3.12 Proposition. Let H be an eigenfunction module in Fl(U). Let Ω ⊂ W be
open, let ψ ∈ O(Ω) such that Ω1 = Ω � N (ψ) is dense in Ω.

i) Let f ∈ H(Ω1). Suppose that for each g ∈ U there exists fg ∈ O(Ω) such
that fg(w) = f(w; g) for w ∈ Ω1. Then h(w; g) = fg(w) defines h ∈ H(Ω),
with h|Ω1 = f .

ii) Let f ∈ H(Ω). Suppose that for each g ∈ pr−1(U) there exists hg ∈ O(Ω)
such that f(w; g) = ψ(w)hg(w) for all w ∈ Ω. Then h(w; g) = hg(w) defines
h ∈ H(Ω) such that f = ψh on Ω.

iii) Let f ∈ H(Ω), let a ∈ Ω. Suppose that ψ is irreducible in the stalk Oa, and
that f(w) = 0 for all w ∈ N (ψ). Then f = ψh for some h ∈ H(Ω̃) for some
open neighborhood Ω̃ of a in Ω.

Remark. We shall prove that this proposition applies to Al(c) and Sl(c) in Fl(G̃P),
and Wl(P, n) and W0

l (P, n) in Fl(G̃P ), by showing that these four O-modules are
eigenfunction modules.

7.3.13 Lemma.

i) If C is a collection of eigenfunction modules in Fl(U), then
⋂

H∈C H is an
eigenfunction module as well.

ii) Let p : H → N be a morphism of O-modules. If H is an eigenfunction
module, then its O-submodule ker(p) is an eigenfunction module as well.
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Remark. It turns out that all eigenfunction modules we shall need can be obtained
by taking intersections and kernels of morphisms.
Proof. Part i) is easily checked.

Put K = ker(p). So K ⊂ H ⊂ Fl(U) for some l and U . Let w ∈ W . Consider
h ∈ Kw, ψ ∈ Ow, ψ �= 0, f ∈ Fl(U)w with h = ψf . Then f ∈ Hw. As Fl(U) is
torsion-free, we conclude pf = 0 from 0 = ph = p(ψf) = ψpf . So f ∈ Kw.

7.3.14 More functoriality. If j : W1 →W is a morphism of parameter spaces, then
composition maps Fl(U ; Ω) to Fl◦j(U ; j−1Ω). This gives a morphism of sheaves
j� : Fl(U) → j∗Fl◦j(U)(j). (If G is a sheaf on W1, then j∗G is the sheaf Ω 	→
G(j−1Ω) on W . See [19], p. 65 and p. 72.)

If U1 is an open subset of U , then restriction gives an injective morphism of
O-modules Fl(U) → Fl(U1).

7.4 Families of eigenfunctions with automorphic
transformation behavior

In this section we turn our attention to families of χ-l-equivariant eigenfunctions.
We work above open subsets of Y , and generalize the condition of regularity.

Up till now we have discussed only holomorphic families of eigenfunctions.
In 1.4.4 we have seen that we have to discuss meromorphic families as well. This
we do in 7.4.10–7.4.15.

7.4.1 Families of eigenfunctions with automorphic transformation behavior. Let V
be an open subset of Y and l ∈ wt. It is easy to check that for each γ ∈ Γ̃,

(qγf)(w; g) = f(w; γg) − χ(γ;w)f(w; g)

defines a morphism of O-modules qγ : Fl(pr−1V ) → Fl(pr−1V ). We define

Al[V ] =
⋂
γ∈Γ̃

ker qγ .

Part i) of Lemma 7.3.13 shows that Al[V ] is an eigenfunction module. As Γ̃ is
finitely generated, the intersection is in fact a finite one.

If V = Y or V = YP , then Al[V ] is a — in general very large — module of
families of automorphic forms, without any growth condition.

7.4.2 Regularity. Let Ω ⊂ W , P ∈ P, V ⊂ Y , P �∈ V , such that U̇P (a) ⊂ V for
some a ∈ IP . We define the property regular at P for sections f ∈ Al[V ](Ω):

i) If P ∈ PY we call f ∈ Al[V ](Ω) regular at P if it is the restriction to Ω× V
of a section in Al[V ∪ {P}](Ω).
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ii) Let P ∈ X∞, take some nP ∈ CP . To f we associate the family of functions

Fw,P (z) = e−2πinP (w)xf(w; gP p(z))

on SP,b = { z ∈ H : 0 ≤ x < 1, y > b }. We call f regular at P if this gives a
L2-holomorphic family w 	→ Fw,P : Ω→ L2(SP,b, dμ) for some b > a.

These conditions generalize iv) and v) in Definition 7.2.3.
If the L2-holomorphy holds for one b > a, then it holds for all such b. Indeed,

a section in Al[V ](Ω) determines an L2-holomorphic family w 	→ Fw,P in each
L2-space on { z ∈ H : 0 ≤ x < 1, b1 ≤ y ≤ b2 }, with a < b1 < b2. This
follows from the next lemma, applied with K equal to the image of C∞

c (SP,b) and
fw : k 	→ (Fw,P , k). We may replace Ω by a relatively compact neighborhood of
the point at which we want to prove the L2-holomorphy.

7.4.3 Lemma. Let H be a Hilbert space with a dense subspace K, let Ω be open in
CN . Suppose that for each w ∈ Ω there is a semilinear form k 	→ fw(k) on K such
that

i) w 	→ fw(k) is holomorphic on Ω for each k ∈ K.

ii) |fw(k)| ≤ C‖k‖ for all w ∈ Ω, k ∈ K, for some C ≥ 0.

Then there is a holomorphic map F : Ω → H such that fw(k) = (F (w), k) for all
k ∈ K.

Remarks. This is the well known result that weak holomorphy implies holomorphy
in norm. See, e.g., [29], App. 5, §1.

Condition ii) may be weakened to hold only on compact subsets of Ω, with
C depending on the subset.
Proof. For each w ∈ Ω condition ii) implies that fw(k) = (F (w), k) for some
F (w) ∈ H with ‖F (w)‖ ≤ C.

It is sufficient to prove holomorphy of F in Hilbert space sense at w = 0 ∈
Ω ⊂ CN . For δ > 0 small enough, we define for k ∈ K, n1, . . . , wN ≥ 0

a(n1, . . . , nN )(k)

=
1

(2πi)N

∫
|w1|=δ

· · ·
∫
|wN |=δ

1
wn1+1

1 · · ·wnN +1
N

fw(k) dw1 · · · dwN .

So
fw(k) =

∑
n1,...,nN≥0

a(n1, . . . , nN )(k)wn1
1 · · ·wnN

N

for |wj | < δ; see, e.g., [23], Theorem 2.2.6. Condition ii) implies the inequali-
ties |a(n1, . . . , nN )(k) ≤ Cδ−n1−···−nN ‖k‖. So there are A(n1, . . . , nN ) ∈ H with
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‖A(n1, . . . , nN )‖ ≤ C · δ−n1−···−nN and a(n1, . . . , nN )(k) = (A(n1, . . . , nN ), k).
The series ∑

n1,...,nN≥0

wn1
1 · · ·wnN

N A(n1, . . . , nN )

converges in H for |wj | < δ, and represents F (w).
7.4.4 Properties. Regularity is preserved under addition and under multiplication
by elements of O(Ω). Moreover, regularity is a local property on W : if every w ∈ Ω
has an open neighborhood Ωw such that the restriction of f to Ωw × pr−1V is
regular at P , then f ∈ Al[V ](Ω) is regular at P .

7.4.5 Lemma. Let Ω ⊂ W , V ⊂ Y , P ∈ P, P �∈ V , U̇P (a) ⊂ V for some a ∈ IP .
Suppose h ∈ Al[V ](Ω) is regular at P , and is of the form h = ψf with ψ ∈ O(Ω),
f ∈ Fl(pr−1V ; Ω). Then f is regular at P .

Remark. Al[V ] is an eigenfunction module. So f ∈ Al[V ](Ω), and the property of
regularity makes sense.
Proof. As regularity is a local property, it suffices to consider w0 ∈ W , a regular
h ∈ Al[V ]w0 , ψ ∈ Ow0 , and f ∈ Fl(pr−1V )w0 , with ψ �= 0 and h = ψf , and to show
that f is regular. If ψ(w0) �= 0 this is clear. If not, then we treat irreducible factors
of ψ in Ow0 one by one. This reduces the proof to the case that ψ is irreducible
in Ow0 .

First consider P ∈ PY . Put V1 = V ∪{P}. As h is regular we can represent it
by the restriction to Ω×pr−1V of some h ∈ Al[V1](Ω) for some open neighborhood
Ω of w0. Let g1 ∈ pr−1{P}. As h(w; g1) = limg→g1, prg∈V h(w; g), the function
w 	→ h(w; g1) vanishes on N (ψ). Now we apply part iii) of Proposition 7.3.12 to
finish the proof in the interior case.

Let P ∈ X∞. Take coordinates w1, . . . , wN on a neighborhood of w0 in the
same way as in the proof of Lemma 7.3.7. There we have seen how to adapt ψ and
to choose δ > 0 and ε > 0 to obtain for g ∈ pr−1U̇(b), |w1| < δ, and |wj | < ε,
j = 2, . . . , N :

f(w1, . . . , wN ; g)

=
1

2πi

∫
|ζ|=δ

(ζ −w1)−1ψ(ζ, w2, . . . , wN )−1h(ζ, w2, . . . , wN ; g) dζ.

Let τ ∈ C0
c (SP,b). Then for (w1, . . . , wN ) as indicated∫

SP,b

f(w1, . . . , wN ; gP p(z))τ(z) dμ(z)

=
1

2πi

∫
|ζ|=δ

(ζ − w1)−1ψ(ζ, w2, . . . , wN )−1

·
∫

SP,b

h(ζ, w2, . . . , wN ; p(z))τ(z) dμ(z) dζ
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=
1

2πi

∫
|ζ|=δ

(ζ − w1)−1ψ(ζ, w2, . . . , wN )−1
(
H(ζ,w2,...,wN ), τ

)
dζ,

where w 	→ Hw is the L2-holomorphic family corresponding to h = ψf . In particu-
lar w 	→ (Hw, τ) is holomorphic, and bounded for |w1| ≤ δ, |wj | ≤ ε, j = 2, . . . , N ,
by (constant) · ‖τ‖. By Lemma 7.4.3 this shows that for |w1| < 1

2
δ, |wj | < ε,

j = 2, . . . , N , the family f determines F(w1,...,wN ),P ∈ L2(SP,b, dμ), and that
w 	→ Fw,P is L2-holomorphic.

7.4.6 Families of eigenfunctions above subsets of X. Let V1 ⊂ Y and Ω ⊂ W
be open, P ∈ P. For P ∈ PY , restriction gives a natural identification between
Al[V1 ∪ {P}](Ω) and the space of sections in Al[V1](Ω) that are regular at P . So
it seems sensible to define the sheaf Al[V ] for any open V ⊂ X by

Al[V ](Ω) = { f ∈ Al[V ∩ Y ](Ω) : f is regular at P for all P ∈ V ∩X∞ } .

7.4.7 Proposition. Let V be open in X. The sheaf Al[V ] is an eigenfunction module.

Proof. V � Y is finite. Apply Lemma 7.4.5 to each P ∈ V ∩X∞.

7.4.8 Taking a Fourier term. Let P ∈ P, n ∈ CP , l ∈ wt.

(
F̃P,nf

)
(w; g) =

⎧⎨⎩
∫ 1

0
e−2πin(w)xf(w; gP n(x)g−1

P g) dx if P ∈ X∞∫ π

0
e−in(w)ηf(w; gP k(η)g−1

P g)dη
π if P ∈ PY

defines a morphism of O-modules F̃P,n : Al[U̇P (AP )] → Fl(U), with U̇P (AP )
as defined in 3.5.3, and U = gP Ñ{ a(y) : y > AP }K̃ if P ∈ X∞, and U =
gP K̃{ a(tu) : 0 < u < AP }K̃ if P ∈ PY . Indeed, the integral preserves the
conditions in Definition 7.3.1, and commutes with multiplication by a holomorphic
function.

If f is a section of Al[U̇P (AP )], then F̃P,nf(w; γg) = χ(γ;w)F̃P,nf(w; g) for
those γ ∈ Γ̃ and g ∈ G̃ for which both g and γg are in U . We extend F̃P,nf in a
Γ̃-equivariant way to Γ̃U , and obtain an element of Al[U̇P (AP )]. In this way we
can consider F̃P,n as a morphism Al[U̇P (AP )] → Al[U̇P (AP )].

If X ⊃ V ⊃ U̇P (AP ), we first take the restriction Al[V ] → Al[U̇P (AP )], and
then apply F̃P,n. We also use F̃P,n to denote the resulting morphism of O-modules
Al[V ] → Al[U̇P (AP )].

In 7.6.5 we shall indicate how to view F̃P,n as a morphism Al[YP ] →Wl(P, n).

7.4.9 Lemma. F̃P,nAl[UP (AP )] ⊂ Al[UP (AP )] for each P ∈ P.
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Proof. Clear if P ∈ PY .
For P ∈ X∞ suppose that w 	→ Fw,P is the L2-holomorphic family on Ω with

values in L2(SP,b, dμ) such that

f(w; gP p(z)k(θ)) = e2πinP (w)xFw,P (z)eil(w)θ

is a section of Al(UP (b)). Note that ν = n− nP : Ω → Z is constant. Then

F̃P,nf(w; gP p(z)k(θ)) = e2πinP (w)xGw(z)eil(w)θ ,

where Gw = JFw,P :

Jh(z) =
∫ 1

0

e−2πix′νh(z + x′) dx′.

We have extended Fw,P and Gw to { z ∈ H : y > b } by invariance under z 	→ z+1.
The integration operator J is bounded with respect to the L2-norm, hence it
preserves L2-holomorphy.
7.4.10 Meromorphic functions. Let M be the sheaf of meromorphic functions on
W . So f ∈ M(Ω) is locally given as the quotient g

h with g and h sections of O,
h �= 0. See, e.g., [17], Ch. 6, §3.

Each f ∈ M(Ω) has a zero set N (f) and a polar set Pol(f); in loc. cit. a
definition in terms of sheaves is given. On a complex manifold all sections of O
are functions; this leads to the following description:

Pol(f) =
{

w ∈ Ω : if f =
g

h
on Ω1 � w, g, h ∈ O(Ω1), then h(w) = 0

}
,

N (f) =
{

w ∈ Ω : if f =
g

h
on Ω1 � w, g, h ∈ O(Ω1), then g(w) = 0

}
.

Pol(f) and N (f) are analytic subsets of Ω. If f �= 0 the sets Ω � Pol(f) and
Ω � N (f) are open and dense in Ω.

Let w ∈ Ω ⊂ W and f ∈ M(Ω). The local ring Ow is factorial, as W
is a complex manifold; see [17], Ch. 2, §2.1. So the representation f = g

h with
g, h ∈ O(Ω1), w ∈ Ω1 ⊂ Ω, may be arranged such that g and h are relatively
prime in Ow. Then g and h are relatively prime in Ou for all u in a neighborhood
of w; see [23], Theorem 6.2.3.
7.4.11 Meromorphic sections of an O-module. For each O-module H on W there
exists the sheaf M⊗O H associated to the presheaf Ω 	→ M(Ω) ⊗O(Ω) H(Ω). If
f ∈ (M⊗O H) (Ω), then each point a ∈ Ω has a neighborhood Ωa on which f is
represented as f = 1

ψ h with ψ a non-zero element of O(Ωa), and h ∈ H(Ωa).
We call the sections of the sheaves M⊗O Fl(U) meromorphic families of

eigenfunctions. Let f ∈ (M⊗O Fl(U))(Ω). Then each a ∈ Ω has a neighborhood
Ωa on which f = 1

ψ
h with ψ ∈ O(Ωa), ψ �= 0, h ∈ Fl(U ; Ω). This means that for
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each g ∈ U there is a meromorphic function w 	→ f(w; g) on Ω. Moreover, the fg

have locally a common denominator.
Lemma 7.3.8 has a convenient consequence: a meromorphic family of eigen-

functions f on Ω × U for which all maps w 	→ f(w; g) are holomorphic, is a
holomorphic family.
7.4.12 Eigenfunction modules. We can characterize an eigenfunction module as a
submodule H of some Fl(U) satisfying

Hw = Fl(U)w ∩ (M⊗O H)w

for all w ∈W .
7.4.13 Polar set and zero set. Let f ∈ (M⊗O Fl(U))(Ω).

The zero set N (f) of f is the set of those a ∈ Ω for which a ∈ N (ψf) for all
ψ ∈ Oa satisfying ψf ∈ Fl(U)a. The polar set Pol(f) is the set of all w ∈ Ω at
which f is not holomorphic. By holomorphic at w we mean that its restriction to
some neighborhood of w is a holomorphic family of eigenfunctions.

If ψ ∈ O(Ω2), ψ �= 0, such that ψf is a holomorphic family on Ω2 × U , then
Pol(f) ∩ Ω2 ⊂ N (ψ).

7.4.14 Lemma. Let f be a meromorphic family of eigenfunctions on Ω× U .

i) N (f) and Pol(f) are analytic sets.

ii) Let a ∈ Pol(f). There exists a non-zero ψ ∈ O(Ω0) on a neighborhood Ω0

of a contained in Ω, such that ψf extends to Ω0×U as a holomorphic family
of eigenfunctions and such that there are w ∈ N (ψ) satisfying (ψf)(w) �= 0.

Proof. As N (f) is locally the intersection of analytic sets N (ψf), it is an analytic
set itself; see [17], Ch. 5, §6.1.

The existence of a neighborhood Ω0 of a and of ψ ∈ O(Ω0), ψ �= 0, such that
ψf extends as a holomorphic family on Ω0 × U , follows from the definition of a
meromorphic family.

Write ψ as the product of its irreducible factors ψ1, . . . , ψk in the factorial
ring Oa. We may take Ω0 such that all ψj ∈ O(Ω0). If N (ψj) ⊂ N (ψf), then ψ

ψj
f

is holomorphic on Ω0 by Lemma 7.3.9. We remove this factor ψj from ψ. Repeating
this we arrive at the situation N (ψ) �⊂ N (ψf).

Clearly Pol(f) ⊂ N (ψ). Consider one of the factors ψj that are left in ψ. As
N (ψj) �⊂ N (ψf), there is a g ∈ pr−1U such that ϕg : w 	→ (ψf)(w; g) and ψj are
relatively prime in Oa, hence in allOw with w ∈ Ω0, if we take Ω0 sufficiently small.
So f itself cannot be holomorphic on N (ψj)∩Ω0. Hence Pol(f)∩Ω0 = N (ψ)∩Ω0.
This shows that Pol(f) is an analytic set.
7.4.15 Complex dimension one. In the case that the parameter space W has com-
plex dimension one, we apply Lemma 7.3.9 to show that each meromorphic family
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of eigenfunctions has a well defined order at each point of its domain. Indeed,
consider such a family f at the point w0. Let q be a local coordinate on W at w0,
with q(w0) = 0. There is a unique order m ∈ Z such that w 	→ q(w)−mf(w) is
holomorphic and non-zero at w0.

For parameter spaces of higher dimension the situation is much more com-
plicated; see Section 12.2.

7.5 Families of automorphic forms

The results obtained up till now enable us to identify Al(c) and Sl(c) as eigen-
function modules contained in Al[YP ]. This implies the divisibility statement in
Proposition 7.2.9.
7.5.1 Redefinition of Al(c). Let l ∈ wt, and let c be a growth condition on Ω ⊂W .
For each P ∈ P and n ∈ CP there is the morphism of O-modules

F̃P,n : Al[YP ] −→ Al[U̇P (AP )] mod Al[UP (AP )].

Consider the intersection

⋂
P∈P

ker

⎛⎝Id−
∑

n∈c(P )

F̃P,n

⎞⎠ .

This is an eigenfunction module; see Lemma 7.3.13. Up to the Fourier terms indi-
cated by c, its sections are regular at each P ∈ P. It turns out to be the O-module
Al(c), defined in Definition 7.2.6. This means that the divisibility in part ii) of
Proposition 7.2.9 follows from Proposition 7.3.12.
7.5.2 Redefinition of Sl(c). It is also clear that

Sl(c) =
⋂

P∈P

⋂
n∈c(P )

ker
(
F̃P,n : Al(c) −→ Al[U̇P (AP )]

)
.

Hence Sl(c) is an eigenfunction module, and the divisibility in Proposition 7.2.9 is
clear for Sl(c).
7.5.3 Poincaré series. Take W = C1/2 = { s ∈ C : Re s > 1

2 } as in 7.1.5, with
χ ∈ Xu fixed, l ∈ R a weight for χ, P ∈ P, n ∈ CP (χ) = CP .

f : (s, g) 	→ Pl(P, n;χ, s; g)

defines f ∈ Al[YP ](C1/2), with YP = Y � {P}, and G̃P = pr−1YP . To see the
pointwise holomorphy, we do not try to differentiate under the sum defining the
Poincaré series, but proceed weakly. f is continuous on C1/2×G̃P , hence it defines
a distribution: f̂ : C∞

c (C1/2 ×HP ) → C given by

ψ 	→
∫

C1/2×HP

f(s; p(z))ψ(s, z)
ds ∧ ds̄

−2i
dμ(z)



124 Chapter 7 Families of automorphic forms

with HP = H � pr−1{P}. This integral is easily interchanged with the sum in
Proposition 5.1.6. Application of Lemma 7.3.3 shows that f is a holomorphic
family of eigenfunctions.

We take the growth condition c minimal for this situation: c(Q) contains n
if Q = P , and 0 if Q ∈ X∞ is singular for χ (i.e., χ(πQ) = 1). To show that
f ∈ Al(c; C1/2), we have to consider regularity at {P} ∪X∞.

If P ∈ PY , then the terms in the Poincaré series with γ · zP = zP are not
necessarily smooth at the points of p(zP )K̃. If we ignore these terms, the remaining
sum is pointwise holomorphic at all g ∈ pr−1{P}, and defines f̃ ∈ Al[UP (AP )].
The terms that we have ignored contribute only to F̃P,nf . In Lemma 7.4.9 we see
that (Id− F̃P,n)f̃ is regular at P .

At Q ∈ X∞ we put f̃ equal to f if P �= Q, and if P = Q to f −μl(P, n, s). In
Lemma 5.1.4 we see that f̃ is bounded on pr−1U̇Q(AQ) uniformly for s in compact
sets. As n ∈ R, the exponential factor in the definition of regularity in 7.4.2 does
not matter for the square integrability. The pointwise holomorphy and the uniform
bound for s in compact sets are sufficient to obtain L2-holomorphy with the help of
Lemma 7.4.3. The term μl(P, n, s) that is omitted contributes solely to the Fourier
term of order n at Q = P . So we may proceed as in the case P ∈ PY .

7.5.4 Functoriality in W . Similarly to what we remarked in 7.3.14, every morphism
of parameter spaces j : W1 → W gives rise (by composition) to morphisms of
sheaves Al(c) → j∗Al(c)(j) and Sl(c)→ j∗Sl(c)(j).

7.6 Families of Fourier terms

We identify the O-modules Wl(P, n) with submodules of Al[U̇P (AP )], and prove
the statements i) and ii) in Proposition 7.2.11.

We shall see that the standard sections ωl and μl from Section 4.2 suffice
to obtain a basis of M⊗O Wl(P, n). If one wants holomorphic bases, one has to
consider many cases. We carry this out from 7.6.12 on. The reader may want to
skip that material at first reading.

Fix P ∈ P, l ∈ wt, and n ∈ CP .

7.6.1 Redefinition of Wl(P, n). To see that Wl(P, n) is an eigenfunction module,
we characterize it as an intersection of such modules.

We define the subgroup M of G̃ and the group homomorphism ν : M →
O(W )∗ by

M = Ñ , ν(n(x);w) = e2πin(w)x if P ∈ X∞

M = K̃, ν(k(η);w) = ein(w)η if P ∈ PY .

Take b ∈ [0,∞) if P ∈ X∞, and b ∈ (0,∞] if P ∈ PY , and consider Ub ⊂ G̃ of
the form M{ a(y) : y > b }K̃ if P ∈ X∞, and M{ a(tu) : 0 < u < b }K̃ if P ∈ PY .
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For each m ∈M we have a morphism of O-modules pn,m : Fl(Ub) → Fl(Ub) given
by (pn,mf)(w; g) = f(gP mg−1

P g;w)− ν(m;w)f(g;w). We define

W(b)
l (P, n) =

⋂
m∈M

ker pn,m.

Lemma 7.3.13 tells us that W(b)
l (P, n) is an eigenfunction module. It is easy to

check that Wl(P, n) = W(b)
l (P, n), with b = 0 if P ∈ X∞, and b = ∞ if p ∈ PY .

7.6.2 A basis. Consider P ∈ P, n ∈ CP and fix a ∈ (0, b) if P ∈ PY , a ∈ (b,∞)
if P ∈ X∞. At this point we identify Wl(w)(P, n(w), s(w)) with the corresponding
functions in y, respectively u, on (0,∞). For each w ∈ W there is a unique basis
α, β of Wl(w)(P, n(w), s(w)) such that α(a) = 1, α′(a) = 0, β(a) = 0 and β′(a) = 1.
These solutions are holomorphic in the parameters n(w), l(w) and s(w). This gives
αP,n, βP,n ∈ W(b)

l (P, n;W ).

Each section f ∈ W(b)
l (P, n; Ω) determines holomorphic functions on Ω by

differentiation and evaluation at a. If P ∈ X∞ these are the functions w 	→
f(w; gP a(a)) and w 	→ ∂yf(w; gP a(y))|y=a, and if P ∈ PY the functions w 	→
f(w; gP a(ta)) and w 	→ ∂uf(w; gP a(tu))|u=a. This expresses f as a linear combi-
nation of αP,n and βP,n with coefficients in O(Ω). In this way

W(b)
l (P, n) = O · αP,n ⊕O · βP,n

∼= O2.

In particular, W(b)
l (P, n) and Wl(P, n) are isomorphic as O-modules for each b.

We have also proved part i) of Proposition 7.2.11.

The isomorphism betweenWl(P, n) andW(b)
l (P, n) with b ∈ (0,∞), is canon-

ical; it is obtained by restriction. The basis α, β of Wl is rather uncanonical. It
is more useful to distinguish sections of Wl by their asymptotic behavior, as we
have done in Section 4.2. By ωl(P, n;w; g) = ωl(w)(P, n(w), s(w); g), and similarly
for μl, we obtain explicit sections of Wl(P, n). The pointwise holomorphy follows
easily from known results concerning the special function involved.

7.6.3 Case P ∈ PY . The difference l−n is constant, hence p = 1
4 |n− l|, occurring

in the definition of ωl(P, n, s) in 4.2.9, is constant as well. ωl(P, n) is an element
of Wl(P, n;W ) for each parameter space W .

On {w ∈ W : s(w) �∈ − 1
2N } we have the section μl(P, n). One may check

explicitly that the multiple w 	→ Γ(1 + s(w))−1μl(P, n;w) extends to give an
element of Wl(P, n;W ). Hence μl(P, n) ∈ (M⊗O Wl(P, n))(W ).

By μ̃l(P, n) ∈ (M ⊗O Wl(P, n))(W ) we denote the section determined by
μ̃l(P, n;w; g) = μl(w)(P, n(w),−s(w); g).

7.6.4 Case P ∈ X∞. If Ω = {w ∈ W : Ren(w) �= 0 } is not empty, there is
ωl(P, n) ∈ Wl(P, n; Ω).
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As before, μl(P, n, s) gives a section μl(P, n) in M⊗O Wl(P, n)(W ). Multi-
plication by Γ(1 + 2s)−1 turns it into a holomorphic section. We form μ̃l(P, n) by
replacing s by −s.
Remark. To distinguish between μl and μ̃l we need to know s as a function on W ,
and not only the eigenvalue 1

4−s2. We have built the distinction between μl and μ̃l

into our definition of a parameter space.
7.6.5 Further identification. Take b = AP . On the one hand, W(AP )

l (P, n) is iso-
morphic toWl(P, n). On the other hand, we can extend sections ofW(AP )

l (P, n) to
pr−1U̇P (AP ) by χ-equivariance, obtaining sections of Al[U̇P (AP )]. HenceWl(P, n)
is canonically isomorphic to a submodule of Al[U̇P (AP )]. The image of F̃P,n :
Al[YP ] → Al[U̇P (AP )] is contained in the submodule isomorphic to Wl(P, n). We
can view F̃P,n as a morphism Al[YP ] →Wl(P, n).
7.6.6 Regular Fourier terms. Consider Wl(P, n) as a submodule of Al[U̇P (AP )].
DefineW0

l (P, n) = Wl(P, n)∩Al[UP (AP )]. By Proposition 7.4.7 and Lemma 7.3.13
this is an eigenfunction module.
7.6.7 Proof of part ii) of Proposition 7.2.11. We show that the following sections
form a basis of W0

l (P, n) on Ω ⊂ W (provided the indicated set Ω is non-empty
and open):

ωl(P, n) on Ω = W if P ∈ PY

ωl(P, n) on Ω = {w ∈ W : n(w) �= 0 } if P ∈ X∞

μ̃l(P, 0) on Ω = {w ∈ w : n(w) = 0, Re s(w) > 0 } if P ∈ X∞

μl(P, 0) on Ω = {w ∈ W : n(w) = 0, Re s(w) < 0 } if P ∈ X∞.

For P ∈ PY , inspection of the definition in 4.2.9 shows that ωl(P, n) is regular
at P . For P ∈ X∞, the asymptotic behavior gives a bound for the L2-norm of
ωl(P, n), μ̃l(P, n), and μl(P, n) on SP,AP

, uniform on compact sets in Ω. The
pointwise holomorphy gives weak holomorphy in L2(SP,AP

, dμ): integrate against
test functions in C0

c (SP,AP
). Lemma 7.4.3 gives holomorphy in L2-norm.

Consider f ∈ W0
l (P, n; Ω1) with Ω1 ⊂ Ω. Let η be the element ofW0

l (P, n; Ω)
indicated above. Proposition 4.2.11 shows that f(w) = c(w)η(w) with c(w) ∈ C

for each w ∈ Ω. Let a ∈ Ω. There are a neighborhood Ωa and g ∈ U̇P (AP ) such
that η(w; g) �= 0 for all w ∈ Ωa; see the asymptotic behavior of η as y → ∞,
respectively u ↓ 0. So c(w) = f(w;g)

η(w;g) for w ∈ Ωa. This shows that c ∈ O(Ω).

7.6.8 Wronskian. If f ∈ Wl(P, n;W ) is kept fixed, then g 	→ Wr(g, f) defines a
morphism of O-modules Wl(P, n) → O.

If we take η as in the proof of the previous proposition, then W0
l (P, n) is the

kernel of the morphism g 	→Wr(g, η).
7.6.9 Fourier coefficients of Poincaré series. The Fourier terms F̃Q,mṖl(P, n, χ) are
holomorphic sections over C1/2 ofWl(Q,m) for all Q ∈ P and m ∈ CQ; if m �∈ c(Q)
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they are sections in W0
l (Q,m; C1/2). The cl(Q,m;P, n;χ) : s 	→ cl(Q,m;P, n;χ, s)

discussed in Proposition 5.2.1 are holomorphic on C1/2. To see this note that
Ṗl(P, n, χ) − δP,QwP μl(P, n) is regular at Q, and apply 7.6.8, and Lemma 7.4.9.

Consider P,Q ∈ X∞. This is the situation discussed in Proposition 5.2.9. If
l ∈ (−1, 1] the holomorphic function s 	→ Gl(Q,m;P, n; s) has no zeros in C1/2.
Hence the series ∑

c

Sχ(Q,m;P, n; c)J(Q,m;P, n; s; c)

is holomorphic in s ∈ C1/2.

7.6.10 Functoriality in W . We have defined the eigenfunction modules Wl(P, n)
for each parameter space W . If j : W1 → W is a morphism of parameter spaces,
then the restriction of j� (see 7.3.14) gives a morphism of sheaves Wl(P, n) →
j∗Wl(P, n)(j). Under this morphism the explicit sections ωl(P, n) and μl(P, n) cor-
respond to ωl(P, n)(j) and μl(P, n)(j). The same holds for αP,n and βP,n, and for
the explicit sections discussed below.

7.6.11 Explicit basis, meromorphic case. As Wl(P, n) ∼= O2, the dimension of the
vector space (M⊗O Wl(P, n))(W ) over M(W ) is equal to 2.

The explicit expressions for the Wronskians in Section 4.2 imply that μl(P, n),
μ̃l(P, n) is a basis, unless s is constant on W with value in 1

2Z.
Similarly, μl(P, n), ωl(P, n) is a basis, provided Wr(μl(P, n), ωl(P, n)) does

not vanish identically on W , and, in the case P ∈ X∞, the function Ren has no
zeros on W .

7.6.12 Basis, holomorphic case. It is more difficult to obtain explicit O-bases of
Wl(P, n) itself. Of course one could use αP,n and βP,n with, e.g., a = AP , but this
is not very canonical.

In the remainder of this section we discuss explicit bases that we shall need
later on, in the study of singularities of Poincaré families in Chapters 11 and 12.

Let w0 ∈ W . We look for explicit holomorphic sections f and g of Wl(P, n)
on a neighborhood of w0 that form an O-basis of Wl(P, n) on this neighborhood.
By explicit we mean that we want to express f and g in ωl(P, n) and μl(P, n) with
known functions (e.g., gamma functions and exponentials) in the coefficients.

In the applications we have in mind, it suffices to do this under the assump-
tions χ(w0) ∈ Xu and Re s(w0) ≥ 0. We use the notation l0 = l(w0), n0 = n(w0)
and s0 = s(w0). Note that n0, l0 ∈ R.

We work in the stalk at w0. It is sufficient to exhibit two Mw0-linear combi-
nations f and g of μl(P, n) and ωl(P, n) or μ̃l(P, n), and check that

i) (holomorphy) f , g ∈ Wl(P, n)w0 ,

ii) (linear independence) Wr(f, g)(w0) �= 0.
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7.6.13 Lemma. Regular case. Suppose n0 �= 0 or P ∈ PY . Take g = ωl(P, n), and
take f in the following way:

i) Case P ∈ X∞. Put ε = sign(n0).

If 0 ≤ s0 ≤ (εl0 − 1)/2 and s0 ≡ (εl0 − 1)/2 mod 1, take f = ω̂l(P, n), given
by ω̂l(P, n;w; g) = ω̂l(w)(P, n(w), s(w); g), see 4.2.8.

Take f = μl(P, n) otherwise.

ii) Case P ∈ PY . Take ε, ζ ∈ {1,−1} such that εn0 ≥ εl0 and ζ(n0 + l0) ≥ 0;
put p = ε(n0 − l0)/4 and q = ζ(n + l)/4.

If 0 ≤ s0 ≤ q(w0) − p − 1
2 and s0 ≡ q(w0) − p − 1

2 mod 1, then take f =
ω̂l(P, n, ζ), given by ω̂l(P, n, ζ;w; g) = ω̂l(w)(P, n(w), ζ, s(w); g), see 4.2.9.

Take f = μl(P, n) otherwise.

Then f and g form an Ow0-basis of Wl(P, n)w0 .

Remark. In part ii) the function n− l is constant on W . The choice of ε does not
matter if n = l.
Proof. g and μl(P, n) are holomorphic at w0. So the only problem in choosing
f = μl(P, n) may be the vanishing of the Wronskian Wr0 = Wr(μl(P, n), ωl(P, n))
at w0.

Let P ∈ X∞. Then

Wr0 = (4πεn0)−s0+1/2Γ(2s0 + 1)Γ(
1
2

+ s0 − 1
2
εl0)−1.

The Wronskian Wr0 vanishes precisely under the conditions in i). The definitions
in 4.2.8 imply that ω̂l(P, n) ∈ Wl(P, n)w0 . In the special case, the non-vanishing
of Wr(f, g) at w0 is also clear from 4.2.8.

Let P ∈ PY . Put q0 = q(w0). In 4.2.9 we see that Wr0(w0) = (2p)!Γ(1 + 2s0)
Γ( 1

2 + s0 + p + q0)−1Γ( 1
2 + s0 + p − q0)−1. Solely the factor Γ(1

2 + s0 + p − q0)
may give a zero for Re s0 ≥ 0. This happens if and only if the conditions in ii)
are satisfied. So only under these conditions the choice f = μl(P, n) is not right.
In 4.2.9 we see that ω̂l(P, n, ζ) is in Wl(P, n)w0 , and that the relevant Wronskian
does not vanish at w0 under these conditions.

7.6.14 Lemma. New families. Let P ∈ X∞, n ∈ CP , l ∈ wt.

i) There exists λl(P, n) ∈ (M⊗O Wl(P, n))(W ) such that 2sλl(P, n) is equal
to μl(P, n) − μ̃l(P, n), and Wr(λl(P, n), μ̃l(P, n)) = 1.
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λl(P, n) is holomorphic at each w ∈ W for which s(w) = 0. If s(w) = n(w) =
0, then λl(P, n;w; gP a(y)) = y1/2 log y.

ii) Let b ∈ N. Put

wb
l (n, s) = (4πn)b

(
1−2s−l

2

)
b

Γ(−2s)
Γ(2s)

.

There exists νb
l (P, n) ∈ (M⊗OWl(P, n))(W ) that is holomorphic near all

points w ∈ W with s(w) = b
2 , and satisfies

Wr(μl(P, n), νb
l (P, n)) = 2s,

and if s(w) �∈ 1
2
Z

νb
l (P, n;w) = μ̃l(P, n;w) + wb

l(w)(n(w), s(w))μl(P, n;w).

Proof. The values at w ∈ W of the sections μl(P, n) and μ̃l(P, n) depend only on
s(w), l(w) and n(w). So for Wl(P, n) we could use C3 as a parameter space. First
we can consider (s, l, n) 	→ μl(P, n, s) as defined on C3, and afterwards on W with
help of composition with the holomorphic map ϕ = (s, l, n) : W → C3. It suffices
to prove the lemma on C3. The results in the previous sections stay valid, as long
as we do not use χ.

λ(P ; s, l, n) = 1
2s

(
μl(P, n, s) − μl(P, n,−s)

)
defines λ(P ) as a meromorphic

family of eigenfunctions on C3. It is holomorphic at all points with |Re s| <
1
2 , s �= 0, and the Wronskian Wr(λ(P ; s, l, n), μl(P, n,−s)) is equal to 1. Ap-
ply Lemma 7.3.9 to (s, l, n) 	→ 2sλ(P ; s, l, n) and the function (s, n, l) 	→ s to
see that λ(P ) is holomorphic at all points with s = 0. Define λl(P, n;w) =
λ(P ; s(w), l(w), n(w)).

Let b ∈ N. Then (s, l, n) 	→ (s− b
2
)μl(P, n,−s) is holomorphic at points with

s = b
2 , and

lim
s→b/2

(s− b
2 )μl(P, n,−s) =

1
2

(−1)b

(b− 1)! b!
(

1−b−l
2

)
b
(4πn)b μl(P, n, b

2 ).

As (s, l, n) 	→ μl(P, n, s) and (s, l, n) 	→ (s− b
2 )wb

l (n, s) are holomorphic near s = b
2 ,

and

lim
s→b/2

(s− b
2 )wb

l (n, s) = −1
2

(−1)b

(b− 1)! b!
(

1−b−l
2

)
b
(4πn)b,

we see that νb(P ; s, l, n) = μl(P, n,−s) + wb
l (n, s)μl(P, n, s) defines a holomorphic

section νb(P ) on a neighborhood of s = b
2 , with the Wronskian −2s with μl(P, n, s).

Define νb
l (P, n) : w 	→ νb(P ; s(w), l(w), n(w)).
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7.6.15 Lemma. Singular case. Let P ∈ X∞, and n0 = 0.

i) If s0 = 0, take g = μ̃l(P, n) and f = λl(P, n).

ii) If s0 = b
2

> 0, b ∈ N take f = μl(P, n) and g = νb
l (P, n).

iii) In all other cases take f = μl(P, n) and g = μ̃l(P, n).

Then f and g form an Ow0-basis of Wl(P, n)w0 .

Proof. There may occur two kind of difficulties. The first is the vanishing of the
Wronskian Wr(μl(P, n), μ̃l(P, n)) at w0; this happens if s0 = 0. The other difficulty
occurs if μ̃l(P, n) is not holomorphic at w0; that may happen if s0 ∈ 1

2N. In both
cases the previous lemma shows that the choice of f and g is suitable.

7.7 Differentiation

We prove the differentiation results in part i) of Proposition 7.2.9, and part iii) of
Proposition 7.2.11. This is easy for families of Fourier terms, as we have explicit
formulas for the basis elements. For families of automorphic forms, a bit more care
is needed.
7.7.1 Fourier terms. The statement concerning E± : Wl(P, n) → Wl±2(P, n) is
easily checked.

We have given a basis ofW0
l (P, n) over Ω ⊂ W in the cases a)–c) in part ii) of

Proposition 7.2.11, see 7.6.7. The differentiation results in Table 4.1 on p. 63 show
that E±ωl(P, n) is a holomorphic multiple of ωl±2(P, n). We proceed similarly in
the case with n = 0. This completes the proof of Proposition 7.2.11.
7.7.2 Proof of part i) of Proposition 7.2.9. It is straightforward to check that E+

and E− give morphisms ofO-modules E± : Al[V ] → Al±2[V ] for each open V ⊂ Y .
This means in particular that they preserve regularity at P ∈ PY . The only fact
left to prove is preservation of regularity at P ∈ X∞.

It is possible to construct examples where regularity is not preserved under
differentiation. (Use elements of Wl(P, n) with P ∈ X∞ and Re n = 0 somewhere
on W .) To get part i) of Proposition 7.2.9, we need to proof regularity at P ∈ X∞

of E±f [c, P ], for f ∈ Al[U̇P (AP )](Ω) such that f [c, P ] is regular at P .
Several reductions are possible. It is sufficient to prove regularity on a neigh-

borhood Ω of a point w0 ∈ W ; this neighborhood may be as small as we want.
Furthermore, we may enlarge c(P ) by adding finitely many n ∈ CP . Let w 	→ Fw,P

be the holomorphic family with values in L2(SP,AP
, dμ) given by Fw,P (z) =

e−2πinP (w)xf [c, P ](gP p(z)), with nP ∈ CP fixed, and denote the family corre-
sponding to the derivative by F±

w,P (z) = e−2πinP (w)xE±f [c, P ](gP p(z)). It suffices
to show L2-holomorphy of w 	→ F±

w,P on SP,b for some large b > AP . We apply
Lemma 7.4.3. The pointwise holomorphy is clear. So it suffices to show that the
norm ‖F±

w,P‖b in L2(SP,b, dμ) is bounded.
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As in Lemma 4.3.7, we have

Fw,P (z) =
∑

n

cn(w)e2πi(n(w)−nP (w))xωl(P, n;w; gP a(y)),

with n running through CP � c(P ). We can assume that |Re n(w)| > N for all
such n and all w ∈ Ω, for some large N . The family F±

w,P (z) is given by its Fourier
expansion. The operators E± and the F̃P,n commute. So we obtain

F±
w,P (z) =

∑
n

cn(w)t±n (w)e2πi(n(w)−nP (w))xωl±2(P, n;w; gP a(y)).

The explicit form of the t±n (w) can be found in Table 4.1 on p. 63. We may arrange
Ω such that the t±n (w) are bounded in w ∈ Ω, uniformly in n. For the norms
we obtain the expressions ‖Fw,P‖2AP

=
∑

n |cn(w)|2 Il(n,w,AP ), and ‖F±
w,P ‖2b =∑

n |cn(w)t±n (w)|2 Il±2(n,w, b), with

Il(n,w, b) =
∫ ∞

b

∣∣ωl(w)(P, n;w; gP a(y))
∣∣2 y−2dy.

To conclude the boundedness of ‖F±
w,P‖b on Ω from the boundedness of ‖Fw,P‖AP

,
it suffices to show that Il±2(n,w, b)/Il(n,w,AP ) is bounded, uniformly in w ∈ Ω
and in n with |Ren(w)| > N .

The asymptotic behavior of the Whittaker function W·,· mentioned in 4.2.8
is uniform on compact sets in the space of the parameters; this can be arranged
by taking Ω relatively compact. So there exists b0 ≥ AP such that for all b ≥ b0

and all w ∈ Ω

Il(n,w, b) ≥ 1
2

∫ ∞

b

|4πn(w)y|−|Re l(w)|
e−π| Im l(w)|/2e−4π|Re n(w)|y dy,

Il±2(n,w, b) ≤ 2
∫ ∞

b

|4πn(w)y||Re l(w)|+2
eπ| Im l(w)|/2e−4π|Re n(w)|y dy.

Take ζ ∈ (0, 1
2N

)
. We choose b ≥ b0 and c0 > 0 such that y|Re l(w)|+2 ≤ c0e

4πζy for
all y ≥ b. There is also a constant C1 to take care of the factors |4πn(w)|| Re l(w)|+2

and eπ| Im l(w)|/2. We obtain

Il(n,w, b) ≥ 1
2C1c0

∫ ∞

b

e4π(−ζ−|Re n(w)|)y dy =
1

8πC1c0

e−4π(ζ+|Re n(w)|)b

ζ + |Ren(w)| ,

Il±2(n,w, b) ≤ 2C1c0

∫ ∞

b

e4π(ζ−|Re n(w)|)y dy =
C1c0

2π

e4π(ζ−|Re n(w)|)b

|Re n(w)| − ζ
,

Il±2(n,w, b)
Il(n,w,AP )

≤ Il±2(n,w, b)
Il(n,w, b)

≤ 4(C1c0)2
(

1 +
2ζ

N − ζ

)
e8πζb.

Remark. I would prefer a proof that would not explicitly use the asymptotic prop-
erties of Whittaker functions.



Chapter 8
Transformation and truncation

In Chapters 8–10 we shall prove the existence of meromorphic families of automor-
phic forms, in particular the meromorphic continuation of Poincaré series. We have
explained the method in Section 1.6. In this chapter we generalize the contents of
1.6.1–1.6.2.

In Section 8.2 we construct a transformation function that will enable us to
identify the Hilbert spaces H(χ, l) for various unitary characters χ and weights l.
The resulting identification is not canonical; several choices have to be made. But
we take care to arrange the transformation in such a way that the terms in the
Fourier series expansions near the points P ∈ P are not jumbled.

The space denoted Hr in Section 1.6 is equal to H(χr, r) in the notation
of Chapter 6, with the character χr of Γ̃mod as defined in 13.1.3. In Section 1.6
we have used the transformation function to relate all H(χr, r) to H(1, 0). In the
general setting we leave more freedom. The group of characters X may have more
than one component, and even within one component we want to be able to put
the center of perturbation at whatever pair (χ0, l0) ∈ Xu ×R we want.

In Section 8.3 we define a closed subspace aH(χ0, l0) of the Hilbert space
H(χ0, l0), consisting of truncated functions. In Section 1.6 we have truncated the
zero order Fourier term at the cusp. Here we truncate at each P ∈ P a finite
number of Fourier terms, specified by a fixed growth condition c. In Section 8.4
we consider a subspace aD(χ0, l0) of aH(χ0, l0) that is closed for the energy norm,
similar to what we did in Chapter 6. In the next chapter we shall study a selfadjoint
holomorphic family of operators in the fixed Hilbert space aH(χ0, l0). That family
will be constructed in the same way as we obtained A(χ, l) (the extension of the
Casimir operator) in Section 6.5.

We aim at the construction of families of automorphic forms. In Proposi-
tion 8.3.6 we shall see that sections of a sheaf Al(c) of families of automorphic
forms give rise to functions from the parameter space to aH(χ0, l0) that are holo-
morphic in L2-sense. Lemma 4.5.2 suggests that these families might have their
values in aD(χ0, l0). In Section 8.5 we shall give a condition under which this is
the case.

8.1 Parameter space

In Chapters 8–10 we aim at the meromorphic continuation of Poincaré series,
jointly in the character and the spectral parameter. In general the character
group X is not simply connected, hence X × C is not allowed as a parameter
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space. Lemma 3.4.9 suggests to parametrize X by (χ0, ϕ) 	→ χ0 · exp (ϕ) with
χ0 ∈ X0 and ϕ ∈ V. We want to construct families that are meromorphic in (ϕ, s)
for each χ0 ∈ X0. It may be useful not to work on the whole of V, but on a linear
variety in it. For instance, in Section 15.5 we restrict our attention to Eisenstein
series of weight 0. This is accomplished by working on a two-dimensional linear
subspace of the three-dimensional space V of homomorphisms Γ̃com → C.

These considerations lead us to take a slightly more general parameter space
in this chapter and the next one. We allow any unitary character χ0 ∈ Xu as
the central point for the perturbation, and restrict ϕ to a linear subspace of V.
The point of view is local: we study families on some neighborhood of ϕ = 0. For
suitable growth conditions this neighborhood can be quite large.

8.1.1 Notation. By Vr we denote an R-linear subspace of the space Vr of group
homomorphism Γ̃ → R. Put V = C ⊗R Vr ⊂ V = hom(Γ̃, C). We fix a unitary
character χ0 ∈ Xu and use the parameter space V ×C with χ(ϕ, s) = χ0 · exp (ϕ),
and s(ϕ, s) = s. Often we shall write χ(ϕ) instead of χ(ϕ, s).

8.1.2 Comment. As we shall use L2-methods, we need a Hilbert space to work in.
This is accomplished by using χ0 ∈ Xu as the center of perturbation, and not a
general, possibly non-unitary, character in X .

8.1.3 Weights and Fourier term orders. Fix l0 ∈ R such that χ0(ζ) = eπil0 . Then
wt consists of the functions (ϕ, s) 	→ l0 + ϕ(ζ)

π +m with m ∈ 2Z; we use l : (ϕ, s) 	→
l0 + ϕ(ζ)

π .
For P ∈ P put

NP =

⎧⎨⎩ { ν ∈ R : e2πiν = χ0(πP ) } if P ∈ X∞

{ ν ∈ R : eπiν/vP = χ0(εP ) } if P ∈ PY .

The set NP is the set CP introduced in Section 4.1 for the character χ0. Here we
use another notation for it to avoid confusion with CP ⊂ O(V × C), as defined
in 7.1.3. The set CP consists of the functions

nν : (ϕ, s) 	→
⎧⎨⎩ ν + 1

2π
ϕ(πP ) if P ∈ X∞

ν + 1
π vP ϕ(εP ) if P ∈ PY ,

with ν running through NP .
Often we write nν(ϕ), respectively l(ϕ), instead of nν(ϕ, s), respectively

l(ϕ, s).
Giving a growth condition c corresponds to giving finite subsets c[P ] of the

NP : take c[P ] = { ν ∈ NP : nν ∈ c(P ) }. We shall impose the condition that
0 ∈ c[P ] for all P ∈ X∞ for which 0 ∈ NP . This is the same condition as in 4.3.1.
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8.2 Transformation

In 1.6.1 we have discussed a transformation function for the modular case. The
construction of a similar function in this section works for all cofinite discrete
groups Γ̃. It does not depend on ‘known’ functions like log η.

A transformation function has appeared in 7.4.2: to define L2-holomorphy
near P ∈ X∞ we replaced the function f ∈ C∞(Ω× pr−1U̇P (b)) by a family w 	→
Fw,P on Ω of elements of C∞(pr−1U̇P (b)) that are πP -invariant (U̇P (b) is a neigh-
borhood of P in Y ; see 3.5.3). In this way we could formulate the L2-holomorphy
in the fixed Hilbert space L2(SP,b, dμ). This transformation was accomplished as a
multiplication operator by the transformation function (w, gP p(z)) 	→ e−2πinP (w)x.
The choice of nP ∈ CP does not matter for the holomorphy condition.

The transformation function to be constructed in this section is global on Y .
On the sets pr−1U̇P (AP ) with P ∈ X∞ it will have the same form (w, gP p(z)) 	→
e−2πinP (w)x as in 7.4.2.

8.2.1 Lemma. There exists a C-linear map t : V → C∞(G̃) : ϕ 	→ tϕ such that

i) tϕ is real-valued for ϕ ∈ Vr.

ii) tϕ(γgk(θ)) = ϕ(γ) + tϕ(g) + ϕ(ζ)
π θ for γ ∈ Γ̃, g ∈ G̃, θ ∈ R. (ζ = k(π)

generates the center Z̃ of Γ̃.)

iii) If P ∈ X∞, then tϕ(gP p(z)k(θ)) = ϕ(πP )x + ϕ(ζ)
π

θ on pr−1U̇P (AP );
if P ∈ PY , then tϕ(gP k(η)a(tu)k(ψ)) = ϕ(ζ)

π (η + ψ) on pr−1U̇P (AP ).

Remarks. t is far from unique. For instance, we may add to tϕ any real-valued
element of C∞(Γ̃\G̃/K̃) whose support does not meet the UP (AP ).

Condition ii) ensures that e−itϕ has the desired transformation behavior.
Condition i) is useful in a Hilbert space context, as it implies |eitϕ | = 1 for ϕ ∈ Vr.
Condition iii) says that eitϕ has a very simple form near the points of P. This will
be important when we shall deal with Fourier expansions.

One might want to impose a differential equation on the tϕ. But if one does
so it becomes hard to satisfy condition iii).
Proof. It is sufficient to construct real-valued tϕ satisfying ii) and iii) for ϕ in an
R-basis of Vr. So we consider ϕ ∈ Vr, and construct tϕ.

First we construct f ∈ C∞(G̃), real valued, such that f(γg) = ϕ(γ)+f(g) for
all γ ∈ Γ̃. Take ψ ∈ C∞

c (G̃) with ψ ≥ 0,
∫

G̃
ψ(g) dg = 1. Let F be a fundamental

domain of Γ̃ in H. Put

f0(p(z)k(θ)) =
{

1 if z ∈ F, θ ∈ [0, π)
0 otherwise.
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So
∑

γ∈Γ̃ f0(γg) = 1 for all g except those for which gK̃ corresponds to a bound-
ary point of the fundamental domain F ⊂ H ∼= G̃/K̃. The sum is locally fi-
nite. Consider f1 = f0 ∗ ψ : g 	→ ∫

G̃
f0(gg−1

1 )ψ(g1) dg1. So f1 ∈ C∞(G̃). For
g1 ∈ suppψ and g ∈ G̃ we have

∑
γ∈Γ̃ f0(γgg−1

1 ) = 1, except for g1 in a set of
measure 0. So

∑
γ∈Γ̃ f1(γg) = 1. This is again a locally finite sum. Put f(g) =

−∑γ∈Γ̃ ϕ(γ)f1(γg). Note that f ∈ C∞(G̃), and that it satisfies f(γg) = ϕ(γ) +
f(g) for all γ ∈ Γ̃; in particular f(gζ) = f(ζg) = ϕ(ζ) + f(g). Put

f2(g) =
∫

R/πZ

(
f(gk(η))− ϕ(ζ)

π
η

)
dη

π
.

f2 ∈ C∞(G̃) is real valued and satisfies ii).
If h1, · · · , hN are real valued C∞-functions satisfying hj(γgk(θ)) = ϕ(γ) +

hj(g)+ ϕ(ζ)
π

θ and ψ1, · · · , ψN ∈ C∞(Γ̃\G̃) are real valued with
∑N

n=1 ψn = 1, then∑N
n=1 ψnhn is also real valued and satisfies ii). The hn need satisfy ii) only on

pr−1 suppψn.
Take for each P ∈ P a real valued function ψP ∈ C∞(Γ̃\G̃/K̃), such that

ψP = 1 on the set pr−1(UP (AP )) and pr(supp(ψP )) ⊂ UP (ÃP ), and put ψ∗ =
1 −∑

P∈P ψP . Take h∗ = f2. Let hP be given by the formulas in ii) and iii) on
pr−1U̇P (ÃP ) and equal to 0 elsewhere. Then ψ∗h∗ +

∑
P∈P ψP hP may be taken

as tϕ. The smoothness at points of gP K̃ for P ∈ PY follows from the fact that in
polar coordinates (η, u, ψ) 	→ η + ψ is smooth on G̃, see 2.2.6.
8.2.2 Remark. tϕ(p(z)k(θ)) = tϕ(p(z))+ϕ(ζ)θ/π. So the function ωtϕ is a function
on G̃/K̃ ∼= H. From ii) in the lemma it follows that ωtϕ ∈ C∞(Γ̃\G̃/K̃), and
from iii) that ωtϕ ∈ C∞

c (Γ̃\G̃/K̃). (Explicit differentiation shows that ωtϕ vanishes
on the sets pr−1U̇P (AP ).)
8.2.3 Derivatives. We define b±ϕ = iE±tϕ. The b±ϕ ∈ C∞(Γ̃\G̃) are functions of
weight ±2.

b±ϕ = −b∓ϕ̄

b±ϕ (gP p(z)k(θ)) = ±
(
−2ϕ(πP )y +

ϕ(ζ)
π

)
e±2iθ if P ∈ X∞, y > AP

b±ϕ (gP k(η)a(tu)k(ψ)) = ∓ϕ(ζ)
π

√
u

u + 1
e±2iψ if P ∈ PY , 0 < u < AP .

8.2.4 Transformation function. We shall use e−itϕ as the transformation function.
It is an element of C∞(G̃), vanishes nowhere, and satisfies

e−itϕ(γgk(θ)) = exp (ϕ)(γ)−1e−itϕ(g)e−iϕ(ζ)/π

e−itϕ(gP p(z)k(θ)) = e−iϕ(πP )x−iϕ(ζ)θ/π if P ∈ X∞, y > AP

e−itϕ(gP k(η)a(tu)k(ψ)) = e−i(η+ψ)ϕ(ζ)/π if P ∈ PY , 0 < u < AP .
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8.2.5 Transformation. Let V be as in 8.1.1. For ϕ ∈ V the map

C∞(G̃P) −→ C∞(G̃P) : f 	→ e−itϕf

gives a bijective correspondence between (χ0 · exp (ϕ))-
(
l0 + ϕ(ζ)

π

)
-equivariant and

χ0-l0-equivariant functions.
On the sets pr−1U̇P (AP ) there is a term-by-term correspondence between

the Fourier expansions:

F̃P,ν

(
e−itϕf

)
= e−itϕ F̃P,nν

f,

with ν ∈ NP , and nν as in 8.1.3.

8.2.6 Differential operator. Under this transformation the differential operator
ω − 1

4 + s2 corresponds to M(ϕ, s) = e−itϕ ◦ (ω − 1
4 + s2) ◦ eitϕ .

We use E±(ϕ) = e−itϕ ◦ E± ◦ eitϕ = E± + b±ϕ . On the functions of weight l0:

M(ϕ, s) = −1
4

E±(ϕ)E∓(ϕ)− 1
4
(l0 +

ϕ(ζ)
π

)2 ± 1
2
(l0 +

ϕ(ζ)
π

)− 1
4

+ s2

= ω − 1
4

+ s2

− 1
4
b−ϕ E+ − 1

4
b+
ϕ E− + i(ωtϕ)− 1

2π
l0ϕ(ζ)

− 1
4
b+
ϕ b−ϕ −

1
4π2

ϕ(ζ)2.

M(ϕ, s) is a perturbation of ω − 1
4

+ s2. It is polynomial of degree two in the
coordinates of ϕ.

M(ϕ, s) is an elliptic differential operator with coefficients in C∞(G̃), but
these smooth coefficients are not real analytic on G̃. So outside the pr−1U̇P (AP )
the eigenfunctions of M(ϕ, s) are smooth, but not necessarily real analytic.

8.2.7 Families of automorphic forms. Let Ω be an open subset of V × C, let
m : (ϕ, s) 	→ l + ϕ(ζ)/π and f a family of automorphic forms in Am(c; Ω). Then
F (ϕ, s) = e−itϕf(ϕ, s) determines F ∈ C∞(Ω × G̃P) satisfying F (w; γgk(θ)) =
χ0(γ)F (w; g)eil0θ for all γ ∈ Γ̃, and M(ϕ, s)F (ϕ, s) = 0, pointwise holomorphic
in w ∈ Ω, such that w 	→ F (w)[c, P ] determines an L2-holomorphic family on Ω
with values in L2(SP,AP

, dμ) for each P ∈ X∞ (see 7.2.3, and 7.4.2), and such that
F (w)[c, P ] has a C∞-extension to a neighborhood of Ω×pr−1{P} for each P ∈ PY .
We define the c-remainder by F [c, P ](g) = F (g)−Fourier terms of order ν ∈ c[P ])
for g ∈ pr−1U̇P (AP ), P ∈ P; we consider it as a function on Ω × pr−1U̇P (AP ).
This correspondence is bijective. We do not introduce a separate notation for the
set of these transformed elements of Am(c; Ω).
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8.3 Truncation

In 1.6.2 we have considered a subspace aH of H0 = H(χ0, 0) ∼= L2(F ). Its elements
have a Fourier coefficient of order zero that vanishes above y = a. In this section
we consider truncation in a more general context.

The problem that we avoid by working in the subspace aH of H(χ0, l0) can
be seen in 6.4.3 and Theorem 6.5.5: if some of the cuspidal orbits P ∈ X∞ are
singular for χ0, then the selfadjoint extension in H(l0) of the Casimir operator ω
does not have a compact resolvent. It is the Fourier term at P of order 0 that causes
the trouble. The idea from [12] is to throw away the offending Fourier term. Here
we even omit a finite number of Fourier terms. In this way we can avoid ‘offending
Fourier terms’ not only for χ0, but for all χ0 ·exp (ϕ) with ϕ ∈ U for a large U ⊂ V ,
if we might wish so.

We consider a growth condition c such that 0 �∈ NP � c[P ] for all P ∈ X∞.
8.3.1 Truncation points. For each P ∈ P, we fix a real number a(P ) ∈ IP ; if
P ∈ X∞, this number has to satisfy the additional condition

a(P ) >
|l0|

2π|ν| for all ν ∈ NP � c[P ] with l0ν > 0.

Put aY = X �
⋃

P∈P UP (a(P )), aIP = (AP , a(P )] if P ∈ X∞, aIP =
[a(P ), AP ) if P ∈ PY , and aÎP = IP � aIP . So IP is the interval on which the

ÃP = AP − 1 AP a(P )	 �ĨP

	 �IP

	 
aIP

	 �aÎP

0 a(P ) AP ÃP = 2AP	 	ĨP

	 	IP


 	aIP

	 	aÎP

Figure 8.1 The intervals ĨP , IP , aIP and aÎP , for P ∈ X∞ (top) and P ∈ PY (bottom).

Fourier expansion is transformed term by term. On ĨP � IP we have carried out
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the gluing in the proof of Lemma 8.2.1. The truncation will be carried out at a(P ).
(See Figure 8.1.)
8.3.2 Truncation. For a χ0-l0-equivariant function f ∈ C∞(G̃P) we define (a)f :
G̃P → C to be the χ0-l0-equivariant function satisfying

(a)f = f on pr−1aY
(a)f = f [c, P ] on pr−1U̇P (a(P )) for each P ∈ P.

Of course this truncation may be defined for more general functions than those in
C∞(G̃P). We use it for f ∈ H(l0) too. In the orthogonal decomposition

H(l0) ∼= L2
(
F ∩ pr−1aY, dμ

)⊕⊕
P∈P

⊕
ν∈NP

L2(aIP , dνP ),

it amounts to omitting the L2(aIP , dνP ) with ν ∈ c[P ].
The truncation depends on the growth condition c. This is not visible in the

notation.
8.3.3 Definition. We put

aH(l0) = the image of H(l0) under h 	→ (a)h
aK(l0) = aH(l0) ∩K(l0)

(a)K(l0) = the image of K(l0) under h 	→ (a)h.

Often we shall use an abbreviated notation: aH = aH(l0), aK = aK(l0), and
(a)K = (a)K(l0). In the notation we cannot see that these objects depend on c as
well.

Truncation may destroy differentiability, hence (a)K �⊂ K(l0). The space (a)K
is dense in aH, as h 	→ (a)h is continuous and K(l0) is dense in H(l0). Even aK is
dense in aH; this may be seen by considering separately L2

(
F ∩ pr−1aY, dμ

)
and

L2
(
F ∩ pr−1UP (a(P )), dμ

)
for P ∈ P. In each case h ∈ L2 may be approximated

by k ∈ K(l0) with support modulo Γ̃ × K̃ in the interior of the corresponding
subset of F . If h ∈ aH, then removal of the Fourier coefficients of k corresponding
to n ∈ c[P ] improves the approximation in L2(F ∩ pr−1UP (a(P ))) and brings k
into aK.
8.3.4 Hilbert subspace. aH(l0) may be characterized as the closed subspace of H(l0)
orthogonal to all ΘP,ν,l0ψ with P ∈ P, ν ∈ c[P ], ψ ∈ C∞

c (aÎP ) (see 6.3.1 for the
definition of the theta series ΘP,ν,l0ψ). So aH(l0) is a Hilbert subspace of H(l0).

If there are no singular cusps for χ0, then we may take c = n. In that case
aH(l0) = H(l0). The space aH in 1.6.2 is obtained by taking Γ̃ = Γ̃mod, χ0 = 1,
l0 = 0, P = Γ̃mod · i∞, P = {P}, and c[P ] = {0}.
8.3.5 Automorphic forms. We consider families of automorphic forms on Ω ⊂ V×C,
and we transform and truncate them. This gives holomorphic maps Ω → aH
characterized in the next proposition.
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Actually, we do not restrict ourselves to families on a subset of V × C, but
consider, more generally, families on a parameter space W that allows a morphism
of parameter spaces j : W → V × C. Recall the notation convention in 7.1.6: a
subscript (j) denotes objects living on W . The growth condition c(j) is defined by
c(j)(P ) = { ν ◦ j : ν ∈ c(P ) }.

8.3.6 Proposition. Let j : W → V × C be a morphism of parameter spaces. Define
m ∈ wt(j) by m = l ◦ j : w 	→ l0 + ϕ(j(w))/π. Let Ω ⊂ W be open. For each f ∈
Am(c(j); Ω) there exists Ff : Ω → aH(l0) given by Ff (w) = (a)

(
e−itϕ(j(w))f(w)

)
.

This gives a bijection from Am(c(j); Ω) onto the space of F : Ω → aH satisfying

i) F : Ω→ aH is L2-holomorphic,

ii)
(
F (w),M

(
ϕ(w), s(w)

)
k
)

l0
= 0 for all w ∈ Ω and all k ∈ aK.

Remark. This characterizes (a)
(
e−itϕAl0+ϕ(ζ)/π(χ0 · exp (ϕ), c1, s)

)
inside aH(l0) in

the case that W consists of one point. Here c1(P ) = c[P ] + ϕ(πP )
2π if P ∈ X∞ and

c1(P ) = c[P ] + vP ϕ(εP )/π otherwise.
Proof. We have defined Am(c(j)) in such a way that we get L2-holomorphy on
neighborhoods of P ∈ X∞. On compact sets in the fundamental domain, the
pointwise holomorphy gives L2-holomorphy by Lemma 7.4.3. So condition i) for Ff

is clear. As M(ϕ, s)aK ⊂ aK for all ϕ ∈ V , s ∈ C, we obtain(
Ff (w),M(ϕ(w), s(w))k

)
l0

=
(
e−itϕ(w)f(w),M(ϕ(w), s(w))k

)
l0

for all k ∈ aK. Use M(ϕ̄, s̄) = e−itϕ̄ ◦ (ω − 1
4 + s̄2) ◦ eitϕ̄ and Lemma 6.1.4 to

obtain ii).
To prove the converse, consider F : Ω → aH satisfying i) and ii). We shall

consider the distribution Φ on Ω×pr−1YP ⊂ W×H corresponding to the family F .
We suppose Ω to be small enough to admit complex coordinates w1, . . . , wN .

To define the distribution Φ we consider κ ∈ C∞
c (Ω×H). Define the function

κ̃ ∈ C∞(Ω× G̃) by κ̃(w; p(z)k(θ)) = κ(w; z)eil0θ. Then

kκ(w; g) =
∑

γ∈Z̃\Γ̃
χ0(γ)−1κ̃(w; γg)

defines kκ ∈ C∞(Ω×G̃) with compact support in Ω×(Γ̃\G̃/K̃) such that kκ(w; .) ∈
K(l0) for each w ∈ Ω. This gives a C∞-map w 	→ kκ(w; ·) on Ω with values in
H(l0). So Φ(κ) =

∫
Ω
(F (w), kκ(w))l0d vol(w), with d vol(w) = (−2i)−Ndw1∧dw1∧

· · · ∧ dwN ∧ dwN , is well defined. If we restrict the support of κ to a compact
set in Ω × H, then κ 	→ Φ(κ) is continuous in the sup-norm. So κ 	→ Φ(κ) is a
distribution.
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The sum defining kκ is locally finite, hence k∂wj
κ = ∂wj

kκ. This pointwise

derivative represents the derivative in L2-sense. Hence ∂wj
Φ(κ) = −Φ

(
∂wj

κ
)

=
− ∫

Ω

(
F (w), ∂wj

kκ

)
l0

d vol(w) =
∫
Ω

(
∂wj

F (w), kκ

)
l0

d vol(w) = 0, see condition i).

There is a differential operator D(w) on Ω×H such that M
(
ϕ(w), s(w)

)
kκ(w) =

kD(w)κ(w). Its transpose D(w)t is the operator M(ϕ(w), s(w)), acting on the func-
tions on Ω× H.

Suppose supp(κ) ⊂ Ω × interior
(
pr−1aY

)
. Then kκ(w) ∈ aK for all w ∈ Ω.

Condition ii) implies that Φ is annihilated by D(w)t on Ω × interior
(
pr−1aY

)
.

Add the sum of the −∂wj
∂wj

to D(w)t to get an elliptic differential operator. As
in 7.3.2, we conclude that Φ is given by a C∞-function on Ω × interior

(
pr−1aY

)
(not real analytic this time, as the coefficients of M(ϕ, s) are only smooth). On
Ω × pr−1UP (a(P )), we proceed similarly. From supp(κ) ⊂ Ω × pr−1UP (a(P ))
does not necessarily follow that kκ(w) ∈ aK; but removal of the Fourier terms
corresponding to ν ∈ c[P ] does not change (F (w), kκ(w))l0 .

We have shown that Φ is given by a smooth function outside the truncation
sets Ω×pr−1 (boundary(UP (a(P ))), satisfying ∂wj

Φ = 0, and D(w)tΦ = 0; remem-
ber that D(w)t is nothing else than M(ϕ(w), s(w)) written down as a differential
operator on H.

It now makes sense to form Fourier terms of Φ. The reasoning above shows
that Φ[c, P ] is smooth even at the truncation sets.

Consider ν ∈ c[P ]. The Fourier term of Φ of order (P, ν) is an element of
Wm(P, nν ; Ω) on the interior of Ω× (pr−1UP (AP ) � pr−1UP (a(P ))

)
. This we use

to extend it as a function on Ω×pr−1U̇P (AP ) annihilated by M(ϕ(.), s(.)). Doing
this for all ν ∈ c[P ] for all P ∈ P, we obtain Φ̃ ∈ C∞(Ω × pr−1YP), holomor-
phic in w ∈ Ω; for each w ∈ Ω it is an eigenfunction of M(ϕ(w), s(w)). Further,
F̃ (w; p(z)k(θ)) = Φ̃(w, z)eil0θ defines F̃ on Ω × G̃P such that (a)F̃ (w) = F (w).
The properties of Φ̃ imply that F̃ (w) = e−itϕ(w)f(w) for some f ∈ Fm(YP ; Ω). At
each P ∈ P, the c-remainder f [c(j), P ] is regular, as it corresponds to F (w) on
Ω× pr−1U̇P (a(P )).

8.4 The subspace for the energy norm

In Section 6.2 we have used the space D(l0) ⊂ H(l0) to get the selfadjoint ex-
tension A of ω on H(l0). Here we consider the analogous space aD(l0) in aH(l0).
Proposition 8.4.5 will give conditions under which reasonably smooth functions in
aH(l0) are elements of aD(l0).

The important advantage of the truncated set-up is the compactness of the
inclusion aD(l0) → aH(l0) (Lemma 8.4.8). Complications, however, are caused by
the fact that (a)K(l0) �⊂ K(l0).

Lemma 8.4.11 is rather technical but quite important. It gives an estimate
for the difference E±(ϕ)− E± considered as an operator aD(l0) → aH(l0 ± 2). We
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need this lemma in the application of analytic perturbation theory in the next
chapter.
8.4.1 Definition. aD(l0) = aH(l0) ∩ D(l0). So aD(l0) consists of those f ∈ aH(l0)
for which the distribution derivatives E±f are square integrable.

If f ∈ aD(l0), then E±f ∈ H(l0±2). So for P ∈ P, ν ∈ c[P ] and ψ ∈ C∞
c (aÎP ):

(E±f,ΘP,ν,l0±2ψ)l0±2 = −(f,ΘP,ν,l0ψ±)l0 = 0,

with ψ± ∈ C∞
c (aÎP ) given by ψ±(y) = 2yψ′(y) + (±(4πνy − l0)− 2)ψ(y) if P ∈

X∞, and ψ±(u) = 2
√

u2 + uψ′(u)±(−ν + (l0 ± 2)(2u + 1))ψ(u)/2
√

u2 + u if P ∈
PY , compare Lemma 6.3.6. This shows that E±aD(l0) is contained in aH(l0 ± 2).

On aD(l0) we put the scalar product (., .)D,l0 and the energy norm ‖.‖D,l0 of
D(l0). For this norm, aD(l0) is a Hilbert subspace of D(l0). Note that aK(l0) ⊂
aD(l0).
8.4.2 Example. If c �= n it is easy to obtain elements of aH(l0) that are not in
aD(l0). For example, take ν ∈ c[P ], P ∈ P. Choose ψ ∈ C∞

c (IP ). If ψ vanishes on a
neighborhood of a(P ), then (a)ΘP,ν,l0ψ ∈ aK(l0) ⊂ aD(l0). For general ψ ∈ C∞

c (IP )
consider FP,νE±(a)ΘP,ν,l0ψ as the distribution on IP sending η ∈ C∞

c (IP ) to

(E±(a)ΘP,ν,l0ψ, ΘP,ν,l0±2η̄)l0±2

= −((a)ΘP,ν,l0ψ, E∓ΘP,ν,l0±2η̄)l0 = −
(

(a)ΘP,ν,l0ψ, E∓ΘP,ν,l0±2η̄
)

l0

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2ψ(a(P ))η(a(P ))
a(P ) +

∫ a(P )

AP
(2yψ′(y)± (−4πνy + l)ψ(y)) η(y)dy

y2

if P ∈ X∞

8π
√

a(P )2 + a(P )ψ(a(P ))η(a(P )) +∫ AP

a(P )

(
2
√

u2 + uψ′(u) ± ν−l(1+2u)

2
√

u2+u
ψ(u)

)
η(u)4π du

if P ∈ PY ,

compare Lemma 6.3.6. This distribution is in L2(IP , dνP ) if and only if ψ(a(P )) =
0. So (a)ΘP,ν,l0ψ �∈ aD(l0) if and only if ψ(a(P )) �= 0.

We may carry out this reasoning in a bit more complicated situation and
obtain the next lemma. (See Figure 8.1 on p. 138 for IP , aIP , and aÎP .)

8.4.3 Lemma. Let f ∈ aD, P ∈ P, ν ∈ c[P ]. Suppose that the restriction of FP,νf to
aIP is represented by a C∞-function on interior(aIP ). Then FP,νf has a continuous
extension to IP with value 0 on aÎP , and FP,νE±f is represented by the function
on IP � {a(P )} given by⎧⎨⎩ (2y∂y ∓ 4πνy ± l0) FP,νf if P ∈ X∞(

2
√

u2 + u ∂u ± (ν−l0)−2ul0√
u2+u

)
FP,νf if P ∈ PY .
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Proof. Let ϕ1 ∈ C∞(aIP � {a(P )}) be given by the formula in the lemma. By
Lemma 6.3.6, it represents FP,νE±f on aIP � {a(P )}. As C∞

c (aIP � {a(P )}) is
dense in L2(aIP , dνP ), the extended function ϕ1, zero on {a(P )} ∪ aÎP , represents
FP,νE±f . In particular it is in L2(IP , dνP ).

For b ∈ aIP � {a(P )} put I(b) = (AP , b) if P ∈ X∞ and I(b) = (b, AP )
otherwise. For η ∈ L2(IP , dνP ) we have∫

aIP

ηϕ1 dνP = lim
b→a(P )

∫
I(b)

ηϕ1 dνP ,

with b varying in the interior of aIP .
Consider η ∈ C∞

c (IP ). Partial integration shows that

(E±f,ΘP,ν,l0±2η̄)l0±2 = −
∫

IP

FP,νf · η± dνP

= lim
b→a(P )

⎛⎝∫
I(b)

ϕ1 · η dνP +

⎧⎨⎩ − 2
b FP,νf(b)η(b) if P ∈ X∞

8π
√

b2 + bFP,νf(b)η(b) if P ∈ PY

⎞⎠ .

The limit of the integral exists. Hence FP,νf has a continuous extension to aIP .
The value at a(P ) can be nothing but 0, otherwise η 	→ (E±f,ΘP,ν,l0 η̄)l0±2 would
not be given by an element of L2(IP , dνP ).
8.4.4. Let us consider the converse situation: f ∈ C∞(GP), (a)f ∈ H(l0), (a)E±f ∈
H(l0 ± 2), FP,νf(a(P )) = 0 for all P ∈ P, ν ∈ c[P ]. The question is whether this
suffices to conclude that (a)f ∈ aD(l0).

That amounts to the question whether aE±f represents E±(a)f . So we want
to know whether(

(a)E±f, k
)

l0±2
+
(

(a)f, E∓k
)

l0
= 0 for all k ∈ K(l0 ± 2).

Consider first k ∈ K(l0 ± 2) with (a)k = k, and hence also (a)E∓k = E∓k.
Take b(P ) ∈ aÎP for each P ∈ P. Denote Fb = F �

⋃
P∈P pr−1 (UP (b(P ))). For

each such choice of b’s,(
(a)E±f, k

)
l0±2

+
(

(a)f, E∓k
)

l0

=
∫

Fb

(
E±f(p(z))k(p(z)) + f(p(z))E∓k(p(z))

)
dμ(z).

In the same way as in the proof of Lemma 6.1.4, this turns out to be equal to
the integral over the boundary of Fb of the 1-form −2f(p(z))k(p(z)) dx∓idy

y . The
contributions of most of the boundary components cancel each other. We are left
with a component for each P ∈ P, its image in X encircles P once. For P ∈ X∞,
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we take b(P ) large, such that the corresponding path is outside the support of k.
The corresponding contributions vanish.

Consider P ∈ PY . The Fourier terms of order (P, ν) with ν ∈ c[P ] are zero
for k. So we replace f by (a)f , without changing the value of the integral. We
obtain

−2
∫ π

η=0

(a)f(gP k(η)a(tb(P )))k(gP k(η)a(tb(P )))
dzη,b(P )

yη,b(P )
,

with zη,b = gP k(η) · itb and yη,b = Im zη,b. Note that limb↓0 tb = 1. A small
computations shows that

dzη,b

yη,b
=

cos η + itb sin η

cos η − itb sin η
dη.

If (a)f is smooth at p(zP ), then the integral has limit 0 as b ↓ 0. If (a)f is singular
at the points above P ∈ PY , the limit of the integral need not to vanish.

So we have to add a continuity condition on (a)f to the assumptions we started
with, if we want to be sure that (a)E±f represents E±(a)f .

A general k ∈ K(l0 ± 2) can be expressed as k = ka +
∑

P,ν ΘP,ν,l0±2ψP,ν ,
with ka ∈ K(l0 ± 2) satisfying ka = (a)ka, and ψP,ν ∈ C∞(IP ) vanishing on a
neighborhood of AP . If P ∈ X∞ then ψP,ν ∈ C∞

c (IP ). We still have to check the
desired equality for the ψP,ν ; it amounts to

∫
aIP

FP,νE±f · ψP,ν dνP +
∫

aIP
FP,νf ·

(ψP,ν)± dνP = 0, with (ψP,ν)± defined as in 8.4.1. Partial integration shows that
this equality follows from the assumption FP,νf(a(P )) = 0.

This reasoning and Lemma 8.4.3 together yield the following proposition.

8.4.5 Proposition. Let f ∈ C∞(G̃P) be χ0-l0-equivariant, and suppose that (a)f ∈
aH(l0), that (a)f is C∞ on a neighborhood of pr−1{P} for each P ∈ P, and that
(a)E±f ∈ aH(l0 ± 2).

Then (a)f ∈ aD(l0) if and only if FP,νf(a(P )) = 0 for all P ∈ P, ν ∈ c[P ]. If
this holds, then E±(a)f is represented by (a)E±f .

Remark. f itself need not be smooth at the points above P ∈ PY , but this non-
smoothness is allowed to involve only the Fourier terms specified by the growth
condition c.
8.4.6 Examples. We apply this proposition to f ∈ Al0(χ0, c, s). We know that
(a)E±f ∈ aH(l0 ± 2), see Proposition 4.5.3. So all f ∈ Sl0(χ0, c, s) give (a)f = f ∈
aD(l0).

If one accepts the meromorphic continuation of the Eisenstein series in the
modular case, as given by the Fourier series expansion in 1.4.4, one may obtain
examples from this family of non-cuspidal modular forms. Denote by E0(s) the
modular form on G̃ corresponding to the Eisenstein series E(s) on H. The propo-
sition implies that (a)E0(s) ∈ aD if and only if a2s = −Λ(2s)/Λ(2s + 1), with
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Λ(u) = π−u/2Γ(u/2)ζ(u). Consider s = it, t > 0. The equation becomes

t log a + arg Λ(1 + 2it) ∈ π(
1
2

+ Z),

for a continuous choice of arg Λ. One may check that arg Λ(1+2it) = 1
2 t log t+O(t)

as t→∞; use Stirling’s formula and a reasoning as in 9.4 of [58] for arg ζ(1+2it).
This implies that for each a ≥ 5 there are infinitely many t such that (a)E0(it) ∈ aD.

8.4.7 Lemma. aK(l0) is dense in aD(l0) with respect to ‖.‖D,l0 .

Proof. Suppose f ∈ aD(l0) is (., .)D,l0 -orthogonal to aK(l0). Then

(f, (ω + 1 +
1
4
l20)k)l0 = 0 for all k ∈ aK(l0).

As ω + 1 + 1
4 l20 = M(0, s0), with 1

4 − s2
0 = −1 − 1

4 l20, Proposition 8.3.6, applied
to W = {(0, s0)} ⊂ V × C, shows that f = (a)h for some h ∈ Al0(χ0, c, s0).
Proposition 8.4.5 implies that E±f is represented by (a)E±h.

For each ν ∈ c[P ], P ∈ P, we multiply the Fourier coefficient of order (P, ν)
of E±h by ψ ∈ C∞(IP ), ψ = 1 on a neighborhood of aIP , but ψ = 0 on aÎP �

(a neighborhood of a(P )). Thus we obtain h± ∈ D(l0 ± 2). As (a)E±h = E±f ∈
aH(l0 ± 2) and f ∈ aH(l0):

(E±f, E±f)l0±2 = (E±f, (a)E±h)l0±2 = (E±f, h±)l0±2

= −(f, E∓h±)l0 (Lemma 6.2.7)
= −(f, E∓E±h)l0 = −(f, (−4ω − l20 ∓ 2l0)h)l0

= (−4± 2l0)(f, h)l0 = (−4± 2l0)‖f‖2l0 .

We obtain ‖f‖2D,l0
= 1

8

∑
±(−4± 2l0)‖f‖2l0 + ‖f‖2l0 = 0.

8.4.8 Lemma. The inclusion aD(l0) → aH(l0) is compact.

Proof. Given ε > 0, choose α(P ) > a(P ) for P ∈ X∞ such that α(P ) > |l0|+2/
√

ε
4π|ν|

for all ν ∈ NP � c[P ]. Take U1 =
⋃

P∈X∞ UP (2α(P )), Ỹ = Y � U1, Y = Ỹ ∪ U ,
U =

⋃
P∈X∞ UP (α(P )). Lemma 6.3.7 implies for f ∈ aD:

∫
F∩pr−1U

|f |2 dμ ≤ ε

∫
F∩pr−1U

(
|f |2 +

1
8

∑
±
|E±f |2

)
dμ.

We multiply a given f ∈ aD by ψ ∈ C∞(Γ̃\G̃/K̃) such that ψ = 1 on pr−1Y � U
and ψ = 0 on pr−1U1. We apply Lemma 6.4.1 with Ỹ as given here. Then ψ ·f ∈ D̃.
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We conclude that for all f in a subspace of finite codimension in aD:∫
F∩pr−1Y �U

|f |2 dμ ≤
∫

F∩pr−1Ỹ

|f |2 dμ

≤ ε

∫
F∩pr−1Ỹ

(
|f |2 +

1
8

∑
±
|E±f |2

)
dμ.

8.4.9 Perturbation of E±. The operators E± : aD(l0) → aH(l0 ± 2) are continuous
if we provide aD(l0) with the norm ‖ · ‖D,l0 , and aH(l0± 2) with ‖ · ‖l0 . For ϕ ∈ V ,
we may view E±(ϕ) = e−itϕ ◦ E± ◦ eitϕ = E± + b±ϕ as a perturbation of E±. The
question is whether E±(ϕ) gives a continuous operator aD(l0) → aH(l0 ± 2). This
is a question concerning the operator ‘multiplication by b±ϕ ’. Lemma 8.4.11 gives a
positive answer, and expresses the norm of this operator in terms of two seminorms
on V .
8.4.10 Definition. ‖ϕ‖c = maxP∈X∞ |ϕ(πP )| defines a seminorm on V . It does not
depend on the truncation data, and satisfies ‖ϕ̄‖c = ‖ϕ‖c.

8.4.11 Lemma.

i) Let ϕ ∈ V . The map f 	→ b±ϕ f sends aD(l0) to aH(l0 ± 2).

ii) Put
ξ = min

P∈X∞, ν∈NP �c[P ]
Aa(P )(l0, ν),

with AB(., .) as in Lemma 6.3.7. There are a number n1 ≥ 0 and a seminorm
‖.‖b on V satisfying ‖ϕ̄‖b = ‖ϕ‖b, such that for each ε > 0

‖b±ϕ f‖2l0±2 ≤
(
‖ϕ‖2b +

(
n1 +

√
n1

εξ

)
‖ϕ‖2c

)
‖f‖2l0

+
(

4
ξ2

+
4ε
√

n1

ξ

)
‖ϕ‖2c‖f‖2D,l0

for all f ∈ aD(l0), ϕ ∈ V .

Remarks. In the proof we shall see that the seminorm ‖.‖b depends on many
choices, but that ‖.‖c and n1 do not.

AB(l0, ν) ∼ 2π|ν| as |ν| → ∞ for fixed l0. So ξ becomes a large quantity, if
we sufficiently enlarge the c[P ] for P ∈ X∞. Then the influence of ‖f‖D,l0 on the
estimate is small. In the application of analytic perturbation theory, the factor in
front of ‖f‖D,l0 will determine the region in V on which we have a holomorphic
family of operators. If we want meromorphic families of automorphic forms on a
large region, we should take the c[P ], with P ∈ X∞, large. If our aim is only local,
it is more sensible to take c minimal.
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Proof. From 8.2.3 it is clear that b±ϕ f is χ0-(l0±2)-equivariant. From Lemma 6.3.7
we obtain the square integrability of b±ϕ f .

We take Ỹ and U as in the proof of Lemma 8.4.8, but with α(P ) = a(P ).
Clearly

‖b±ϕ f‖2l0±2 ≤
∫

F∩pr−1Ỹ

|b±ϕ f |2 dμ +
∫

F∩pr−1U

|b±ϕ f |2 dμ.

Define ‖ϕ‖b = sup±, z∈pr−1Ỹ

∣∣b±ϕ (p(z))
∣∣. The integral over F ∩ pr−1Ỹ is bounded

by ‖ϕ‖2b‖f‖2l0 . On pr−1U we define f1 and f2 by

f1(gP p(z)) = ∓2ϕ(πP )yf(gP p(z))
f2(gP p(z)) = ±π−1ϕ(ζ)f(gP p(z)),

for P ∈ X∞ and gP p(z) ∈ pr−1U̇P (a(P )), see 8.2.3 for the relation with b±ϕ . We
use Lemma 3.4.4 and Lemma 6.3.7 to obtain for the integrals over F ∩ pr−1U(∫ ∣∣b±ϕ f

∣∣2 dμ

)1/2

≤
(∫

|f1|2 dμ

)1/2

+
(∫

|f2|2 dμ

)1/2

≤ 2‖ϕ‖c

ξ

(∫
1
8

∑
±

∣∣E±f
∣∣2 dμ

)1/2

+ β‖ϕ‖c

(∫
|f |2 dμ

)1/2

≤ ‖ϕ‖c

(
2
ξ
‖f‖D,l0 + β‖f‖l0

)
,

with β = 2π |X∞| vol(Γ̃\H)−1. Use xy ≤ 1
4ε

x2 + εy2 for x, y ≥ 0 to obtain

‖b±ϕ f‖2l0±2 ≤
(
‖ϕ‖2b +

(
β2 +

β

εξ

)
‖ϕ‖2c

)
‖f‖2l0 +

(
4
ξ2

+
4βε

ξ

)
‖ϕ‖2c‖f‖2D,l0 .

Take n1 = β2.

8.5 Families of automorphic forms

Proposition 8.3.6 gives a bijection f 	→ Ff between families of automorphic forms
and families of elements of aH(l0). Under what conditions is Ff (w) ∈ aD(l0)?
Could Ff be a holomorphic family with respect to the energy norm ‖.‖D,l0 as
well? Our tool is Proposition 8.4.5, but before we can apply it, we have to relate
E± and E±(ϕ).
8.5.1 Differentiation of families of automorphic forms. We use the notations of
Proposition 8.3.6 and consider f ∈ Am(c(j); Ω). We have already seen that E±f ∈
Am±2(c(j); Ω). Let

F (w) = (a)(e−itϕ(j(w))f(w)), F±(w) = (a)(e−itϕ(j(w))E±f(w)).
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Proposition 8.3.6 shows that F : Ω → aH(l0) : w 	→ F (w) and F± : Ω → aH(l0±2) :
w 	→ F±(w) are L2-holomorphic.

8.5.2 Lemma. In the notations given above:

{w ∈ Ω : F (w) ∈ aD(l0) }
= {w ∈ Ω : FP,νf(w; a(P )) = 0 for all ν ∈ c[P ], P ∈ P } .

Proof. We fix w ∈ Ω, and write f , F , F±, and ϕ instead of f(w), F (w), F±(w),
and ϕ(j(w)).

We want to apply Proposition 8.4.5 to g = e−itϕf . Clearly (a)g = F ∈ aH(l0).
The transformation preserves regularity. So (a)g is smooth above P ∈ PY . The
problem is to show that (a)E±g ∈ aH(l0 ± 2). Once we have done that the lemma
follows.

(a)E±g = (a)E±(e−itϕf)
= (a)E±(ϕ)

(
e−itϕf

)− (a)
(
b±ϕ e−itϕf

)
= (a)

(
e−itϕE±f

) − b±ϕ · (a)
(
e−itϕf

)
= F± − b±ϕ · F

So the question is whether b±ϕ F ∈ aH(l0 ± 2).
The square integrability of b±ϕ F is clear outside the sets F ∩ pr−1U̇P (AP )

with P ∈ X∞. Change the FP,nν
f with ν ∈ c[P ], P ∈ X∞, smoothly on IP such

that they vanish on aÎP and on a neighborhood of a(P ). This results in a function
f̃ , and in the corresponding function F̃ = (a)

(
e−itϕ f̃

)
. Proposition 8.4.5, applied

to e−itϕ f̃ , shows that F̃ ∈ aD(l0). Hence b±ϕ F̃ ∈ aH(l0 ± 2), see Lemma 8.4.11.
The functions F̃ and F coincide outside

⋃
P∈X∞

(
pr−1UP (AP ) � pr−1UP (a(P ))

)
.

So b±ϕ
(
F − F̃

)
∈ aH(l0 ± 2) as well.

Now we have got b±ϕ F ∈ aH(l0 ± 2), and apply Proposition 8.4.5 to complete
the proof.

For the implication from left to right we have F ∈ aD(l0) directly, and do not
need the introduction of f̃ and F̃ .

8.5.3 Cusp forms. In particular, if f ∈ Sm(c(j); Ω), then F (w) ∈ aD(l0) for all
w ∈ Ω.

8.5.4 Lemma. Use the notations given above. The family F is holomorphic Ω →
aD(l0) with respect to the norm ‖.‖D,l0 , if and only if FP,nν

f(w; a(P )) = 0 for all
w ∈ Ω, ν ∈ c[P ], P ∈ P.
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Proof. By the previous lemma it suffices to prove that the ‖.‖D,l0 -holomorphy of F
follows from the fact that F (w) ∈ aD(l0) for all w ∈ Ω.

By Proposition 8.3.6, the families F : Ω → aH(l0) and F± : Ω → aH(l0±2) are
L2-holomorphic. Proposition 8.4.5 implies that F±(w) − b±ϕ(j(w))F (w) represents
E±F (w). So if we take Ω small enough to have ‖F (w)‖l0 , ‖F±(w)‖l0±2, ‖ϕ(j(w))‖c,
and ‖ϕ(j(w))‖d bounded for all w ∈ Ω, then we obtain boundedness of ‖F (w)‖D,l0

as well; see Lemma 8.4.11. For k ∈ aK(l0) consider

w 	→ (F (w), k)D,l0

=
1
8

∑(
(F±(w), E±k)l0±2 − (F (w), b∓

ϕ(j(w))
E±k)l0

)
+ (F (w), k)l0 .

If this is holomorphic for all k ∈ aK(l0), we obtain the lemma by application
of Lemma 7.4.3. For w 	→ (F (w), b∓

ϕ(j(w))
k)l0 the holomorphy is not immediately

clear. But w 	→ F (w) is holomorphic Ω → aH(l0). For fixed k1 ∈ aK(l0 ± 2) the
map Ω → aK(l0) : w 	→ b∓

ϕ(j(w))
k1 is antilinear in the coordinates of ϕ(j(w)) with

respect to some basis of Vr. As the morphism of parameter spaces j : W → V ×C

is a holomorphic map, the coordinates of ϕ(j(w)) depend on w in a holomorphic
way. This gives the holomorphy of w 	→ (F (w), b∓

ϕ(j(w))
E±k)l0 .

8.5.5 Remark. These results reinforce the message of Proposition 8.3.6: study fam-
ilies of functions in aH(l0) or aD(l0) to obtain information on families of automor-
phic forms.



Chapter 9
Pseudo Casimir operator

In this chapter we consider — in a more general context — the operator aA dis-
cussed in 1.6.2, and its resolvent. We call aA the pseudo Casimir operator, as it is
the generalization of the pseudo Laplacian of Colin de Verdière, [12]. We use the
resolvent to prove a central result of this book, Theorem 9.4.1. This theorem gives
the existence of meromorphic families of automorphic forms that satisfy certain
conditions on their Fourier terms. The theorem implies that — generically on an
open neighborhood in V × C of any point in Vr × C — there are as many fami-
lies of automorphic forms as the Maass-Selberg relation allows, see Section 9.5. In
the context of Section 1.6, Theorem 9.4.1 amounts to the construction of aẼ(r, s)
in 1.6.4.

The pseudo Casimir operator aA depends on a parameter ϕ in V = hom(Γ̃, C)
(or on the weight r in the notations of Section 1.6). So it is actually a family
of operators, which extends the differential operator M(ϕ, 1

2), defined in 8.2.6.
We obtain this extension by the same procedure we used in Section 6.5 to get
the selfadjoint operator A(χ, l) extending ω. When we discuss in Section 9.1 the
sesquilinear form we need, we have to take into account the dependence on ϕ. We
obtain a family of sesquilinear forms that has nice properties on a neighborhood
of 0 in V. Section 9.2 gives the construction of aA, and the relation between its
eigenfunctions and automorphic forms.

The proof of Theorem 9.4.1 uses the resolvent of the family aA. In 1.6.4, we
could just refer to Kato’s book [25] for the properties of the resolvent as a function
of (r, s). But here the parameter r ∈ C is replaced by ϕ ∈ V, and the dimension
of V may very well be larger than one. Section 9.3 shows that the resolvent of aA
has the properties we shall need in Section 9.4.

I emphasize that this chapter is largely built on Colin de Verdière’s approach
of the meromorphic continuation of the Eisenstein series, [12].

We keep fixed a unitary character χ0, a suitable real weight l0 for χ0, a
linear subspace V of V, a set of exceptional points P, a growth condition c, and
truncation points a(P ), as in the previous chapter.

9.1 Sesquilinear form

We obtained the selfadjoint extension A(χ, l) of the Casimir operator ω : K(l) →
K(l) with help of the sesquilinear form s on D(l) introduced in Section 6.5. In
this chapter we associate a family of operators to a family ϕ 	→ s(ϕ) of sesquilin-
ear forms in aD(l0), corresponding to ϕ 	→ M(ϕ, 1

2
) with ϕ ∈ V . Remember that
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under the transformation introduced in the previous chapter, the differential op-
erator M(ϕ, s) corresponds to ω− 1

2 +s2 acting in the χ0 ·exp (ϕ)-l(ϕ)-equivariant
functions.

We shall show that there is a neighborhood V0 of 0 in V on which s(ϕ) is
relatively bounded with respect to ‖.‖D,l0 ; this is a condition under which the
family of operators associated to s has nice properties.
9.1.1 Definition. We define for ϕ ∈ V , and f, g ∈ aD(l0),

s(ϕ)[f, g] =
1
8

∑
±

(
E±(ϕ)f, E±(ϕ̄)g

)
l0±2

− 1
4

(
l0 +

ϕ(ζ)
π

)2

(f, g)l0 .

s(ϕ) is a sesquilinear form on aD = aD(l0).
9.1.2 Casimir operator. For ϕ ∈ V , k ∈ aK(l0), and f ∈ aD(l0):

(f,M(ϕ̄, s̄)k)l0 = s(ϕ)[f, k]− (
1
4
− s2)(f, k)l0 .

M(ϕ, s) is the differential operator corresponding to ω − 1
4 + s2 under the trans-

formation discussed in the previous chapter.
To see that (E±(ϕ)f, E±(ϕ̄)k)l0±2 = −(f, E∓(ϕ̄)E±(ϕ̄)k)l0 , we use the fact

that E±(ϕ̄)k ∈ K(l0 ± 2), and apply 6.2.1 and 8.2.3.
9.1.3 Decomposition. If f, g ∈ aD, then ϕ 	→ s(ϕ)[f, g] is a quadratic polynomial
in the coordinates of ϕ with respect to any basis of V . The decomposition into
homogeneous parts is s(ϕ) = s0 + s1(ϕ) + s2(ϕ) with

s0[f, g] =
1
8

∑
±

(E±f, E±g)l0±2 − 1
4
l20(f, g)l0

s1(ϕ)[f, g] =
1
8

∑
±

(
(E±f, b±ϕ̄ g)l0±2 + (b±ϕ f, E±g)l0±2

)
− l0

2π
ϕ(ζ)(f, g)l0

s2(ϕ)[f, g] =
1
8

∑
±

(b±ϕ f, b±ϕ̄ g)l0±2 − 1
4π2

ϕ(ζ)2(f, g)l0 .

9.1.4 Remarks. s0 is the restriction to aD of the form s in Section 6.5.
s0 is a symmetric closed sesquilinear form in aH, densely defined, and bounded

from below by − 1
4
l20 ‖.‖2l0 . On its domain aD(l0), it is relatively bounded with

respect to ‖.‖D,l0 ; in fact, s0 = ‖.‖2D,l0
− (1 + 1

4
l20
) ‖.‖2l0 .

A form t is relatively bounded with respect to a sectorial form t1 if dom(t) ⊂
dom(t1), and if there are a, b ≥ 0 such that |t[u, u]| ≤ a|t1[u, u]| + b‖u‖2 for all
u ∈ dom(t); see Kato, [25], Ch. VI, Remark 1.32.

Sectoriality generalizes the concept bounded from below. The values t1[f, f],
with f ∈ dom(t1), of a sectorial sesquilinear form t1 are situated in a sector of the
form { z ∈ C : | arg(z − γ)| ≤ θ }, with γ ∈ R and 0 ≤ θ < π/2; see [25], Ch. VI,
§1.2.
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9.1.5 Lemma. Let ϕ ∈ V .

i) The adjoint form s(ϕ)∗[f, g] = s(ϕ)[g, f ] is given by s(ϕ)∗ = s(ϕ̄).

ii) s1(ϕ) and s2(ϕ) are relatively bounded with respect to ‖.‖2D,l0
; there are

aj,q, bj,q ≥ 0, with j ∈ {1, 2}, q ∈ {b, c}, such that for all ϕ ∈ V , f ∈ aD:

|s1(ϕ)[f, f ]|
≤ (a1,b‖ϕ‖b + a1,c‖ϕ‖c)‖f‖2l0 + (b1,b‖ϕ‖b + b1,c‖ϕ‖c)‖f‖2D,l0

|s2(ϕ)[f, f ]|
≤ (a2,b‖ϕ‖2b + a2,c‖ϕ‖2c)‖f‖2l0 + b2,c‖ϕ‖2c‖f‖2D,l0

,

with the seminorms ‖ · ‖b and ‖ · ‖c as defined in 8.4.10 and Lemma 8.4.11.
Take n1 and ξ as in Lemma 8.4.11, and let ε > 0. Then the aj,q and bj,q

may be chosen such that

b1,b = 4ε2,

b1,c = 4/ξ + 2
√

n1ε + 4ε2

√
n1 +

√
n1/εξ,

b2,c = 2ξ−2 + ε
√

n1/ξ.

Remark. The relative boundedness with respect to s0 is equivalent to relative
boundedness with respect to ‖.‖2D,l0

; see [25], Ch. VI, §1.6.
Proof. The first part follows directly from the definition. From Lemma 8.4.11 we
obtain, with α = n1 +

√
n1

εξ and β = 4
ξ2 + 4ε

√
n1

ξ ,

|s1(ϕ)[f, f ]|
≤ 2

∑
±

1
8
‖E±f‖l0±2

√
(‖ϕ‖2b + α‖ϕ‖2c) ‖f‖2l0 + β‖ϕ‖2c‖f‖2D,l0

+ |l0| |ϕ(ζ)|
2π

‖f‖2l0

≤
√

n1

2π
|l0|‖ϕ‖c‖f‖2l0 + 2

(‖ϕ‖b +
√

α‖ϕ‖c

) ‖f‖l0‖f‖D,l0 + 2
√

β‖ϕ‖c‖f‖2D,l0
.

Lemma 3.4.4 shows how to express |ϕ(ζ)| in terms of ‖ϕ‖c. Use xy ≤ 1
8ε2 x2+2ε2y2

for x, y ≥ 0 to obtain the estimate of s1(ϕ)[f, f ] with

a1,b = 1/4ε2

a1,c = |X∞| vol(Γ̃\H)−1 +
√

α/4ε2

b1,b = 4ε2

b1,c = 4
√

αε2 + 2
√

β ≤ 4ε2

√
n1 +

√
n1/εξ + 4/ξ + 2ε

√
n1.
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Finally

s2(ϕ)[f, f ] ≤ 1
8

∑
±
‖b±ϕ f‖l0±2‖b±ϕ̄ f‖l0±2 +

|ϕ(ζ)|2
4π2

‖f‖2l0

≤ 1
4

((‖ϕ‖2b + α‖ϕ‖2c
) ‖f‖2l0 + β‖ϕ‖2c‖f‖2D,l0

)
+
|ϕ(ζ)|2

4π2
‖f‖2l0

gives

a2,b = 1/4

a2,c = n1/4 +
√

n1/4εξ + |X∞|2 vol(Γ̃\H)−2

b2,c = ξ−2 + ε
√

n1/ξ.

9.1.6 Lemma. There is an open subset V0 = V0(l0, χ0, c) in V such that:

i) V0(l0, χ0, c) is invariant under ϕ 	→ ϕ̄ and ϕ 	→ tϕ with t ∈ C, |t| ≤ 1.

ii) s(ϕ) is a closed sectorial sesquilinear form on aD for all ϕ ∈ V0(l0, χ0, c).

iii) V0(−l0, χ
−1
0 ,−c) = V0(l0, χ0, c).

If P and the a(P ) have been fixed, we can choose V0(l0, χ0, c) arbitrarily large,
provided we take the c[P ] with P ∈ X∞ large enough.

Remarks. In 9.1.4 we have indicated the meaning of ‘sectorial’.
Assertion ii) is the main one. It says that s behaves nicely on V0. Assertion iii)

is convenient when we apply the Maass-Selberg relation.
Proof. Theorem 1.33 in [25], Ch. VI, §1.6, gives a sufficient condition for s(ϕ) to
be a closed sesquilinear form:

|s1(ϕ)[f, f ] + s2(ϕ)[f, f ]| ≤ A‖f‖2l0 + B‖f‖2D,l0
for all f ∈ aD

for some constants A and B with B < 1. By the previous lemma, this is the case
if

b1,b‖ϕ‖b + b1,c‖ϕ‖c + b2,c‖ϕ‖2c < 1.

So we can easily arrange V0 as desired.
9.1.7 Remark. The family ϕ 	→ s(ϕ) is a holomorphic family of type (a) on V0

in the sense of Kato, [25], Ch. VII, §4.2, except for the fact that in loc. cit. the
parameter runs through an open set in C, whereas the dimension of V0 may be
larger than one.
9.1.8 How large can V0 be? Consider the modular case with P = Γ̃mod, P = {P}.
The seminorm ‖.‖b in Lemma 8.4.11 is of the form ‖rα‖b = |r|Nb; see 13.1.7 for
the definition of α. The positive number Nb is not known explicitly (it depends on
choices we have made). The other seminorm is ‖rα‖c = π

6
|r|.
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First take c = n, l0 = r0 ∈ (0, 6], and let χr0 play the role of the center
of perturbation χ0. The condition a(P ) > |l0|

2π|ν| for ν ∈ CP , l0ν > 0 in 8.3.1
amounts to a(P ) > 6

π
. But we have to take a(P ) > AP = 2 anyhow. We obtain

ξ = ξ(r0) =
(

π
6 − 1

2a(P )

)
r0. In the proof of Lemma 8.4.11 we have chosen n2

1 =

2π|X∞|/ vol(Γ\H); so n1 =
√

6. If(
4ε2Nb +

π

6

(
4
ξ

+ 2
√

6ε + 4ε2

√
6 +

√
6/εξ

))
|r|+ π2

36

(
2
ξ2

+
ε
√

6
ξ

)
|r|2 < 1,

then rα is an element of V0. Hence V0 contains each open disk around r0 with
radius strictly smaller than

(
1
2

√
6− 1

)
r0. Indeed, the terms 4π

6ξ
|r| and 2π2

36ξ2 |r|2 in
the inequality are the main ones. The other terms can be handled by making εξ
small. To come near to |r| =

(
1
2

√
6− 1

)
r0 we have to choose a(P ) sufficiently

large.
Another case is l0 = r0 = 0, and c[P ] = { ν ∈ Z : |ν| < N } with N > 0. We

may take any a(P ) > 2, and find ξ = 2πN . In this case, V0 can be chosen as a
disk around r0 = 0 with radius proportional to N .

In 15.5.2 we discuss an example where V0(l0, χ0, c) is unbounded even for a
small growth condition c.
9.1.9 Comparison at real points. Let ϕ ∈ Vr = V ∩ Vr. The map Uϕ : f 	→ eitϕf
gives a unitary isomorphism of H(χ0, l0) → H(χ0 · exp (ϕ), l0 + ϕ(ζ)/π).

For ϕ ∈ Vr we have the following relation between theta series

eitϕΘP,ν,l0,χ0ψ = ΘP,n1,l1,χ1ψ,

with n1 = nν(ϕ), l1 = l0 + ϕ(ζ)/π, and χ1 = χ0 · exp (ϕ). (See 6.3.1.) This implies
that Uϕ

aH(χ0, l0) = aH(χ1, l1) as long as c is a growth condition for χ1. (The
additional condition in 8.3.1 on the truncation points a(P ) with P ∈ X∞ does not
matter here.)

As Uϕ◦E±(ϕ) = E±◦Uϕ and b±ϕ
aD(l0) ⊂ H(l0±2), we obtain Uϕ

aD(χ0, l0) ⊂
aD(χ1, l1). We can reverse the roles of χ0 and χ1 = χ0 ·exp (ϕ) and use U−ϕ = U−1

ϕ

to obtain equality.
This gives, for f, g ∈ aD(χ0, l0),

(Uϕf, Uϕg)D,l1
= s(ϕ)[f, g] +

(
1 +

1
4
l21

)
(f, g)l0 ,

hence (f, g) 	→ s(ϕ)[U−ϕf, U−ϕg] is a restriction of the sesquilinear form introduced
in Section 6.5, but taken in the weight l1 = l0 + ϕ(ζ)/π.

In particular, for c = n the family ϕ 	→ s(ϕ) on {ϕ ∈ Vr : nν(ϕ) �= 0 for
all ν ∈ CP , P ∈ X∞} describes the sesquilinear forms in the various subspaces
D(l0 + ϕ(ζ)/π); c.f. Section 6.5.
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9.2 Pseudo Casimir operator

In Section 6.5 we used the form s to define the selfadjoint extension of the Casimir
operator ω : K(l) → K(l) in H(l). Here we do the same for s(ϕ). This leads to
an operator aA(ϕ) in aH(l0) extending M(ϕ, 1

2
) : aK(l0) → aK(l0). If the weight is

zero this is the pseudo Laplacian of Colin de Verdière, [12].
This works well for ϕ ∈ V0. We obtain a family ϕ 	→ aA(ϕ) of operators in

aH(l0) with compact resolvent. We have to pay a price for the truncation. We may
view the extension A(χ0, l0) of the Casimir operator ω as given by the action of ω
on the distributions. This is no longer true for the pseudo Casimir operator. In
distribution sense, aA(ϕ) differs from M(ϕ, 1

2) by an operator that is described in
Proposition 9.2.5.
9.2.1 Definition. Let ϕ ∈ V0. We define the pseudo Casimir operator aA(ϕ) :
dom aA(ϕ) → aH as the operator in aH associated to s(ϕ); see [25], Ch. VI, Theo-
rem 2.1. So dom aA(ϕ) = {u ∈ aD : (∃w ∈ aH) (∀v ∈ aD) s(ϕ)[u, v] = (w, v)l0 }. If
the w in the equality s(ϕ)[u, v] = (w, v)l0 exists, it is unique, and then aA(ϕ)u = w.
Lemma 8.4.7 implies that we can replace ∀v ∈ aD by ∀v ∈ aK.

The adjoint is aA(ϕ)∗ = aA(ϕ̄). In particular, if ϕ ∈ Vr ∩ V0 the operator
aA(ϕ) is selfadjoint and bounded from below:

(aA(ϕ)f, f)l0
≥ −1

4

(
l0 +

ϕ(ζ)
π

)2

‖f‖2l0 .

9.2.2 Proposition. The operator aA(ϕ) has compact resolvent in aH for each ϕ ∈
V0(l0, ϕ0, c).

Remark. The compactness of the resolvent is an important advantage of working
in aH instead of H(l0). The set of eigenvalues of each aA(ϕ) is discrete.
Proof. Theorem 3.4 in Ch. VI of [25] shows that having a compact resolvent is
a rather stable property. Apply it to the sesquilinear forms (., .)D,l0 =

(
1
4 l20 + 1

)
(., .)l0 + s(0) and s(ϕ) = (., .)D,l0 +

(
s1(ϕ) + s2(ϕ)− ( 1

4 l20 + 1
)
(., .)l0

)
to see that

aA(ϕ) has compact resolvent if the resolvent of aA(0) +
(

1
4
l20 + 1

)
Id is compact.

By loc. cit., Ch. III, Theorem 6.29 it is sufficient to show that aA(0)+
(

1
4 l20 + 1

)
Id

has a compact inverse.
The adjoint Id∗ : aH → aD of the compact inclusion aD → aH is compact

as well, see Lemma 8.4.8 and [25], Ch. III, §4.2, Theorem 4.10. We show that(
aA(0) +

(
1
4 l20 + 1

)
Id
)
Id∗ is the indentity on aH. Let g ∈ aH. For each h ∈ aD:((

aA(0) +
(

1
4
l20 + 1

)
Id
)

Id∗g, h

)
l0

= (Id∗g, h)D,l0 = (g, Idh)l0 = (g, h)l0 .

9.2.3 Lemma. aK ⊂ dom aA(ϕ) and aA(ϕ) = M(ϕ, 1
2
) on aK.
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Proof. Let k ∈ aK, v ∈ aD. Lemma 6.2.7 implies

(M(ϕ,
1
2
)k, v)l0 =

1
8

∑
±

(E±(ϕ)k, E±(ϕ̄)v)l0±2 − 1
4

(
l0 +

ϕ(ζ)
π

)2

(k, v)l0

= s(ϕ)[k, v].

9.2.4 Distributions. Let f ∈ dom aA(ϕ). Then aA(ϕ)f ∈ aH ⊂ H defines a linear
form k 	→ (k, aA(ϕ)f)l0 on K(l0), which we view as a distribution on H. Similarly,
k 	→ (k, f)l0 corresponds to a distribution. We denote this distribution by f . The
distribution derivative M(ϕ, 1

2)f : K(l0) → C : k 	→ (M(ϕ̄, 1
2)k, f)l0 coincides with

the distribution aA(ϕ)f on pr−1 (interior aY ) and on all open sets pr−1U̇P (a(P )).
This follows from the previous lemma. As f ∈ aD, we can ignore Fourier terms
specified by the growth condition.

9.2.5 Proposition. Let f ∈ dom aA(ϕ). For all P ∈ P, ν ∈ c[P ] there are dP,ν(f) ∈
C such that for all k ∈ K(l0)

(aA(ϕ)f, k)l0
= (f,M(ϕ̄,

1
2
)k)l0 +

∑
P∈P, ν∈c[P ]

dP,ν(f)FP,νk(a(P )).

If FP,νf is represented by a C∞-function on aIP , then

dP,ν(f) =

⎧⎨⎩ − (FP,νf)′ (a(P )) if P ∈ X∞

4π
(
a(P )2 + a(P )

)
(FP,νf)′ (a(P )) if P ∈ PY .

Remark. Differentiability on aIP is to be understood as differentiability on the
interior, and as one-sided differentiability at the boundary point a(P ) ∈ aIP . In
particular, all derivatives of FP,νf ∈ C∞(aIP ) are bounded functions on aIP .

FP,νf vanishes on aÎP . So FP,νf need not be an element of C∞(IP ).
Proof. The first result holds for k ∈ aK, as we have seen above. It is sufficient to
consider k = ΘP,ν,l0ψ with P ∈ P, ν ∈ CP , ψ ∈ C∞

c (IP ). Put

δ(ψ) = (aA(ϕ)f, k)l0 − (f,M(ϕ̄,
1
2
)k)l0 .

Note that E±f ∈ aH(l0 ± 2). We obtain

δ(ψ) =
∫

aIP

(
FP,ν

aA(ϕ)f · ψ̄ − 1
8

∑
±

FP,νE±(ϕ)f · e±(ϕ̄)ψ

+
1
4

(
l0 +

ϕ(ζ)
π

)2

FP,νf · ψ̄
)

dνP ,
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with e±(ϕ)ψ ∈ C∞(IP ) such that E±(ϕ)ΘP,ν,l0ψ = ΘP,ν,l0±2e
±(ϕ)ψ; see 6.3.1

and 6.3.4. As FP,ν
aA(ϕ)f , FP,νE±(ϕ)f and FP,νf are square integrable on IP and

vanish outside aIP , the distribution ψ 	→ δ(ψ) on IP is an element of the first
Sobolev space (i.e., it is continuous for the norm ψ 	→ ‖ψ‖ + ‖ψ′‖; see, e.g., [29],
App. 4, §1). Its support is contained in aIP . But if suppψ is contained in the
interior of aIP , then k = ΘP,ν,l0ψ ∈ aK, hence δ(ψ) = 0. So ψ 	→ δ(ψ) has support
inside {a(P )}. This is possible only if it is a multiple of the δ-distribution at a(P );
see [26], Ch. XI, §4, Theorem 4.1. This shows that (aA(ϕ)f, k)l0 − (f,M(ϕ̄, 1

2
)k)l0

has the form indicated in the proposition.
Let FP,νf ∈ C∞(aIP ). We want to rewrite the expression for δ(ψ) as δ(ψ) =∫

aIP
gψ dνP + C · ψ(a(P )) for some g ∈ L2(aIP , dνP ). Then the integral has to be

zero, and C equals dP,ν(f).

The terms with FP,ν
aA(ϕ)f and 1

4

(
l0 + ϕ(ζ)

π

)2

FP,νf already have the form∫
aIP

gψ dνP . The functions FP,νE±(ϕ)f are in C∞(aIP ), so their derivatives are
bounded on aIP . We have, modulo terms of the form

∫
aIP

gψ dνP :

∫
aIP

(
−1

8

)∑
±

FP,νE±(ϕ)f · e±(ϕ)ψ dνP

≡ −1
8

∑
±

∫
aIP

FP,νE±(ϕ)f ·
{

2y ψ′(y)
2
√

u2 + u ψ′(u)

}
· dνP

≡
{ − 1

4

∑
±

1
a(P ) (FP,νE±(ϕ)f)′ (a(P )) · ψ(a(P ))

π
∑

±
√

a(P )2 + a(P ) (FP,νE±(ϕ)f)′ (a(P )) · ψ(a(P )).

Lemma 8.4.3, with ν and l0 adapted, gives the form of FPνE±(ϕ)f . We work out
the case P ∈ X∞, and leave the other case to the reader. Write a(P ) = a.(

FP,νE±(ϕ)f
)′ (a)

= 2a (FP,νf)′ (a)∓ (4πνa− l0)FP,νf(a) ±
(
−2ϕ(πP )a +

ϕ(ζ)
π

)
FP,νf(a)

= 2a (FP,νf)′ (a).

We have used FP,νf(a) = 0, see Lemma 8.4.3. This leads to the desired value of
dP,νf .

9.2.6 Proposition. Let (ϕ, s) ∈ V0×C. Then f 	→ (a)
(
e−itϕf

)
gives a bijection from

{f ∈ Al0+ϕ(ζ)/π(χ0 · exp (ϕ), c, s): FP,nf(a(P )) = 0 for all P ∈ P, n ∈ c(P )(ϕ)}
onto ker

(
aA(ϕ)− 1

4
+ s2

)
.
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Remark. We have seen 8.4.6 that Eisenstein series for the modular group cor-
respond to elements of aD(0) for an infinite sequence of values of the spectral
parameter. This proposition tells us that those functions are eigenfunctions of the
pseudo Casimir operator.

Proof. Proposition 8.3.6 and Lemma 8.5.2 show that the map f 	→ (a)
(
e−itϕf

)
gives a bijection onto {h ∈ aD : (h,M(ϕ̄, s̄)k)l0 = 0 for all k ∈ aK }. To see
that this set is equal to ker

(
aA(ϕ)− 1

4 − s2
)
, note that 9.1.2 gives s(ϕ)[h, k] −((

1
4 − s2

)
h, k

)
l0

= (h,M(ϕ̄, s̄)k)l0 for all h ∈ aD, k ∈ aK.

9.2.7 Corollary. Let ϕ ∈ V0. The set of s ∈ C such that the space of cusp forms
Sl0+ϕ(ζ)/π(χ0 · exp (ϕ), c, s) is not trivial, is discrete in C.

Remark. This gives the discreteness of Σ0(χ, l) not only for unitary χ and real l,
but for nearby (χ, l) as well.

Proof. Use the compactness in Proposition 9.2.2.

9.2.8 Gluing. The treatment of the pseudo Casimir operator in this book is local
on Vr. We use it in Section 10.2 to obtain Poincaré families that are meromorphic
in several variables. There we glue the local results of this chapter on sets that we
call cells of continuation. In [5]–[7] the gluing was done for the family of pseudo
Casimir operators itself. As that may be useful in other situations, we indicate the
principle.

For χ̃0 ∈ Xu, c a growth condition suitable for χ̃0, and Vr an R-linear subspace
of Vr, let J be the connected component of 0 of the set of ϕ0 ∈ Vr such that c is
suitable for χ̃0 · exp (ϕ0). For each ϕ0 ∈ J we may take χ0 = χ̃0 · exp (ϕ0), and
obtain a holomorphic family of pseudo Casimir operators ϕ 	→ aAϕ0(ϕ−ϕ0) in the
space aHϕ0 . This family is defined on an open neighborhood ϕ0 + V0(l(χ0), χ0, c)
of ϕ0 in V . For a neighboring point ϕ1 ∈ J such that its neighborhood intersects
that of ϕ0, the families aAϕ1 and aAϕ0 correspond to each other on the intersection,
by means of the unitary map Uϕ1−ϕ0 discussed in 9.1.9. This one sees by checking
that the sesquilinear forms agree.

Thus we may identify all aHϕ0 to aH = aH0, and glue the various families aAϕ0

to one family aA in aH, holomorphic on a neighborhood of J in V . This family
has the properties discussed in this section. If dimC V = 1, the eigenvalues of
aA(ϕ) depend on ϕ ∈ J in an analytic way, see [25], Ch. VII, Theorem 3.9 and
Remark 4.22.

9.2.9 Untruncated case. Suppose c = n. Take J as above. All P ∈ X∞ are regular
for χ0 · exp (ϕ0) with ϕ0 ∈ J . Under the transformation Uϕ discussed in 9.1.9 the
form s(ϕ) corresponds to the form s used to define A(χ̃0 · exp (ϕ), l0 +ϕ(ζ)/π). So
aA(ϕ) is Uϕ ◦ A(χ0 · exp (ϕ), l0 + ϕ(ζ)/π) ◦ U−ϕ.
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9.3 Meromorphy of the resolvent

The pseudo Casimir operator aA(ϕ) depends on a parameter ϕ that varies in
a space that has in general complex dimension larger than one. So we cannot di-
rectly consider aA(.) as a holomorphic family of operators in the sense of Kato, [25],
Chap. VII. Instead, we use the resolvent (aA(ϕ)− λ)−1. We prove that the resol-
vent is meromorphic in ϕ and λ jointly. Most of the results we need are somewhere
in [25]; we prefer to work it out here in order to get some idea of what is going on.

We keep fixed χ0, l0, P, a(P ) for P ∈ P, and truncation data as before. In this
section we do not use s as the spectral parameter, but the eigenvalue λ = 1

4 − s2.
We use the subscript λ if we consider objects as a function of λ.
9.3.1 Resolvent. Let ϕ ∈ V0. The resolvent set aPλ(ϕ) consists of those λ ∈ C for
which the resolvent Rλ(ϕ, λ) = (aA(ϕ) − λ)−1 exists as a bounded operator on aH.
(The subscript λ in aPλ(ϕ) is just a symbol. It is not an instance of the variable λ.)
Proposition 9.2.2 implies that C � aPλ(ϕ) is a discrete set, the spectrum of aA(ϕ).

We put aPλ = { (ϕ, λ) ∈ V0 × C : λ ∈ aPλ(ϕ) }.
Later on, when s will be the spectral parameter, we shall use aP(ϕ) = { s ∈ C :

1
4 − s2 ∈ aPλ(ϕ) }, aP = { (ϕ, s) : (ϕ, 1

4 − s2) ∈ aPλ } and R(ϕ, s) = Rλ(ϕ, 1
4 − s2).

9.3.2 Proposition. aPλ is a dense open subset of V0×C; its complement (V0×C)�aPλ
is a complex analytic set.

If (ϕ, λ) �∈ aPλ and ϕ ∈ V0 ∩ Vr, then λ ∈ R and λ ≥ − 1
4 (l0 + ϕ(ζ)/π)2.

(ϕ, λ) 	→ Rλ(ϕ, λ) is a bounded-holomorphic family of operators aH → aD on
aPλ and a bounded-meromorphic family of operators aH → aD on V0 ×C.

Remarks. By bounded-holomorphy of Rλ on aPλ we mean that for each (ϕ0, λ0) ∈ aPλ
there is, on a neighborhood of (ϕ0, λ0), a power series representation of Rλ(ϕ, λ)
in λ − λ0 and the coordinates of ϕ − ϕ0 with bounded operators aH → aD as
coefficients. The series has to converge with respect to the operator norm. See [25],
Ch. VII, §1.1. By the family Rλ being bounded-meromorphic on V0 ×C, we mean
that for each w0 = (ϕ0, λ0) ∈ V0 × C there is a non-zero holomorphic function ψ
on a neighborhood Ω of w0 such that ψ · Rλ : (ϕ, λ) 	→ ψ(ϕ, λ)Rλ(ϕ, λ) extends
as a bounded-holomorphic family on Ω.

In terms of s instead of λ we obtain: aP is dense in V0×C; it is the complement
of a complex analytic set.

If (ϕ, s) ∈ (V0 × C) � aP, and ϕ ∈ V0 ∩ Vr, then s ∈ R ∪ iR and 1
4 − s2 ≥

− 1
4 (l0 + ϕ(ζ)/π)2.

(ϕ, s) 	→ R(ϕ, s) is a bounded-meromorphic family of operators aH → aD; it
is bounded-holomorphic on aP.

The proof of Proposition 9.3.2 is completed in 9.3.8. It is prepared in a se-
quence of lemmas. Lemma 9.3.7 is interesting in its own right. It gives information
on how ker(aA(ϕ)− λ) behaves locally on V × C.
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9.3.3 Lemma. There exists a self-adjoint operator H in aH, with dom(H) = aD,
such that (f, g)D,l0 = (Hf,Hg)l0 for all f, g ∈ aD.

H has an inverse H−1 which is bounded as an operator aH → aD.

Remark. H−2 = Id∗, the compact operator in the proof of Lemma 9.2.2. Indeed,
for f, g ∈ aH:(

H−2f, g
)
D,l0

=
(
H−1f,Hg

)
l0

=
(
HH−1f, g

)
l0

= (f, g)l0 .

Proof. Apply [25], Ch. VI, §2.6, Theorem 2.23 to the form (., .)D,l0 on aD to
obtain H. (In loc. cit. our H is called H1/2.) As H ≥ 1, it has a bounded inverse
H−1 : aH → aH. Clearly H−1(aH) = aD and ‖H−1f‖D,l0 = ‖f‖l0 for all f ∈ aH.

9.3.4 Lemma.

i) For each ϕ ∈ V0 there exists a bounded operator T (ϕ) : aH → aH such that
(T (ϕ)f, g)l0 = s(ϕ)[H−1f,H−1g] for all f, g ∈ aH.

T (ϕ) is a polynomial in the coordinates of ϕ with coefficients in the algebra
of bounded operators aH → aH.

ii) Let ϕ ∈ V0, λ ∈ C. Suppose that T (ϕ)−λH−2 has a bounded inverse Q(ϕ, λ) :
aH → aH. Then (ϕ, λ) ∈ aPλ, and Rλ(ϕ, λ) = H−1Q(ϕ, λ)H−1.

Remark. The operator H is used to associate a family of bounded operators ϕ 	→
T (ϕ) to s(·). These are easier to handle than the unbounded operators aA(ϕ).
Proof. (f, g) 	→ s(ϕ)[H−1f,H−1g] is a bounded sesquilinear form on aH, hence it
is given by a bounded operator T (ϕ). For all f, g ∈ aH and ϕ ∈ V0

(T (ϕ)f, g)l0
=

1
8

∑
±

(
(E± + b±ϕ )H−1f, (E± + b±ϕ̄ )H−1g

)
l0±2

− 1
4

(
l0 +

ϕ(ζ)
π

)2

(H−1f,H−1g)l0 ,

hence the map V0 → C : ϕ 	→ (T (ϕ)f, g)l0 is a polynomial of degree 2 in the
coordinates of ϕ. Each coefficient of this polynomial may be obtained as a lin-
ear combination of the values at some elements of V0, hence it corresponds to a
bounded operator too.

Suppose T (ϕ) − λH−2 has a bounded inverse Q(ϕ, λ) : aH → aH. Then
H−1Q(ϕ, λ)H−1 is an injective bounded operator aH → aD. For f ∈ aH, h ∈ aD

s(ϕ)[H−1Q(ϕ, λ)H−1f, h] = (T (ϕ)Q(ϕ, λ)H−1f,Hh)l0

= (f + λH−1Q(ϕ, λ)H−1f, h)l0 .

So H−1Q(ϕ, λ)H−1f ∈ dom aA(ϕ) and (aA(ϕ) − λ) H−1Q(ϕ, λ)H−1f = f .
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9.3.5 Lemma. Let ϕ0 ∈ V0. Take λ0 < −1− 1
4
l20−a1,b‖ϕ0‖b−a1,c‖ϕ0‖c−a2,b‖ϕ0‖2b−

a2,c‖ϕ0‖2c, with the aj,q as in Lemma 9.1.5. Then there is a neighborhood Ω of
(ϕ0, λ0) in V0×C such that T (ϕ)−λH−2 has a bounded inverse Q(ϕ, λ) : aH → aH
for all (ϕ, λ) ∈ Ω. Moreover, Q is bounded-holomorphic on Ω.

Proof. Lemma 9.1.5 implies for f ∈ aH:

Re
(
(T (ϕ0)− λ0H−2)f, f

)
l0

= Re s(ϕ0)[H−1f,H−1f ]− λ0‖H−1f‖2l0
= ‖H−1f‖2D,l0

−
(

1 +
1
4
l20

)
‖H−1f‖2l0 + Re s1(ϕ0)[H−1f,H−1f ]

+ Re s2(ϕ0)[H−1f,H−1f ] − λ0‖H−1f‖2l0
≥ (

1− b1,b‖ϕ0‖b − b1,c‖ϕ0‖c − b2,c‖ϕ0‖2c
) ‖H−1f‖2D,l0

+
(
−1− 1

4
l20 − a1,b‖ϕ0‖b − a1,c‖ϕ0‖c

− a2,b‖ϕ0‖2b − a2,c‖ϕ0‖2c − λ0

)
‖H−1f‖2l0

≥ (
1− b1,b‖ϕ0‖b − b1,c‖ϕ0‖c − b2,c‖ϕ0‖2c

) ‖f‖2l0 .
As ϕ0 ∈ V0, we have 1−b1,b‖ϕ0‖b−b1,c‖ϕ0‖c−b2,c‖ϕ0‖2c > 0. Hence T (ϕ0)−λ0H−2

has a bounded inverse in aH; let us call it Q0.
Consider C(ϕ, λ) =

(
T (ϕ) − T (ϕ0) + (λ0 − λ)H−2

)
Q0; it is a bounded oper-

ator aH → aH for all ϕ ∈ V0, λ ∈ C. It is a polynomial in the coordinates of ϕ−ϕ0

and λ − λ0 with bounded operators aH → aH as coefficients, and C(ϕ0, λ0) = 0.
So Id+C(ϕ, λ) has a bounded inverse, bounded-holomorphic in (ϕ, λ) on a neigh-
borhood Ω of (ϕ0, λ0), and Q0(Id + C(ϕ, λ))−1 is the inverse of T (ϕ) − λH−2.

9.3.6 Lemma. aPλ is open and dense in V0 × C, and the resolvent Rλ is bounded-
holomorphic on aPλ as a family of operators aH → aD.

Proof. As C� aPλ(ϕ) is discrete in C for each ϕ ∈ V0, the set aPλ is dense in V0×C.
As soon as we have proved the bounded-holomorphy of Rλ, it is clear too that aPλ
is open.

Take ϕ0 ∈ V0 and choose λ0 satisfying the condition in Lemma 9.3.5. By the
two preceding lemmas, (ϕ0, λ0) has a neighborhood Ω contained in aPλ, such that
Rλ(ϕ, λ) = H−1Q(ϕ, λ)H−1 for all (ϕ, λ) ∈ Ω, with Q bounded-holomorphic aH →
aH on Ω. Each coefficient X in the power series expansion of Q at (ϕ0, λ0) gives
a coefficient H−1XH−1 in a power series expansion of Rλ at (ϕ0, λ0), converging
in the norm for operators aH → aD. So the resolvent Rλ is bounded-holomorphic
aH → aD at (ϕ0, λ0).

Consider λ1 ∈ C, λ1 �= λ0, such that (ϕ0, λ1) ∈ aPλ. Theorem 3.12 in [25],
Ch. IV, §3.3 states that Rλ(ϕ, λ) = Φ(λ − λ0,Rλ(ϕ, λ0)) for all (ϕ, λ) ∈ aPλ,
where Φ : (η,B) 	→ Φ(η,B) is defined on an open set in the product of C and the
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algebra of bounded operators in aH. This shows that Rλ is bounded-holomorphic at
(ϕ0, λ1) as a family of operators aH → aH. To get bounded-holomorphy aH → aD
we use the resolvent equation

Rλ(ϕ, λ) = Rλ(ϕ, λ0) (Id + (λ− λ0)Rλ(ϕ, λ)) .

The factor Rλ(ϕ, λ0) is bounded-holomorphic aH → aD in ϕ. The other factor is
a bounded holomorphic family aH → aH.

9.3.7 Lemma. Let ϕ0 ∈ V0, λ0 ∈ C such that (ϕ0, λ0) �∈ aPλ. Then there exist the
following objects:

• a bounded-holomorphic family P of operators aH → aD on a neighbor-
hood Ω0 ⊂ V0 of ϕ0;

• a bounded-holomorphic family U of operators aH → aH on the same neigh-
borhood Ω0; the family of inverses ϕ 	→ U(ϕ)−1 exists as a bounded-holo-
morphic family of operators aH → aH on Ω0;

• a finite dimensional subspace N (ϕ0, λ0) of aD;

with the properties

i) P (ϕ)2 = P (ϕ) for all ϕ ∈ Ω0,

ii) P (ϕ)aH = U(ϕ)N (ϕ0, λ0), and U(ϕ)P (ϕ0) = P (ϕ)U(ϕ) for all ϕ ∈ Ω0,

iii) (ϕ, λ) 	→ Rλ(ϕ, λ)(Id − P (ϕ)) is a bounded-holomorphic family of operators
aH → aD on Ω0 ×W , for some neighborhood W of λ0,

iv) U(ϕ)N (ϕ0, λ0) ⊂ dom aA(ϕ) for all ϕ ∈ Ω0,

v) Ã(ϕ) = U(ϕ)−1aA(ϕ)U(ϕ) determines a linear operator in N (ϕ0, λ0) that
depends on ϕ in a holomorphic way.

vi) If (ϕ, λ) ∈ Ω0×W , then ker (aA(ϕ) − λ)m ⊂ U(ϕ)N (ϕ0, λ0) for each m ≥ 0.

Remark. Compare [25], Ch. VII, §1.3, Theorem 1.7, for the ideas behind this
lemma.
Proof. Fix a positively oriented contour C in aPλ(ϕ0) encircling λ0 once, but not
encircling any other points of C � aPλ(ϕ0). Then C ⊂ aPλ(ϕ) holds for all ϕ in a
sufficiently small neighborhood Ω0 of ϕ0 in V0; c.f. loc. cit., Ch. IV, Theorems 2.14
in §2.4 and 3.1 in §3.1. Take the open region enclosed by C as the neighborhood W
of λ0.

Define for ϕ ∈ Ω0

P (ϕ) =
−1
2πi

∫
C

Rλ(ϕ, λ) dλ.
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This is a bounded operator aH → aD and a compact operator aH → aH. The
proof that P (ϕ) satisfies property i) may be found in loc. cit., Ch. III, §6.4, proof
of Theorem 6.17 and Ch. I, §5.3. We give it here for the convenience of the reader.
We fix ϕ ∈ Ω0, and in this proof we omit ϕ from the notation. We assume that C
is a circle, and we adapt the coordinate λ such that C is given by |λ| = δ.

Define for n ∈ Z

Bn =
−1
2πi

∫
C

λ−n−1Rλ(λ) dλ.

This defines the Bn as bounded operators aH → aD, with ‖Bn‖ = O(δ−n). Note
that P (ϕ) = B−1. The resolvent equation implies

B2
−1 =

−1
2πi

∫
C

−1
2πi

∫
C

1
λ− μ

(
Rλ(λ)− Rλ(μ)

)
dλ dμ.

As (μ, λ) 	→ 1
λ−μ

(Rλ(λ)− Rλ(μ)) is holomorphic on a neighborhood of C × C

in C2, we can replace the cycle of integration by C0×C, with C0 given by |μ| = δ0,
where δ0 is slightly larger than δ. We obtain

B2
−1 =

−1
2πi

∫
C0

−1
2πi

∫
C

1
λ− μ

(
Rλ(λ)− Rλ(μ)

)
dλ dμ

=
−1
2πi

∫
C0

−1
μ

−1
2πi

∫
C

∞∑
n=0

(
λ

μ

)n (
Rλ(λ)− Rλ(μ)

)
dλ dμ

=
1

2πi

∫
C0

∞∑
n=0

μ−n−1B−1−n dμ

=
∞∑

n=0

1
2πi

∫
C0

μ−n−1 dμ B−1−n = B−1.

This shows that P (ϕ) is a projection operator.
As C ⊂ aPλ(ϕ), the bounded-holomorphy of Rλ on aPλ implies that ϕ 	→ P (ϕ)

is a bounded-holomorphic family of operators aH → aD.
Define for ϕ ∈ Ω0:

U(ϕ) = P (ϕ)P (ϕ0) + (Id− P (ϕ))(Id − P (ϕ0)).

U is bounded-holomorphic aH → aH and U(ϕ0) = Id. So U(ϕ)−1 exists and
ϕ 	→ U(ϕ)−1 is bounded-holomorphic aH → aH, if we take Ω0 sufficiently small
(use the series

∑∞
n=0 Xn with X = U(ϕ0) − U(ϕ)). We have used the method in

[2], Supplement, §2, Theorem 3 to construct the family U , and not the method in
[25], Ch. II, §4.2 and Ch. VII, §1.3, proof of Theorem 1.7. The latter construction
does not work immediately in the higher dimensional case.
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Note that
U(ϕ)P (ϕ0) = P (ϕ)P (ϕ0) = P (ϕ)U(ϕ).

We put N (ϕ0, λ0) = P (ϕ0)aH. Then U(ϕ)N (ϕ0, λ0) = P (ϕ)U(ϕ)aH = P (ϕ)aH;
this is property ii).

We define Ã(ϕ) = U(ϕ)−1 aA(ϕ)U(ϕ)P (ϕ0). It is bounded-holomorphic as a
family of operators aH → aH. To see this, we write it as U(ϕ)−1 (aA(ϕ)P (ϕ)) U(ϕ);
we shall show that aA(ϕ)P (ϕ) is bounded-holomorphic aH → aD.

The compactness of the projection operators P (ϕ) : aH → aH implies that
the spaces P (ϕ)aH have finite dimension. The relation U(ϕ)P (ϕ0) = P (ϕ)U(ϕ)
implies that U(ϕ) : N (ϕ0, λ0) → P (ϕ)aH is an isomorphism.

We have s(ϕ)[Rλ(ϕ, λ)f, h] = (f, h)l0 + (λRλ(ϕ, λ)f, h)l0 for ϕ ∈ Ω0, λ ∈
aPλ(ϕ), f ∈ aH, h ∈ aD . Hence

s(ϕ)[P (ϕ)f, h] =
(−1

2πi

∫
C

λRλ(ϕ, λ) dλ · f, h

)
l0

.

This shows that P (ϕ)aH = U(ϕ)N (ϕ0, λ0) ⊂ dom aA(ϕ). This is property iv). We
also conclude that

aA(ϕ)P (ϕ) =
−1
2πi

∫
C

λRλ(ϕ, λ) dλ (9.1)

is bounded-holomorphic aH → aD for ϕ ∈ Ω0. So

Ã(ϕ) = U(ϕ)−1aA(ϕ)U(ϕ)P (ϕ0) = U(ϕ)−1
(

aA(ϕ)P (ϕ)
)

U(ϕ)

defines a bounded-holomorphic family of operators N (ϕ0, λ0) → aH.
We show that P (ϕ0)Ã(ϕ) = Ã(ϕ) by proving the equality P (ϕ)aA(ϕ)P (ϕ) =

aA(ϕ)P (ϕ). For λ ∈ aPλ(ϕ):

Rλ(ϕ, λ)aA(ϕ)P (ϕ) = P (ϕ) + λRλ(ϕ, λ)P (ϕ),

P (ϕ)aA(ϕ)P (ϕ) =
−1
2πi

∫
C

(
P (ϕ) + λRλ(ϕ, λ)P (ϕ)

)
dλ

= aA(ϕ)P (ϕ),

see Equation (9.1). So Ã(ϕ) gives a holomorphic family of operators in the space
N (ϕ0, λ0); this is property v).

Consider f1, . . . , fm ∈ dom aA(ϕ), f0 = 0, with (aA(ϕ) − λ)fj = fj−1 for
j = 1, . . . ,m. For λ1 ∈ aPλ(ϕ), 1 ≤ j ≤ m:

Rλ(ϕ, λ1)fj =
1

λ− λ1
fj − 1

λ− λ1
Rλ(ϕ, λ1)fj−1,

hence
P (ϕ)fj = fj +

−1
2πi

∫
C

1
λ1 − λ

Rλ(ϕ, λ1)fj−1 dλ1.
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For j = 1 we obtain f1 ∈ P (ϕ)aH = U(ϕ)N (ϕ0, λ0). We proceed inductively to
show that fj ∈ P (ϕ)aH. It suffices to show that −1

2πi

∫
C

1
λ1−λ0

Rλ(ϕ, λ1) dλ1 P (ϕ) =
0. The induction hypothesis fj−1 ∈ P (ϕ)aH gives (P (ϕ)− Id)fj = 0. This implies
that vi) holds.

Note that
X(ϕ, μ) =

−1
2πi

∫
C

1
λ1 − μ

Rλ(ϕ, λ1) dλ1

is holomorphic on Ω0×W . For (ϕ, μ) ∈ (Ω0×W )∩aPλ the resolvent equation gives

X(ϕ, μ) = −Rλ(ϕ, μ) +
−1
2πi

∫
C

1
μ− λ1

(
Rλ(ϕ, μ)− Rλ(ϕ, λ1)

)
dλ1

= −Rλ(ϕ, μ) +
−1
2πi

Rλ(ϕ, μ)Rλ(ϕ, λ1) dλ1

= Rλ(ϕ, μ) (P (ϕ) − Id) .

In this way we have obtained iii). The equality X(ϕ, μ)P (ϕ) = 0 extends to (ϕ, μ) ∈
Ω0 ×W by holomorphy. This concludes the proof of vi).
9.3.8 Proof of Proposition 9.3.2. The statement for real ϕ follows from the bound
in 9.2.1. The resolvent is bounded-holomorphic on aPλ by Lemma 9.3.6.

For the bounded-meromorphy of the resolvent as a family of operators aH →
aD on a neighborhood of a point (ϕ0, λ0) ∈ (V0 × C) � aPλ, we need consider only
(ϕ, λ) 	→ Rλ(ϕ, λ)P (ϕ), see iii) in the previous lemma.

For (ϕ, λ) ∈ aPλ ∩(Ω0 ×W ) we have

U(ϕ)−1Rλ(ϕ, λ)U(ϕ) ·
(
Ã(ϕ)− λ

)
P (ϕ0)

= U(ϕ)−1Rλ(ϕ, λ)
(
A(ϕ)− λ

)
U(ϕ)P (ϕ0) = P (ϕ0).

Hence U(ϕ)−1Rλ(ϕ, λ)P (ϕ)U(ϕ) = U(ϕ)−1Rλ(ϕ, λ)U(ϕ)P (ϕ0) is the inverse of
Ã(ϕ)− λ on the finite dimensional space N (ϕ0, λ0).

As Ã(ϕ) : N (ϕ0, λ0) → N (ϕ0, λ0) depends on ϕ in a holomorphic way, the
determinant ψ(ϕ, λ) = det

(
Ã(ϕ) − λ

)
is a holomorphic function on Ω0 ×W that

is non-zero on aPλ. So Q̃(ϕ, λ) = ψ(ϕ, λ)
(
Ã(ϕ) − λ

)−1

extends as a holomorphic
family of linear operators in N (ϕ0, λ0). For (ϕ, λ) ∈ (Ω0 ×W ) ∩ aPλ:

ψ(ϕ, λ)Rλ(ϕ, λ)P (ϕ) = ψ(ϕ, λ)U(ϕ)
(
Ã(ϕ)− λ

)−1

U(ϕ)−1P (ϕ)

= U(ϕ)Q̃(ϕ, λ)U(ϕ)−1P (ϕ).

ψ · Rλ · P extends as a bounded-holomorphic family of operators aH → aH on
Ω0 ×W . From

U(ϕ)Q̃(ϕ, λ)U(ϕ)−1P (ϕ) = U(ϕ)P (ϕ0)Q̃(ϕ, λ)U(ϕ)−1P (ϕ)
= P (ϕ)U(ϕ)Q̃(ϕ, λ)U(ϕ)−1P (ϕ),
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follows that it is even bounded-holomorphic as a family aH → aD. (The leftmost
P (ϕ) is bounded-holomorphic as a family of operators aH → aD.)

Near (ϕ0, λ0) the set aPλ is described by det(Ã(ϕ)−λ) �= 0. So its complement
is a complex analytic set.

9.4 Meromorphic families of automorphic forms

We are ready to prove Theorem 9.4.1, which is a central result. In the context of
Section 1.6, this theorem gives the existence of aẼ(r, s), see 1.6.4. In the general
situation, it gives the existence of many meromorphic families of automorphic
forms on V0 ×C.

We use the the resolvent family R(., .) in the way indicated in 1.6.4. In the
previous section, we have seen that the resolvent forms a bounded meromorphic
family of operators in aH.

We return to the use of s as the spectral parameter. The relation (ϕ, s) 	→
(ϕ, λ) = (ϕ, 1

4 − s2) connects the spaces V0 × C here and in the previous section.

9.4.1 Theorem. Let Ω ⊂ V0 × C be open; denote by m : (ϕ, s) 	→ l0 + ϕ(ζ)
π the

weight with value l0 at ϕ0. For each collection ρ = (ρP,n)n∈c[P ], P∈P of holomorphic
functions on Ω there exists a unique meromorphic family of automorphic forms
eρ ∈ (M⊗O Am(c))(Ω) such that

FP,neρ(a(P )) = ρP,n for all n ∈ c(P ), P ∈ P.

This family is holomorphic on Ω ∩ aP.
Let (ϕ0, s0) ∈ Ω, ϕ0 ∈ Vr. If (FP,neρ)

′ (a(P )) is holomorphic at (ϕ0, s0) for
all n ∈ c(P ), P ∈ P, then eρ is holomorphic at (ϕ0, s0).

Remarks. The set aP is open and dense in V0 × C, see Lemma 9.3.6. It intersects
each line {ϕ} ×C discretely.

We may take Ω = V0 × C, and V = V = hom(Γ̃, C). In that way we obtain
the existence of many meromorphic families of automorphic forms on the rather
general parameter space V0×C ⊂ V ×C. In particular, the M(V0×C)-dimension
of (M⊗O Am(c))(V0 × C) is at least |c|. Enlarging c enlarges V0 sufficiently to
cover X by sets of the form χ0 · exp (V0).

From a suitable choice of c and the ρP,n we shall obtain the meromorphic
continuation of Poincaré series in ϕ and s jointly, see the next chapter.

Near real points ϕ0 the holomorphy of eρ is implied by the holomorphy of
its Fourier terms that are specified by c. I do not know whether this or a similar
result holds for non-real ϕ.

Theorem 9.4.1 has the following truncated version:
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9.4.2 Proposition. Let Ω ⊂ V0 × C and ρ = (ρP,ν)ν∈c[P ], P∈P a collection of
holomorphic functions on Ω. Then there exists a unique L2-meromorphic map
Eρ : Ω → aH(l0) such that

i) (Eρ(ϕ, s),M(ϕ̄, s̄)k)l0
= 0 for all (ϕ, s) ∈ Ω, k ∈ aK(l0).

ii) Let P ∈ P, ν ∈ c[P ]. The corresponding Fourier term has the form F̃P,νEρ =
ρP,ναP,nν

+ σP,νβP,nν
on aIP with σP,ν ∈M(Ω).

iii) Eρ is L2-holomorphic on Ω ∩ aP.

For w0 = (ϕ0, s0) ∈ Ω, ϕ0 ∈ Vr, the holomorphy of the σP,ν at w0 implies
the L2-holomorphy of Eρ at w0.

Remarks. αP,nν
and βP,nν

have been introduced in 7.6.2. They are determined by
their values and derivatives at a(P ).

The orthogonality of Eρ to M(ϕ̄, s̄)aK implies that FP,νEρ is given by a linear
combination of αP,nν

and βP,nν
on aIP . Property ii) states that the extension of this

function to IP has value ρP,ν at a(P ). Proposition 8.3.6 shows that this proposition
implies Theorem 9.4.1.
9.4.3 Remarks on the proof. We give the proof of Proposition 9.4.2 in 9.4.4–9.4.14.

In 1.6.4, we have explained the main idea of the proof. The role of L(r)− 1
4
+s2

there is played here by M(ϕ, s). The Eρ to be constructed here correspond to
aẼ(r, s) in 1.6.4. Property ii) in the proposition amounts to FP,νEρ(ϕ, s; a(P )) =
ρP,nν

(ϕ, s) for all P ∈ P, ν ∈ c[P ]. This replaces the property F0
aẼ(r, s; a) = 1.

We construct Eρ in the form Eρ(ϕ, s) = (a)h(ϕ, s) −G(ϕ, s), with families h
and G. The h in 1.6.4 corresponds to (a)h here.

We first give h, pointwise holomorphic on Ω and satisfying

FP,νh(ϕ, s; a(P )) = ρP,ν(ϕ, s)

for P ∈ P, ν ∈ c[P ]. The relation between (a)h and G is given by property i). For
h sufficiently nice, this amounts to(

aA(ϕ)− 1
4

+ s2

)
G(ϕ, s) = (a)(M(ϕ, s)h(ϕ, s)) .

So we can get hold of G(ϕ, s) by means of the resolvent, and iii) is fulfilled auto-
matically.

Here we are interested also in the relation between holomorphy of Eρ and of
the Fourier terms specified by c. We did not consider that aspect in Section 1.6.
9.4.4 Construction of h. For each P ∈ P, choose τP ∈ C∞(IP ) such that 0 ≤ τP ≤
1, τP = 0 on a neighborhood of AP and τP = 1 on aÎP and on a neighborhood of
a(P ) in IP . (See Figure 8.1 on p. 138 for the intervals IP , aÎP , . . . .) Put

θP,ν(ϕ, s) = ρP,ν(ϕ, s) · τP · αP,nν
(ϕ, s) for (ϕ, s) ∈ Ω, ν ∈ c[P ].
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Define h(ϕ, s) by

h(ϕ, s) = 0 on pr−1
(
Y �

⋃
P∈P UP (AP )

)
,

FP,νh(ϕ, s) = 0 for P ∈ P, ν ∈ NP � c[P ]

FP,νh(ϕ, s) = θP,ν(ϕ, s) for P ∈ P, ν ∈ c[P ].

This gives h as a family of functions satisfying property ii) in Proposition 9.4.2 on
a neighborhood of the sets pr−1UP (a(P )). Moreover, M(ϕ, s)h(ϕ, s) = 0 on these
sets. By construction, h is pointwise holomorphic on Ω, and M(ϕ, s)h(ϕ, s) is an
element of aK for all (ϕ, s) ∈ Ω. The map Ω → aH : (ϕ, s) 	→ M(ϕ, s)h(ϕ, s) is
L2-holomorphic, and so is (ϕ, s) 	→ (a)h(ϕ, s). The Fourier coefficient FP,ν

(a)h(ϕ, s)
is represented by ρP,ν(ϕ, s)αP,nν

(ϕ, s) on a neighborhood of a(P ) in aIP .
Lemma 6.1.4 and the definition of M(., .) give, for each k ∈ aK,(

(a)h(ϕ, s),M(ϕ̄, s̄)k
)

l0
= (h(ϕ, s),M(ϕ̄, s̄)k)l0 = (M(ϕ, s)h(ϕ, s), k)l0 .

9.4.5 Construction of G. Property i) in the proposition means that we want to
solve the equation M(ϕ, s)Eρ(ϕ, s) = 0 in distribution sense. We have already
obtained h that satisfies property ii). We try to solve M(ϕ, s)G = M(ϕ, s)h(ϕ, s)
in another way. The resolvent enables us to do this in L2-sense.

G(ϕ, s) = R(ϕ, s) (M(ϕ, s)h(ϕ, s))

defines a meromorphic map G : Ω → aD, holomorphic on Ω ∩ aP (see Proposi-
tion 9.3.2). This map satisfies(

aA(ϕ) − 1
4

+ s2

)
G(s, ϕ) = M(ϕ, s)h(ϕ, s) for each (ϕ, s) ∈ Ω ∩ aP .

Let k ∈ aK. On the one hand,
((

aA(ϕ)− 1
4

+ s2
)
G(ϕ, s), k

)
l0

= s(ϕ)[G(ϕ, s), k] −(
1
4 − s2

)
(G(ϕ, s), k)l0 = (G(ϕ, s),M(ϕ̄, s̄)k)l0

. On the other hand, this equals
(M(ϕ, s)h(ϕ, s), k)l0 = (h,M(ϕ̄, s̄)k)l0 =

(
(a)h(ϕ, s),M(ϕ̄, s̄)k

)
l0

. In this way we
obtain (

G(ϕ, s) − (a)h(ϕ, s),M(ϕ̄, s̄)k
)

l0
= 0

for all k ∈ aK, (ϕ, s) ∈ Ω ∩ aP.
9.4.6 Construction of Eρ. Now Eρ = (a)h − G defines an L2-meromorphic map
Ω → aH satisfying i) and iii). On the interior of aIP the Fourier coefficient FP,νEρ

satisfies weakly (
lP,nν

(ϕ)− 1
4

+ s2

)
FP,νEρ = 0
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(see 4.1.2 and 4.1.3 for lP,nν
), hence it is given by a linear combination of αP,nν

and βP,nν
. Lemma 8.4.3 shows that G(ϕ, s) can provide only a multiple of βP,nν

.
So (a)h gives us the value at a(P ) prescribed by property ii).
9.4.7 Uniqueness. Let F satisfy the properties i)–iii). Property ii) and Proposi-
tion 9.2.5 imply that (F − Eρ) (ϕ, s) ∈ ker

(
aA(ϕ) − 1

4
+ s2

)
for (ϕ, s) ∈ Ω ∩ aP,

hence F = Eρ on Ω ∩ aP, hence on Ω.
9.4.8 Singularities of Eρ not reflected in the σP,ν . The Fourier coefficients σP,ν

introduced in ii) are holomorphic on Ω ∩ aP. Suppose w0 ∈ Pol(Eρ), and suppose
that all σP,ν are holomorphic at w0. Write Eρ = 1

ψ Lψ with ψ a non-zero element
of O(Ω1) such that Lψ : Ω1 → aH is L2-holomorphic on some neighborhood Ω1

of w0. Choose ψ minimal with respect to divisibility in the stalk Ow0 . Apply
Lemma 7.4.14 to the family of eigenfunctions corresponding to Eρ. This shows
that there is an element g ∈ G̃P such that Lψ(w1; g) �= 0 for some point w1 =
(ϕ1, s1) ∈ N (ψ). The holomorphy of the ρP,ν and the σP,ν implies that

FP,νLψ(w1) = ψ(w1)
(

ρP,ν(w1)αP,ν(w1) + σP,ν(w1)βP,ν(w1)
)

vanishes on aIP . Furthermore,

Lψ(w1) = ψ(w1)(a)h(w1)− (ψG)(w1) = −(ψG)(w1).

We arrange that ψG : Ω1 → aD is holomorphic by taking Ω1 sufficiently small. For
each q ∈ aD:

s(ϕ1)[(ψG)(w1), q] = lim
s→s1

s(ϕ1)[(ψG)(ϕ1, s), q]

= lim
s→s1

ψ(ϕ1, s)
(

aA(ϕ1)G(ϕ1, s), q
)

l0

= lim
s→s1

ψ(ϕ1, s)
(

M(ϕ1, s)h(ϕ1, s) + ( 1
4
− s2)G(ϕ, s), q

)
l0

= 0 +
(

1
4
− s2

1

)(
(ψG)(w1), q

)
l0

. (9.2)

So Lψ(w1) = −(ψG)(w1) is an element of the kernel of aA(ϕ1)− 1
4 + s2

1. We have
proved the next result:

9.4.9 Lemma. Let w0 = (ϕ0, s0) ∈ Pol(Eρ), but σP,ν ∈ Ow0 for all P ∈ P, ν ∈ c[P ].
Take ψ ∈ Ow0, ψ �= 0, minimal with respect to divisibility in Ow0, such that ψEρ

is holomorphic at w0. Then for each w1 = (ϕ1, s1) ∈ N (ψ):

(ψEρ)(w1) ∈ ker
(

aA(ϕ1)− 1
4

+ s2
1

)
FP,ν(ψEρ)(w1) = 0 on aIP for all P ∈ P, ν ∈ c[P ].

Moreover, there are w1 ∈ N (ψ) such that (ψEρ)(w1) �= 0.



9.4 Meromorphic families 171

Remark. Here, and in the next lemma, we do not suppose that ϕ0 ∈ Vr. Only when
combining these lemmas to prove the holomorphy statement in the proposition,
we shall take ϕ0 to be real.

9.4.10 Lemma. Suppose f ∈ ker(aA(ϕ1) − 1
4 + s2

1) for some (ϕ1, s1) ∈ V0 × C

satisfies FP,νf = 0 on aIP for all P ∈ P, ν ∈ c[P ]. Then

(f,Eρ(ϕ̄1, s̄))l0
= 0 for all s̄ ∈ aP(ϕ̄1).

Proof. The vanishing of the FP,νf implies

(f,Eρ(ϕ̄1, s̄))l0
= − (f,G(ϕ̄1, s̄))l0

= −
(

R(ϕ1, s)f,M(ϕ̄1, s̄)h(ϕ̄1, s̄)
)

l0

=
1

s2
1 − s2

(
f,M(ϕ̄1, s̄)h(ϕ̄1, s̄)

)
l0

= 0.

9.4.11 Holomorphy at real points. Suppose w0 = (ϕ0, s0) ∈ Pol(Eρ), but σP,ν ∈
Ow0 for all P ∈ P, ν ∈ c[P ]. Now we suppose ϕ0 ∈ Vr as well. We have to show that
this leads to a contradiction. First we show that the assumptions imply 1

4−s2
0 ∈ R.

Secondly we apply Lemma 9.4.10 to get a contradiction. We shall use the Lemmas
9.4.12 and 9.4.13; these contain general results from the theory of several complex
variables.

Take ψ ∈ Ow0 as in Lemma 9.4.9. A holomorphic factor of ψ that has no
zeros in a neighborhood of w0 does not matter, and N (ψ) ⊂ (V0×C)�aP intersects
{ϕ0}×C discretely. So we may assume that ψ has Weierstrass form in s− s0, i.e.,
ψ(ϕ, s) = (s − s0)k +

∑k−1
j=0 aj(ϕ)(s − s0)j with k ≥ 1, the aj holomorphic on a

neighborhood of ϕ0, and aj(ϕ0) = 0; see [23], Corollary 6.1.2, or [17], Ch. 2, §1.2.
In each neighborhood of w0 there exists a point w1 = (ϕ1, s1) ∈ N (ψ) such

that (ψEρ)(w1) �= 0. Apply Lemma 9.4.12 to τ(z, t) = ψ(ϕ0 + z(ϕ1 − ϕ0), s0 + t).
Use the resulting d and η to define a holomorphic family

f : u 	→ (ψEρ)(ϕ0 + ud(ϕ1 − ϕ0), s0 + η(u))

on a neighborhood of 0 in C with values in aD. The family f is not identically zero,
hence there exists m ≥ 0 such that f0 = limu→0 u−mf(u) is a non-zero element
of aD. Like in Equation (9.2) on p. 170, we obtain

s(ϕ0 + ud(ϕ1 − ϕ0))[u−mf(u), q] =
(

1
4
− (s0 + η(u))2

)(
u−mf(u), q

)
l0

for all q ∈ aD. Take the limit as u → 0 to see that f0 is an element of the kernel
of aA(ϕ0)− 1

4
+ s2

0. As aA(ϕ0) is a selfadjoint operator, this implies 1
4
− s2

0 ∈ R.
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Suppose there exists w1 = (ϕ1, s1) ∈ N (ψ) with (ψEρ)(w1) �= 0 and ϕ1 ∈ Vr .
Then s1 ∈ R∪ iR (selfadjointness). We obtain from Lemma 9.4.10, with s1 = ±s1,

‖(ψEρ)(w1)‖2l0 = ((ψEρ)(w1), (ψEρ)(ϕ1,±s1))l0

= lim
s→±s1

(
(ψEρ)(w1), ψ(ϕ1, s̄)Eρ(ϕ̄1, s̄)

)
l0

= lim
s→±s1

ψ(ϕ1, s̄)
(

(ψEρ)(w1), Eρ(ϕ1, s̄)
)

l0

= lim
s→±s1

ψ(ϕ1, s̄) · 0 = 0.

So we are left with the situation that (ψEρ)(ϕ1, s1) = 0 for all (ϕ1, s1) ∈
N (ψ) ∩ (Vr × C). There exists g ∈ G̃P such that l = (ψEρ)(g) is not identically
zero on N (ψ). So ψ has an irreducible factor ψ1 in Ow0 not dividing l. As l vanishes
on (Vr×C)∩N (ψ1), Lemma 9.4.13 shows that this is impossible. Hence for real ϕ0,
the condition w0 ∈ Pol(Eρ) implies that some σP,ν has to be singular at w0.

9.4.12 Lemma. Let τ be of the form

τ(z, t) = tk +
k−1∑
j=0

aj(z)tj

with k ≥ 1, and the aj holomorphic on a neighborhood of 0 in C, aj(0) = 0. Then
there are d ∈ N and η holomorphic at 0 ∈ C such that η(0) = 0, and τ(ud, η(u)) = 0
for all u in a neighborhood of 0 in C.

Remark. This result is often called the theorem of Puiseux. See §5 of [1] for a
discussion in the context of formal power series.

In the Lemmas 12.1.5 and 12.1.10 we shall return to this result.
Proof. Use [14], Chap. III, §1.4–6, especially p. 132, 133. (In the second line of
formula (21) one should replace xqh by xq(h−1)+1.) Essential in the reasoning is
the symmetric role of z and t.

9.4.13 Lemma. Let ψ, h ∈ O(Ω) with Ω ⊂ CN+1 a neighborhood of 0. Suppose that
ψ is irreducible in O0 and that h = 0 on (RN × C) ∩ N (ψ). Then ψ divides h
in O0.

Proof. We use the fact that if a function f is holomorphic on an open neighborhood
B of 0 in Cm and vanishes on B ∩Rm, then f = 0 on a neighborhood of 0. To see
this, note that the property of vanishing on B ∩Rm is inherited by the derivatives
∂zj

f , where zj = xj + iyj for 1 ≤ j ≤ m are coordinates on Cm. Indeed, for
b ∈ B ∩ Rm we have ∂xj

f(b) = 0, hence ∂zj
f(b) = −∂z̄j

f(b) = 0.
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Consider ψ and h as in the lemma. By the irreducibility of ψ it suffices to
show that ψ and h cannot be relatively prime at 0.

Suppose h does not vanish along the line C · (0, . . . , 0, 1). Suppose h and ψ
are relatively prime at (ϕ0, λ0). We may assume that ψ and h are Weierstrass
polynomials in zN+1; c.f. [23], Corollary 6.1.2, or [17], Ch. 2, §1.2. We proceed as
in the proof of Theorem 6.2.3 in [23]: ψ and h are relatively prime in K[zN+1],
with K the quotient field of the ring of germs at 0 of holomorphic functions on
CN . This means that

l(z(N)) = f1(z(N), zN+1)ψ(z(N), zN+1) + f2(z(N), zN+1)h(z(N), zN+1)

on a sufficiently small neighborhood Ω1 = W ×U of (0, 0), with l holomorphic on
W ⊂ CN and not identically zero, and f1 and f2 holomorphic on Ω1, polynomial in
zN+1. By shrinking W , we may ensure that for each z(N) ∈ W there is an element
zN+1 ∈ U such that (z(N), zN+1) ∈ N (ψ); see [17], Ch. 2, §3.5. In particular, for
each real z(N) ∈ W ∩RN we obtain l(z(N)) = 0. So l vanishes on W after all, and
ψ and h cannot be relatively prime at 0.

h might vanish along the line {(0, . . . , 0, zN+1)}. If ψ and h are relatively
prime at 0, they are so on a neighborhood ([23], Theorem 6.2.3), which we may
suppose to be of the form W × U . It might happen that h does not vanish along
{z(N)}×C for other real points z(N) ∈ W ∩RN . In that case, the reasoning above
leads to a contradiction. If h vanishes at all points of (W ∩RN )×C it vanishes on
all real points of a neighborhood of 0, and hence is zero.
9.4.14. Lemma 9.4.13 finishes the proof of Proposition 9.4.2, and hence the proof
of Theorem 9.4.1 as well.

We reformulate the Lemmas 9.4.9 and 9.4.10 in terms of families of automor-
phic forms.

9.4.15 Proposition. Let Ω ⊂ V0 × C be open, let ρP,n ∈ O(Ω) for all P ∈ P, n ∈
c(P ). Take eρ as in Theorem 9.4.1. Suppose w0 ∈ Pol(eρ) and (FP,neρ)

′ (a(P )) ∈
Ow0 for all n ∈ c(P ), P ∈ P. Then there exists ψ ∈ O(Ω0) for some open neigh-
borhood Ω0 of w0 inside Ω such that ψeρ is holomorphic at w0, but does not vanish
identically along N (ψ). For each (ϕ1, s1) ∈ N (ψ),

(ψeρ)(ϕ1, s1) ∈ Sl0+ϕ(ζ)/π(χ0 · exp (ϕ1), c, s1).

9.4.16 Proposition. Let Ω ⊂ V0 × C be open, let ρP,n ∈ O(Ω) for all P ∈ P,
n ∈ c(P ), and let (ϕ, s1) ∈ Ω. Suppose f ∈ Sl0+ϕ1(ζ)/π(χ0 · exp (ϕ1), c, s1). Then∫

Γ̃\G̃/K̃

f · eρ(ϕ̄1, s̄) dg = 0

for all s̄ ∈ C such that (ϕ̄1, s̄) ∈ Ω � Pol(eρ).



174 Chapter 9 Pseudo Casimir operator

Remark. This integral is not an ordinary Lebesgue integral if eρ(ϕ̄1, s̄) grows too
fast at some P ∈ P. On pr−1(aY )∩F it is a Lebesgue integral. On pr−1(UP (a(P ))∩
F it is given by ∑

n∈CP �c(P )

∫
aÎP

FP,n(ϕ1)f · FP,n(ϕ̄1)eρ(ϕ̄1, s̄) dνP .

Proof. Under this interpretation the integral equals(
e−itϕ1f,Eρ(ϕ̄1, s̄)

)
l0

=
(

(a)
(
e−itϕ1f

)
, Eρ(ϕ̄1, s̄)

)
l0

.

Use Proposition 9.2.6 to see that Lemma 9.4.10 can be applied to the truncated
function (a)(e−itϕ1 f). The integral vanishes for s̄ ∈ aP(ϕ̄1). By the L2-meromorphy
of Eρ, this extends to all s̄ such that (ϕ̄1, s̄) �∈ Pol(eρ).

9.5 Dimension results for spaces of automorphic forms

Our main use for Theorem 9.4.1 will be in the proof of the meromorphic contin-
uation of Poincaré series in character and spectral parameter jointly. That is the
subject of the next chapter. Here we show that the theorem gives us a supply
of families of automorphic forms that is sufficient to obtain some results on the
dimensions of spaces of automorphic forms.

9.5.1 Proposition. Let Ω ⊂ V0 × C be open, m : (ϕ, s) 	→ l0 + ϕ(ζ)/π. Then
M⊗O Am(c; Ω) has dimension |c| as a vector space over M(Ω). It has a basis
consisting of sections eρ with the ρ chosen in O(Ω)|c|.

Remark. For any parameter space there are locally morphisms of parameter spaces
j : W → V × C, with image contained in V0 × C if the growth condition has been
chosen suitably. This proposition gives a lower bound on the M(j)-dimensions of
sheaves of automorphic forms on W . We do not obtain an equality in the general
case, as there may be non-zero families of cusp forms. (Think about the case that
j(W ) is contained in (V0 × C) � aP.)
Proof. Clearly M⊗O Am(c; Ω) is a vector space over the field M(Ω) and Theo-
rem 9.4.1 enables us to give |c| linearly independent elements. Take for each P ∈ P,
n ∈ c(P ) the collection ρ(P, n) given by Kronecker deltas:

ρ(P, n)Q,m = δP,Qδn,m for Q ∈ P, m ∈ c(Q).

Evaluation at w = (ϕ, s) ∈ Ω ∩ aP gives |c| elements of Am(w)(χ, c(w), s) that are
C-linearly independent. (We write χ = χ0 · exp (ϕ).) Hence

dimC Am(w)(χ, c(w), s) ≥ |c|+ dimC Sm(w)(χ, c(w), s),
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and in the same way

dimC A−m(w)(χ−1,−c(w), s) ≥ |c|+ dimC S−m(w)(χ−1,−c(w), s).

The Maass-Selberg relation implies that we have equality, c.f. 4.6.6. Proposi-
tion 9.2.6 shows that w = (ϕ, s) ∈ aP implies Sm(w)(χ, c(w), s) = {0}.

Consider f ∈M⊗OAm(c; Ω). Subtracting a linear combination of the eρ(P,n),
we arrange FP,nf(a(P )) to be identically zero for all P ∈ P, n ∈ c(P ). So
FP,nf(w; a(P )) = 0 for each w ∈ Ω ∩ aP. Hence if we express f(w) in the ba-
sis of Am(w)(χ0 · exp (ϕ), c(w), s) given above, it turns out to be the zero linear
combination. Hence f vanishes on Ω ∩ aP, and f = 0.
9.5.2 Remark. We have also shown for w = (ϕ, s) ∈ (V0 × C) ∩ aP:

i) Sm(w)(χ0 · exp (ϕ), c(w), s) = {0},
ii) f 	→ (FP,nf(a(P )))P∈P, n∈c(P ) gives a bijective linear map

Am(w)(χ0 · exp (ϕ), c(w), s) → C|c|.

9.5.3 Restriction to a vertical line. The statements of Proposition 9.5.1 are true
on more general subsets of V0 × C. We consider one-dimensional sets of the form
{ϕ} × C with ϕ ∈ V0. Let U ⊂ C be open. For each s ∈ U ∩ aP(ϕ) the space
Am(ϕ)(χ0 · exp (ϕ), c(ϕ), s) has dimension |c|. As in the proof of Proposition 9.5.1
the values of the eρ(P,n) form a basis.

Consider the parameter space W = C, χ : s 	→ χ, s : s 	→ s. Take d = c(ϕ),
and put q = m(ϕ). The M(U)-linear space Aq(d;U) has dimension at least |c|. As
in the proof of Proposition 9.5.1 we conclude that this dimension is exactly |c|.
9.5.4 Lemma. Let ϕ ∈ V0, s ∈ C. Suppose that at least one of the following
conditions holds:

i) ϕ ∈ Vr.

ii) Sm(ϕ)(χ0 · exp (ϕ), c(ϕ), s) = {0}.
Then dimC Am(ϕ)(χ0 · exp (ϕ), c(ϕ), s) = |c|+ dimC Sm(w)(χ0 · exp (ϕ), c(ϕ), s).

Proof. The parameter space W in 9.5.3 has dimension one. Consider s0 ∈ W .
The local ring Os0 = (OW )s0

is a principal ideal domain. Aq(d)s0 is a torsion-
free (OW )s0

-module. Any finitely generated (OW )s0
-submodule U of Aq(d)s0 is

of the form U =
⊕t

j=1 (OW )s0
· fj , see [24], 3.8, p. 181. From 9.5.3 it follows

that t = dimMs0
Ms0 ⊗ U ≤ |d| for all such U , and also that t = |d| for a

suitably chosen U1. There exists ϕ ∈ Os0 , ϕ �= 0, such that ϕAq(d)s0 ⊂ U1. As
dimCOs0/ϕOs0 < ∞, the C-dimension of A(d)s0/U1 is finite. Hence Aq(d)s0 itself
is finitely generated, and Aq(d)s0 =

⊕|d|
j=1Os0 · fj , with fj ∈ Aq(d)s0 .
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Let f be a C-linear combination f =
∑|d|

j=1 cj · fj vanishing at s0. By
Lemma 7.3.9, the section s 	→ 1

s−s0
f(s) is in Aq(d)s0 . So there are ψj ∈ Os0

such that cj = (s − s0)ψj(s). This shows that all cj vanish and that Aq(χ, d, s0)
has C-dimension at least |d|.

By 4.6.6, it is sufficient to show that dimC (Aq(χ, d, s0)/Sq(χ, d, s0)) ≥ |d|.
Suppose that the C-linear combination f =

∑|d|
j=1 cj · fj has the cuspidal value

f(s0) ∈ Sq(χ, d, s0). If Sm(ϕ)(χ0 · exp (ϕ), c(ϕ), s) = {0}, then f(s0) = 0. If ϕ ∈
Vr, we use ρP,ν = FP,νf(a(P )) to express f as the restriction of some eρ and
apply Proposition 9.4.16 to see that (f(s0), f(s))l0

= 0 for all s near s0. Hence
f(s0) vanishes. This means that the fj(s0) give linearly independent elements of
Aq(χ, d, s0)/Sq(χ, d, s0).
9.5.5 Remarks. It is essential that the parameter space W has complex dimension
one. Otherwise the stalk Os0 is not a principal ideal domain.

This proof shows that under the conditions of the lemma, each automorphic
form in Am(ϕ)(χ0 · exp (ϕ), c(ϕ), s) is the value of a family of automorphic forms
on a parameter space of the form {χ} × Ω with Ω ⊂ C open: enlarge the growth
condition till condition ii) in Lemma 9.5.4 holds.

If ϕ ∈ Vr the proof shows that there are sections f1, . . . , f|d| of Aq(d; Ω) for
some neighborhood Ω of s0 in C such that

Aq(χ, d, s0) = Sq(χ, d, s0)⊕
|d|⊕
j=1

C · fj(s0).

9.5.6 Proposition. Let χ ∈ X , s ∈ C, d a growth condition for χ and q a weight
for χ. Then dimC Sq(χ, d, s) < ∞.

Proof. Take χ0 ∈ Xr and Vr ⊂ Vr such that χ = χ0 · exp (ϕ) for some ϕ ∈
V = C ⊗R Vr. Take a growth condition c on V × C such that d ⊂ c(ϕ, s) and
(ϕ, s) ∈ V0(χ0, c). This is possible, see Lemma 9.1.6. Take l(ϕ, s) = q − ϕ(ζ)/π.
Propositions 9.2.6 and 9.2.2 imply

dimC Sq(χ, c(ϕ, s), s) ≤ dimC ker(aA(ϕ)− 1
4

+ s2) <∞.

As Sq(χ, c(ϕ, s), s) is a subspace of Sq(χ, d, s) determined by finitely many linear
conditions, the proposition follows.

9.5.7 Proposition. Let χ, s, d and q be as in the previous proposition. There are
growth conditions d1 ⊃ d such that dimC Aq(χ, d1, s) = |d1|+ dimC Sq(χ, d1, s). If
χ is unitary, this holds for d1 = d.

Proof. If χ ∈ Xu, we apply Lemma 9.5.4 with χ0 = χ. Otherwise take d1 ⊃ d large
enough to have d1 = c(ϕ), with c as in Lemma 9.5.4, and also Sq(χ, d1, s) = {0}
(see 4.3.10).



Chapter 10
Meromorphic continuation of Poincaré series

In Section 1.6 we have sketched the proof of the meromorphic continuation in
two variables of the Eisenstein series in the modular case. Most of this proof we
have carried out for the general situation. Now we come to the last step, indicated
in 1.6.5. This step amounts to adjusting and gluing the families of automorphic
forms obtained in the previous chapter. In 1.6.5 we normalized one Fourier term
of Ẽ(r, s) by prescribing the value 1 at a. We have brought this term into the form
μ0

r(r, s) + (constant) · μ0
r(r,−s) by multiplying it with a suitable meromorphic

factor. We have used a functional analytic argument to show that this factor does
not vanish identically.

Here we have not one, but a finite number of Fourier terms, specified by
the growth condition c. The transition will consist of a linear transformation with
meromorphic coefficients. The families eρ obtained in Theorem 9.4.1 have Fourier
terms with a simple form when expressed in the basis αP,n, βP,n. This basis is
characterized by value and derivative at the truncation points a(P ). This amounts
to the same as the condition in 1.6.5. Our aim is to obtain a similar existence result
with respect to the more canonical basis of Wl(P, n) used in Proposition 5.2.1.
That will imply the meromorphic continuation of the Poincaré series introduced
in Section 5.1.

In Section 1.6 we were content to obtain the meromorphic extension of the
Eisenstein series in (r, s) for r in a neighborhood of 0. Here we try to obtain the
continuation on regions that are as large as possible. These regions are determined
by the cells of continuation, as discussed in Section 10.1.

In Section 10.2 we prove the meromorphic continuation of Poincaré series. The
conditions on the Fourier terms uniquely determine these meromorphic families of
automorphic forms. This leads to the well known functional equation for s 	→ −s,
discussed in Section 10.3.

10.1 Cells of continuation

In the modular case, discussed in Section 1.6, we used the basis μ0
r(r, s), μ0

r(r,−s)
for the space of Fourier terms of order r

12
. All other Fourier terms of E(r, s) are

multiples of ων
r (r, s) with ν ∈ Z. Consider ν = 1. The definition in 1.5.8 shows

that (r, s) 	→ ω1
r (r, s; y) has no meromorphic extension to a neighborhood of the

line {−12}×C in the (r, s)-plane. Similarly, the term with ν = −1 gives a problem
at r = 12. This means that the bases used to characterize E(r, s) by its Fourier
terms cannot be used near r = ±12. We can expect a meromorphic continuation
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of the Eisenstein series only to a set U × C, with U a neighborhood of (−12, 12)
in C. In principle one could let U protrude out of the set { r ∈ C : |Re r| < 12 },
provided one avoids r = 12 and r = −12. But if one does so, some ων

r (r, s) are no
longer quickly decreasing. That would mean that the Fourier term corresponding
to the growth condition c0[P ] = {0} no longer determines the growth behavior.
We call the interval (−12, 12) the cell of continuation. As long as Re s stays in this
interval, we may hope that E(r, s) has a sensible meromorphic continuation.

If we consider a Poincaré series given in 1.5.9, with 0 < r < 12, then the basis
μν

r (r, s), ων
r (r, s) is suitable for all Fourier terms. The presence of ω0

r(r, s) implies
that meromorphic extension at r = 0 is not possible. Here (0, 12) is the suitable
cell of continuation.

In this section we consider cells of continuation for a general discrete cofinite
group Γ̃.
10.1.1 Parameter space. The Poincaré series defines a continuous map (χ, s, g) 	→
Pl(P, n, χ, s; g) on Xu × C1/2 × (G̃ � pr−1{P}); here l and n vary as functions of
χ. The obvious parameter space in this context would be X ×C, but this space is
not necessarily simply connected. So we fix χ1 ∈ X0, and use the parameter space

W = V ×C, χ : (ϕ, s) 	→ χ1 · exp (ϕ), s : (ϕ, s) 	→ s.

We fix l ∈ wt(W ); it has the form l : (ϕ, s) 	→ l1 + ϕ(ζ)/π with eπil1 = χ1(ζ).
If P ∈ X∞, the elements of CP are nν : (ϕ, s) 	→ 1

2π ϕ(πP ) + ν. If P ∈ PY , and
n ∈ CP , the functions l − n are constant on W .
10.1.2 Null cell. Put J(0) = {ϕ ∈ Vr : −2π < ϕ(πP ) < 2π for all P ∈ X∞ }. We
call it the null cell.

As Xu = X0 · exp (Vr), it suffices to study the Poincaré families (ϕ, s) 	→
Pl(P, n, χ1 · exp (ϕ), s) for a set of representatives χ1 of X0/ (X0 ∩ exp (V)). The
domain of these families will be a subset of U×C, with U = {ϕ ∈ V : Re ϕ ∈ J(0) }.
The group X0 is trivial for the modular group and the other example groups in
Chapters 14–15. So we take χ1 = 1 in these cases. See 3.4.7 for an example where
X0 �= {1}.

We use the following M-basis of M⊗O Wl(P, n) on J(0):⎧⎨⎩ μl(P, n0), μ̃l(P, n0) if P ∈ X∞, n = n0

μl(P, n), ωl(P, n) otherwise.

This is the basis used in Proposition 5.2.1 to describe the Fourier coefficients of the
Poincaré series Pl1+ϕ(ζ)/π(P, n(ϕ), χ1 ·exp (ϕ), s) for those ϕ that satisfy n(ϕ) ∈ Z

if n ∈ CP , P ∈ X∞.
10.1.3 Cells of continuation. For ϕ0 ∈ J(0) we define J(ϕ0) as the connected
component of ϕ0 in

{ϕ ∈ Vr : ∀P ∈ X∞∀n ∈ CP (V) : n(ϕ0) �= 0⇒ n(ϕ) �= 0 } .
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We call J(ϕ0) the cell of continuation of ϕ0. Note that ϕ0 ∈ J(ϕ0), and that J(0)
is the cell of continuation of 0 ∈ Vr.

ϕ0, ϕ1 ∈ Vr may determine the same cell of continuation. We call

J0(ϕ0) = {ϕ1 ∈ Vr : J(ϕ1) = J(ϕ0) }

the defining part of J(ϕ0).

10.1.4 Examples. We parametrize V for the modular case by r 	→ rα (see 13.1.7).
As α(n(1)) = π

6 , the null cell corresponds to the interval (−12, 12) on the r-line.
If r0 ∈ (−12, 12), then

J(r0) = (−12, 0) J0(r0) = (−12, 0) if − 12 < r0 < 0
J(0) = (−12, 12) J0(0) = {0}
J(r0) = (0, 12) J0(r0) = (0, 12) if 0 < r0 < 12.

See 14.5.1 and 15.1.12 for more complicated examples. If there are no cuspidal
orbits at all, then Vr is the sole cell of continuation.

10.1.5 Explicit description. The cells of continuation are determined by the map

ψ : Vr −→ Rp : ϕ 	→
(

1
2π

ϕ(πP )
)

P∈X∞
;

p = |X∞| is the number of cuspidal orbits. We have defined J(0) as ψ−1
(
(−1, 1)p

)
.

Let P ∈ X∞; then CP = {nν : ν ∈ Z } with nν(ϕ) = ν + 1
2π ϕ(πP ). If

ϕ ∈ J(0), the only n ∈ CP for which n(ϕ) = 0 may happen is n = n0. We put, for
ϕ0 ∈ J(0) and P ∈ X∞,

JP (ϕ0) =

⎧⎨⎩
(−1, 1) if ϕ(πP ) = 0
(−1, 0) if − 2π < ϕ0(πP ) < 0
(0, 1) if 0 < ϕ0(πP ) < 2π

J0
P (ϕ0) =

{ {0} if ϕ0(πP ) = 0
JP (ϕ0) otherwise.

Then

J(ϕ0) = ψ−1

( ∏
P∈X∞

JP (ϕ0)

)
, J0(ϕ0) = ψ−1

( ∏
P∈X∞

J0
P (ϕ0)

)
.

In particular, J(0) = ψ−1
(∏

P∈X∞(−1, 1)
)

and J0(0) = ψ−1{0} (with 0 ∈ Rp).

10.1.6 Minimal cells. J(ϕ0) = J0(ϕ0) if and only if ϕ0(πP ) �= 0 for all P ∈ X∞.
We call such a cell of continuation a minimal cell.
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10.1.7 Growth condition. To a cell of continuation J we assign a growth condition
cJ by

cJ(P ) = {n0} if P ∈ X∞, ϕ(πP ) = 0 for all ϕ ∈ J0

cJ(P ) = ∅ if P ∈ X∞, ϕ(πP ) �= 0 for all ϕ ∈ J0

cJ(P ) = ∅ if P ∈ PY .

This implies that the growth condition cJ is suitable on Ω = { (ϕ, s) ∈ V × C :
Reϕ ∈ J }. So Al(c) is an eigenfunction module on Ω for each c ⊃ cJ .

For given P ∈ P, n ∈ CP , we indicate by cJ,n the growth condition cJ,n ⊃ cJ

given by cJ,n(Q) = cJ(Q) if Q �= P , and cJ,n(P ) = cJ(P ) ∪ {n}.
10.1.8 Basis. Let J be a cell of continuation. Put Ω = {ϕ ∈ V : Reϕ ∈ J } × C.
For P ∈ P, n ∈ CP (V), put

ηl(P, n) = ηl(J, P, n)

=
{

μ̃l(P, n) if P ∈ X∞, n = n0, ϕ(πP ) = 0 for ϕ ∈ J0

ωl(P, n) otherwise.

We shall use μl(P, n), ηl(P, n) as M-basis of (M ⊗O Wl(P, n))(Ω). This is the
basis used in Proposition 5.2.1. The tilde has been defined by μ̃l(P, n;ϕ, s) =
μl(P, n;ϕ,−s).

10.2 Meromorphic continuation

We are ready to complete the proof of the meromorphic continuation of Poincaré
series. We follow the idea sketched in 1.6.5.

10.2.1 Theorem. Let J be a cell of continuation, let P ∈ P, n ∈ CP (V). Let χ1 ∈ X0,
l a weight as in 10.1.1. Let cJ,n and ηl(P, n) be defined as in 10.1.7 and 10.1.8.
Let wP = 1 if P ∈ X∞, and wP = vP otherwise.

i) There exists a unique family Ql(J, P, n) ∈ (M⊗O Al(cJ,n)) (U ×C), with U
a neighborhood of J in V, such that for all Q ∈ P, m ∈ CQ(V)

F̃Q,mQl(J, P, n) ∈ δP,Qδn,mwP μl(P, n) +M(U × C) · ηl(Q,m).

ii) Let ϕ0 ∈ J0. Then the restriction s 	→ Ql(J, P, n;χ1, ϕ0, s) exists as a
meromorphic family of automorphic forms on the parameter space (C, s 	→
χ1 · exp (ϕ0), s 	→ 1

4 − s2). On C1/2 = { s ∈ C : Re s > 1
2 } this restriction

coincides with the holomorphic family of Poincaré series

s 	→ Pl(ϕ0)(P, n(ϕ0), χ1 · exp (ϕ0), s).
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Remarks. The family Ql(J, P, n) depends on χ1 ∈ X0. When confusion threatens,
we shall write Ql(J, P, n, χ1).

We have seen in 7.5.3 that Poincaré series define holomorphic families in s
for Re s > 1

2
. The theorem implies that these holomorphic families have a mero-

morphic extension to C. This is well known, see, e.g., Hejhal, [21], Ch. VI, §11,
p. 108, for the Eisenstein series, and Neunhöffer, [40], for other Poincaré series with
trivial character. As far as I know, it is a new result that this meromorphic family
in one variable is the restriction of a meromorphic family of automorphic forms
on the open set Ω, which has in general complex dimension larger than one. The
family Ql(J, P, n) has a good claim to the designation ‘meromorphic continuation
of a Poincaré series in character and eigenvalue jointly’. We shall call it a Poincaré
family.

Ql(J, P, n) is uniquely characterized by the coordinates of its Fourier terms
corresponding to cJ,n, with respect to the basis given in 10.1.8. For cells of contin-
uation J ⊂ J1, this characterization implies that the families Ql(J, P, n) and the
Ql(J1, P

′, n′) satisfy a relation on the intersection of their domains. The uniqueness
also implies a functional equation for s 	→ −s, see Section 10.3.

The neighborhood U in part i) is not unique. The uniqueness refers to the
germs of Ql(J, P, n) at the points of J × C.

The existence of the restriction of Ql(J, P, n) to vertical lines {ϕ0} ×C with
real ϕ0 is not trivial. It takes some work to show that such vertical lines are not
contained in the polar set of Ql(J, P, n). I do not know what happens for non-
real ϕ0.

The restriction to a vertical line may be holomorphic at points where the
full family is singular. This may occur at points of the intersection of the zero
set and the polar set. So part ii) does not state that Ql(J, P, n) is holomorphic at
(ϕ0, s) with ϕ0 ∈ J0 and Re s > 1

2
. Proposition 10.2.12 will give more information

concerning the holomorphy at such points.

10.2.2 Poincaré families on linear subvarieties. If Vr is a linear subspace of Vr,
V = C ⊗R Vr, and ϕ0 ∈ Vr ∩ J0, the restriction of the Poincaré family (ϕ, s) 	→
Q(J, P, n, χ1;ϕ0 + ϕ, s) exists as a meromorphic family of automorphic forms on
U1 × C with U1 a neighborhood of (ϕ0 + Vr) ∩ J in ϕ0 + V . The existence of
the restriction to {ϕ0} × C implies the existence of the restriction to a larger
region. (Here we use the assumption ϕ0 ∈ J0.) The uniqueness carries over to the
restrictions.

We use the notation Ql(J, P, n) for this restriction as well. This has the
danger that one might forget that the restriction may be holomorphic at some
points where the full family is not. On the other hand, the notation is quite heavy
already.

10.2.3 Generalization. The Poincaré families are characterized by the coordinates
of their Fourier terms with respect to a particular basis of the M⊗O Wl(P, n).
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The basis used above is natural in view of Proposition 5.2.1. But it will be useful
to have part of the theorem available for other bases.

We first prove a more general result, Proposition 10.2.4. We give the proof
of Theorem 10.2.1 in 10.2.9.

In 10.2.3–10.2.8 we use J , P , n, χ1, and l as in Theorem 10.2.1. We fix
ϕ0 ∈ J and an R-linear subspace Vr of Vr. We put V = C ⊗R Vr. We as-
sume that there is a neighborhood U0 of ϕ0 in ϕ0 + V for which there are
λQ,m, νQ,m ∈ (M⊗O Wl(Q,m)) (U0 × C) for each Q ∈ P, m ∈ cJ,n(Q), such
that the restrictions λ̇Q,m : s 	→ λQ,m(ϕ0, s) and ν̇Q,m : s 	→ νQ,m(ϕ0, s) exist. We
further assume that they are M(C)-linearly independent, and that ν̇Q,m is equal
to s 	→ ηl(Q,m)(ϕ0, s), with ηl(Q,m) as introduced in 10.1.8.

We shall often denote the restriction to a ‘vertical line’ {ϕ} ×C by a dot. In
the next lemmas we put N = |cJ,n|.
10.2.4 Proposition. Under the assumptions in 10.2.3, there is a unique meromor-
phic family

R(P, n) ∈ (M⊗O Al(cJ,n)) (U(ϕ0)× C),

with U(ϕ0) a neighborhood of ϕ0 in ϕ0 + V , such that for all Q ∈ P and m ∈
cJ,n(Q):

F̃Q,mR(P, n) ∈ δP,Qδm,nwP λP,n +M(U(ϕ0)× C) · νQ,m.

The restriction Ṙ(P, n;ϕ0) : s 	→ R(P, n;ϕ0, s) exists.

Proof. In 10.2.5–10.2.8.

10.2.5 Lemma. Define q : M⊗O Al(cJ,n)→MN on U0 × C by

(qf)Q,m =
Wr(F̃Q,mf, νQ,m)
Wr(λQ,m, νQ,m)

for Q ∈ P, m ∈ cJ,n(Q).

This is a morphism of M-modules on U0 × C. If the restriction of f to {ϕ0} × C

exists, then the same holds for the restriction of qf .

Remark. The morphism q computes the coefficients of λQ,m in the Fourier terms
of automorphic forms with respect to the basis λQ,m, νQ,m. To prove Proposi-
tion 10.2.4 means to invert q.
Proof. Clear from the assumptions on λQ,m and νQ,m.

10.2.6 Lemma. Define F : M⊗O Al(cJ,n) →MN on U0 × C by

(Ff)Q,m = FQ,mf(a(Q)) for Q ∈ P, m ∈ cJ,n(Q).

If f is holomorphic, then so is Ff .
There exists a neighborhood U(ϕ0) of ϕ0 in ϕ0 + V , contained in U0, and

an M-morphism e : MN −→ M⊗O Al(cJ,n) inverting F on U(ϕ0) × C. If the
restriction of the section ρ of MN to {ϕ0}×C exists, then the same holds for the
restriction of eρ.
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Remark. Like the morphism q, the morphism F gives Fourier coefficients of Fourier
terms of automorphic forms. But this morphism works with respect to the basis
αQ,m, βQ,m.
Proof. We have already inverted this morphism in Theorem 9.4.1. Use χ1 ·exp (ϕ0)
as the χ0 ∈ Xu in the application of perturbation theory carried out in the previous
chapters. Put U(ϕ0) = U0 ∩

(
ϕ0 + V0(l(ϕ0), χ1 · exp (ϕ0), cJ,n)

)
. Then e : ρ 	→ eρ,

with eρ as in Theorem 9.4.1, determines e with the desired properties.

10.2.7 Lemma. Let ϕ0 ∈ J0. Then theM-morphism qe : MN →MN on U(ϕ0)×C

is invertible. Its inverse can be restricted to {ϕ0} × C.

Proof. qe is given by a N × N -matrix with elements in M(U(ϕ0) × C). We have
to show that its determinant does not vanish identically in M(U(ϕ0)× C).

The matrix elements of qe are not singular along the vertical line S =
{ϕ0} × C. It suffices to show that det(qe) �= 0 along S. We denote the restriction
along S by a dot. If the determinant would vanish along S, then there would exist a
non-empty open set R ⊂ C1/2 and f ∈ OC(R)N such that q̇ėf = 0, f �= 0. The sec-
tion ėf is holomorphic on an open dense subset R1 of R. This section is a family of
automorphic forms. From q̇ėf = 0 it follows that (ėf)(s) ∈ H(χ1 · exp (ϕ0), l(ϕ0))
for all s ∈ R1. Here we use ϕ0 ∈ J0 and Re s > 0. Proposition 6.6.2 and the self-
adjointness of A(χ1 · exp (ϕ0), l(ϕ0)) imply that ėf vanishes on { s ∈ R1 : s �∈ R }.
Hence f = 0.
Remark. Here we need the additional assumption ϕ0 ∈ J0 to apply L2-methods.
10.2.8 Proof of Proposition 10.2.4. The M-morphism e(qe)−1 : MN → M⊗O
Al(cJ,n) inverts q over U(ϕ0) × C. Take R(P, n) = e(qe)−1ρ with ρ defined by
ρQ,m = δP,Qδn,mwP .
10.2.9 Proof of Theorem 10.2.1. We apply Proposition 10.2.4 and the Lemmas
10.2.5–10.2.7 with Vr = Vr. If we take λQ,m = μl(P, n), νQ,m = ηl(Q,m) as
in 10.1.8, we can take U0 = {ϕ ∈ V : Reϕ ∈ J } for each ϕ0 ∈ J . These λQ,m

and νQ,m satisfy the assumptions in 10.2.3. All morphisms q (see Lemma 10.2.5)
for the various ϕ0 ∈ J are the same, and the morphisms F in Lemma 10.2.6 also
coincide for all ϕ0 ∈ J .

We define U as the connected component of J in
⋃

ϕ0∈J U(ϕ0). As the eρ

are unique, the various e may be glued together to give one morphism e : MN →
M⊗OAl(cJ,n) on U×C. The morphism qe : MN →MN is given by a matrix with
elements meromorphic on U × C. The determinant of this matrix has a non-zero
restriction to {ϕ0} × C for ϕ0 ∈ J0, hence it is non-zero on U × C. Thus we see
that qe is invertible on U×C, and that e(qe)−1 can be used to define Ql(J, P, n) on
U ×C, just as we did in the proof of Proposition 10.2.4. This gives i). If ϕ0 ∈ J0,
we have Ql(J, P, n) = R(P, n).

Let ϕ0 ∈ J0. We have seen that the restriction of Ql(J, P, n) to {ϕ0} × C

exists as a meromorphic family. 7.5.3 implies that

s 	→ Ql(J, P, n, χ1;ϕ0, s)− Pl(ϕ0)(P, n(ϕ0), χ1 · exp (ϕ0), s)
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is a meromorphic family of automorphic forms on C1/2. By Proposition 5.2.1 and
part i) of the theorem, it is square integrable at all points where it is holomorphic.
The same reasoning as in the proof of Lemma 10.2.7 shows that this family has to
vanish. This gives part ii) of the theorem.
10.2.10 Differentiation. Part i) of Proposition 7.2.9 implies that the E±Ql(J, P, n)
are meromorphic families of automorphic forms as well. The differentiation formu-
las in Table 4.1 on p. 63 and the uniqueness imply that

E±Ql(J, P, n;ϕ, s) = θ(1 + 2s± l)Ql±2(J, P, n;ϕ, s),

with θ = 1 if P ∈ X∞, and θ = −1 otherwise.
10.2.11 Restricted parameter space. Statement ii) of Theorem 10.2.1 may be im-
proved if we work on a smaller parameter space.

Let J be a cell of continuation. Define VJ,r as the R-linear subspace of Vr

spanned by J0, and VJ = C⊗RVJ,r. We shall show that the restriction of Ql(J, P, n)
to Ω ∩ (VJ × C) behaves nicely at points of J0 × C1/2.

We call any subset U×C ⊂ V×C with U ⊂ {ϕ ∈ VJ : Reϕ ∈ J } a restricted
parameter space.

VJ = V if J is a minimal cell, and VJ(0) = {0} for the null cell. In general,
VJ ⊃ VJ1 if J ⊂ J1. See 14.5.2 for an example. Non-trivial examples do not occur
for the modular group.

10.2.12 Proposition. Let J , P , n, and U be as in Theorem 10.2.1. Put ΩJ =
(U∩VJ)×C; consider it as a parameter space, with χ and s inherited from (V×C) ⊃
ΩJ . Then the restriction Ql(J, P, n) of the Poincaré family to ΩJ exists as an
element of

(
M̂ ⊗Ô Âl(cJ,n)

)
(ΩJ ). It is holomorphic at each point (ϕ0, s0) ∈ ΩJ

for which ϕ0 ∈ J0 and Re s0 > 1
2 .

Remarks. The hats denote that we mean sheaves on ΩJ .
If J = {0}, the proposition amounts to nothing more than part ii) of Theo-

rem 10.2.1. In all other cases it provides us with new information. In particular,
if J is a minimal cell, it says that Ql(J, P, n) itself is holomorphic at all points of
J × C1/2.
Proof. Part ii) of Theorem 10.2.1 implies that the set ΩJ cannot be a subset of
the polar set of Ql(J, P, n). Hence the restriction Q̂l(J, P, n) exists.

Let ϕ0 ∈ J0, Re s0 > 1
2 . Put w0 = (ϕ0, s0). Suppose that the restricted

Poincaré family Ql(J, P, n) is not holomorphic at w0. Take ψ0 ∈ Ôw0 , minimal
with respect to divisibility in Ôw0 , such that f = ψ0 ·Ql(J, P, n) is holomorphic at
w0. The zero set N (ψ0) has a discrete intersection with each of the lines {ϕ1}×C,
with ϕ1 ∈ J0, ϕ1 near ϕ0. Consider an irreducible factor ψ of ψ0 in Ôw0 . For all
w1 = (ϕ1, s1) ∈ N (ψ) ∩ (J0 ×C1/2),

f(w1) = lim
s→s1

(
ψ0(ϕ1, s) · Pl(ϕ1)(P, n(ϕ1), χ1 · exp (ϕ1), s)

)
= 0.
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Lemma 9.4.13 implies that f is divisible by ψ. Hence ψ0 was not minimal after all.

10.2.13 Holomorphy determined by the Fourier terms. Let J be a cell of contin-
uation and w0 = (ϕ0, s0) ∈ J × C. Let ψ be a meromorphic function at w0.
Then ψ ·Ql(J, P, n) is holomorphic at w0 if and only if ψ · F̃Q,mQl(J, P, n) is holo-
morphic at w0 for all Q ∈ P, m ∈ cJ,n(Q). In one direction this follows from
part iii) of Proposition 7.2.9. In the other direction apply Theorem 9.4.1 with
χ0 = χ1 · exp (ϕ0) and V = V; take ρQ,m = ψ · FQ,mQl(J, P, n; a(Q)).

In Theorem 9.4.1 we can take for V any linear subspace of V defined over R.
We obtain:

10.2.14 Proposition. Let J be a cell of continuation. Let Vr be an R-linear subspace
of Vr. Put V = C ⊗R Vr. Let w0 = (ϕ0, s0) ∈ J × C. Let ψ be meromorphic on
a neighborhood Ω of w0 in (ϕ0 + V ) × C. Then (ϕ, s) 	→ ψ(ϕ, s)Ql(J, P, n;ϕ, s)
defines an element f of (M⊗O Al(cJ,n)) (Ω1) for some open neighborhood Ω1 ⊂
(ϕ0+V )×C of (ϕ0, s0). It is holomorphic at w0 if and only if F̃Q,mf is holomorphic
at w0 for all Q ∈ P, m ∈ cJ,n(Q).

The same statement holds if one replaces Ql(J, P, n) by R(P, n), as defined
in Proposition 10.2.4.

10.2.15 Eisenstein families. Let J be a cell of continuation. We put

X∞(J) =
{

P ∈ X∞ : ϕ(πP ) = 0 for ϕ ∈ J0
}

.

In the modular case X∞(J(0)) = X∞, and X∞(J) = ∅ if J is a minimal cell, i.e.,
J = (−12, 0) or (0, 12) in the notations of 10.1.4.

For P ∈ X∞(J) we use the notation El(J, P ) = Ql(J, P, n0). We call El(J, P )
an Eisenstein family.

In the modular case, the El(J(0), P ) are the sole Eisenstein families.

10.2.16 How large can Ω = U × C be? The construction of U in 10.2.9 uses the
sets V0(l0, χ, cJ,n) introduced in Lemma 9.1.6. Here cJ,n is fixed; we cannot enlarge
V0(χ, cJ,n) by changing the growth condition. In general, it is difficult to say how
far U extends in imaginary direction in V. See 15.5.2 for a special case.
Question. Can one always take U = {ϕ ∈ V : Re ϕ ∈ J }?

10.3 Relations and functional equations

The uniqueness in Theorem 10.2.1 implies functional equations and relations be-
tween Poincaré families on intersecting cells of continuation. In this section we
consider some examples. To formulate these relations we need the Fourier coeffi-
cients.
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10.3.1 Fourier coefficients. Let J , P , n and c be as in Theorem 10.2.1. Propo-
sition 7.2.9 implies that for each pair (Q,m), Q ∈ P, m ∈ CQ(V), there is a
meromorphic function Dl(Q,m;J, P, n) = Dl(Q,m;J, P, n, χ1) on Ω such that

F̃Q,mQl(J, P, n) = δP,Qδn,mwP μl(P, n) + Dl(Q,m;J, P, n)ηl(J,Q,m),

with ηl as defined in 10.1.8. The restriction

Ḋl(Q,m;J, P, n;ϕ0) : s 	→ Dl(Q,m;J, P, n, χ1;ϕ0, s)

exists as a meromorphic function on C for each ϕ0 ∈ J0. It is holomorphic on C1/2,
with the coefficient cl(ϕ)(Q,m(ϕ0);P, n(ϕ0), χ1 ·exp (ϕ0), s) of Proposition 5.2.1 as
its value at s. In the case Q ∈ X∞, m = n0, ϕ(πP ) = 0 for ϕ ∈ J0, one might fear
that the singularities of μ̃l(Q,m) at (ϕ0, s) with s ∈ 1

2N, destroy the holomorphy
of the restriction. But the restriction of μ̃l(Q,m) to {ϕ0} ×C has no singularities
at half-integral points in C.

For Eisenstein families we put Cl(Q,m;J, P ) = Dl(Q,m;J, P, n0) if P ∈
X∞(J), Q ∈ P and m ∈ CQ. If Q ∈ X∞(J) as well, and m = n0, then we put
Cl(J ;Q,P ) = Cl(Q,n0;J, P ).
10.3.2 Relations. Let J and J1 be two cells of continuation with non-empty in-
tersection. We can express Ql(J, P, n) in the Ql(J1, Q,m) on the intersections of
their domains. The following principle works for any f ∈ Al(c; Ω1) with c ⊃ cJ

and Ω1 contained in the intersection of the domains of the Ql(J, P, n) with P ∈ P,
n ∈ c(P ): Take the Fourier coefficients F̃P,nf for those (P, n); let ψP,n be the
first coordinate of F̃P,nf with respect to the basis μl(P, n), ηl(J, P, n). Then f =∑

(P,n) ψP,nw−1
P Ql(J, P, n). Indeed, the Fourier terms of the difference is a multi-

ple of ηl(Q,m), so if the difference would be non-zero it would give a contradiction
to the uniqueness in Theorem 10.2.1.

The null cell J(0) contains all other cells of continuation. So we restrict
our attention to a comparison of Poincaré families for J(0) with those for J =
J(ϕ1). We work on an open set containing J(ϕ1)×C such that all functions under
consideration are defined on it.

The difference in the choice of bases in 10.1.8 concerns only the pairs (Q,n0)
with Q ∈ X∞ for which ϕ1(πQ) �= 0, i.e., Q ∈ X∞ � X∞(J). Let P ∈ P, n ∈
CP . We use the relation ωl(Q,n0) =

∑
± vl(Q,n0,±s)μl(Q,n0,±s) for Q ∈ X∞;

see 4.2.8. We define vl(Q,n0) : (ϕ, s) 	→ vl(ϕ)(Q,n0(ϕ), s), and ṽl(Q,n0;ϕ, s) =
vl(Q,n0;ϕ,−s). Computation of the Fourier terms shows that

Ql(J, P, n) = Ql(J(0), P, n)

+
∑

Q∈X∞�X∞(J)

vl(Q,n0)Dl(Q,n0;J, P, n)El(J(0), Q),

Ql(J(0), P, n) = Ql(J, P, n)

−
∑

Q∈X∞�X∞(J)

vl(Q,n0)
ṽl(Q,n0)

Dl(Q,n0;J(0), P, n)Ql(J, Q, n0).
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In this form the relations are not fully satisfactory. For instance, Ql(J, P, n) is
expressed in terms of Poincaré families on J(0) with its own Fourier coefficients as
coefficients in the right hand side. These coefficients might be expressed in Fourier
coefficients of the families on J(0). In 10.3.4, we shall carry out these computations
for the case P ∈ X∞, n = n0. See Equation (13.4) on p. 251 for an example.

10.3.3 Scattering matrix. We consider the Eisenstein families for a cell of con-
tinuation J . Taking them together for all P ∈ X∞(J) gives a vector El(J) =
(El(J, P ))P∈X∞(J); we consider this as a row vector. We combine the correspond-

ing Fourier coefficients into a column vector F(J) =
(
F̃Q,n0

)
Q∈X∞(J)

. Then

F(J)El(J) is the matrix with F̃Q,n0El(J, P ) in the row indexed by Q and the
column indexed by P . We obtain

F(J)El(J) = μl(J) + μ̃l(J)Cl(J).

Here μl(J), respectively μ̃l(J), are diagonal matrices with μl(P, n0), respectively
μ̃l(P, n0), at position P , and Id is the identity matrix. Cl(J) is called the scattering
matrix. It has Cl(J ;Q,P ) at position (Q,P ). Its restriction to {ϕ0} × C for ϕ0 ∈
J0(0) is meromorphic in s. That restriction is the usual scattering matrix in the
spectral theory of automorphic forms; see, e.g., [29], Ch. XIV, §14.

10.3.4 Relations, special case. Let J �= J(0) be a cell of continuation. We want to
express the Ql(J, P, n0) with P ∈ X∞ in terms of Eisenstein families on J(0).

Consider the row vector Pl(J) = (Ql(J, P, n0))P∈X∞ . As J ⊂ J(0), there is
an open set on which Pl(J) and El(J(0)) are both defined. By the uniqueness in
Theorem 10.2.1, there is a unique invertible matrix X with meromorphic coeffi-
cients such that Pl(J) = El(J(0))X.

We write the cuspidal Fourier terms of order zero in vector notation. This
gives F(J(0))Pl(J) = μl(J(0)) + ηl(J)Dl(J), with Dl(J) the matrix of the coeffi-
cients Dl(Q,n0;J, P, n0), and ηl(J) a diagonal matrix with μ̃l(P, n0) at position
P ∈ X∞(J) and ωl(J, P, n0) at position P ∈ X∞ � X∞(J).

For q = 0 or 1, write vq
l (J) for the diagonal matrix with q at position P ∈

X∞(J) and vl(P, n0) at position P ∈ X∞�X∞(J). Put ṽq
l (J ;ϕ, s) = vq

l (J ;ϕ,−s).
Then ηl(J) = μl(J(0))v0

l (J)+μ̃l(J(0))ṽ1
l (J). This leads to the following equations:

X = Id + v0
l (J)Dl(J)

Cl(J(0))X = ṽ1
l (J)Dl(J).

Hence X =
(
Id− v0

l (J)ṽ1
l (J)−1Cl(J(0))

)−1
, and

Pl(J) = El(J(0))
(
Id− v0

l (J)ṽ1
l (J)−1Cl(J(0))

)−1

Dl(J) = ṽ1
l (J)−1Cl(J(0))

(
Id− v0

l (J)ṽ1
l (J)−1Cl(J(0))

)−1
.
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10.3.5 Functional equation for Eisenstein families. The map σ : (ϕ, s) 	→ (ϕ,−s)
is an involutive automorphism of the parameter space W = V × C. Composition
with σ gives a map σ� : Al(c;U) −→ Al(c;σ−1U) for each open set U ⊂ W . We
have already used the convention to denote σ�f by f̃ .

Let J be a cell of continuation for which X∞(J) �= ∅ (if X∞(J) is empty there
are no Eisenstein families for J). We work on a σ-invariant neighborhood Ω of J×C

contained in the domain of all El(J, P ) with P ∈ X∞(J). Then Ẽl(J) = σ�El(J) is
a row vector of elements of Al(cJ ; Ω) and F(J)Ẽl(J) = μ̃l(J)+μl(J)C̃l(J). On the
other hand, El(J)C̃l(J) is a row vector with F(J)

(
El(J)C̃l(J)

)
= μl(J)C̃l(J) +

μ̃l(J)Cl(J)C̃l(J). The uniqueness in Theorem 10.2.1 implies

Ẽl(J) = El(J)C̃l(J), Cl(J)C̃l(J) = Id.

These are the functional equations for Eisenstein families. If we fix our attention
on one coordinate, we obtain

El(J, P ;ϕ,−s) =
∑

Q∈X∞(J)

Cl(J ;Q,P ;ϕ,−s)El(J,Q;ϕ, s).

For Q ∈ P, m ∈ CQ such that Q �∈ X∞(J) or m �= n0 we define the row

vector Cl(J,Q,m) =
(
Cl(Q,m;J, P )

)
P∈X∞(J)

. The functional equation of these

Fourier coefficients takes the form C̃l(J,Q,m) = Cl(J,Q,m)C̃l(J).
10.3.6 Functional equation for other families. Let P ∈ P, n ∈ CP , and either
P �∈ X∞(J) or n �= n0. As ω̃l(P, n) = ωl(P, n) = vl(P, n)μl(P, n)+ṽl(P, n)μ̃l(P, n),
we obtain from the uniqueness in Theorem 10.2.1:

vl(P, n)Ql(J, P, n) + ṽl(P, n)Q̃l(J, P, n)

= ṽl(P, n)
∑

Q∈X∞(J)

D̃l(Q,n0;J, P, n)El(J,Q)

vl(P, n)Dl(P, n;J, P, n) + ṽl(P, n)D̃l(P, n;J, P, n) + wP

= ṽl(P, n)
∑

Q∈X∞(J)

D̃l(Q,n0;J, P, n)Cl(P, n;J,Q)

vl(P, n)Dl(Q,n0;J, P, n)

= ṽl(P, n)
∑

R∈X∞(J)

D̃l(R,n0;J, P, n)Cl(J ;Q,R) for Q ∈ X∞(J).

To write the second and third line in vector notation, we define a column
vector Dl(J, P, n) =

(
Dl(Q,n0;J, P, n)

)
Q∈X∞(J)

. We obtain

vl(P, n)Dl(P, n;J, P, n) + ṽl(P, n)D̃l(P, n;J, P, n) + wP

= ṽl(P, n)Cl(J, P, n)D̃l(J, P, n)
vl(P, n)Dl(J, P, n) = ṽl(P, n)Cl(J)D̃l(J, P, n),
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and if R ∈ P, m ∈ CR, (R,m) �= (P, n), such that R �∈ X∞(J) or m �= n0:

vl(P, n)Dl(R,m;J, P, n) + ṽl(P, n)D̃l(R,m;J, P, n)
= ṽl(P, n)Cl(J,R,m)D̃l(J, P, n).

10.3.7 Examples. See 13.2.5, and Sections 13.4 and 14.5 for examples of the Fourier
coefficients in special cases.
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Poincaré families along vertical lines

Theorem 10.2.1 gives the meromorphic continuation of Poincaré series in (ϕ, s).
One may ask where the resulting Poincaré families are holomorphic. Propositions
10.2.12 and 10.2.14 give some results in this direction. The final Chapters 11 and 12
of Part I of this book discuss the singularities of Poincaré families at points (ϕ, s)
with ϕ ∈ Vr and Re s ≥ 0. At which of these points are the Poincaré families
not holomorphic? How bad are the singularities? It turns out that often there
is a relation with the presence of eigenfunctions of the selfadjoint extension of
the Casimir operator. The restriction to ϕ ∈ Vr is essential for these results: in
general it is difficult even to define the extension A(χ0 · exp (ϕ), l0) for other ϕ.
The restriction to points with Re s ≥ 0 is less essential; the functional equation
can be used to obtain assertions for other s.

In this chapter we consider the singularities of the one-dimensional Poincaré
families s 	→ Ql(J, P, n;ϕ0, s). Most of these results are known, but it is quite some
work to find them, e.g., in [21]. The study of the singularities of families depending
on more than one parameter is based on the one-dimensional results. Hence it is
worthwhile to discuss the one-dimensional case in detail as a preparation for the
next chapter.

The results for Eisenstein families differ from those for other Poincaré fami-
lies. In Section 11.1 we give results that are common to both cases. In the other
sections we specialize: first to Eisenstein families, and then to other Poincaré fam-
ilies.

11.1 General results

In Theorem 10.2.1 we have characterized the Poincaré families by the coordinates
of their Fourier terms with respect to the basis μl(Q,m), ηl(Q,m), given in 10.1.8.
We shall see that singularities are mainly due to two causes:

i) The presence of f ∈ H(χ0, l0) ∩Al0(χ0, cJ,n, s0) with F̃P,nf �= 0.

ii) The fact that the sections μl and ηl form an unsuitable basis at the point
(ϕ0, s0).

I consider the first cause as the essential one. Here we avoid the latter one by
not working with a Poincaré family, but with a family R(P, n) as introduced in
Proposition 10.2.4.

191
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11.1.1 Conventions. We keep fixed χ1 ∈ X0, ϕ0 ∈ J(0), l ∈ wt. We put J = J(ϕ0),
χ0 = χ1 · exp (ϕ0), l0 = l(χ1, ϕ0). We consider P ∈ P, n ∈ CP , and s0 ∈ C with
Re s0 ≥ 0.

We use a dot to indicate the restriction of functions and sheaves to the vertical
line given by s 	→ (ϕ0, s). So we shall study the Poincaré family Q̇l(J, P, n), which
is an element of (Ṁ ⊗Ȯ Ȧl(cJ,n))(C). In this notation ϕ0 is not visible.

Let Q ∈ P. The elements of CQ are constant on the vertical line {ϕ0} × C.
In this chapter we identify elements m ∈ CQ and their value m(ϕ0).

Q ∈ X∞, m = 0

s0 �= 0 λQ,m = μ̇l(Q,m) i(Q,m) = 0

s0 = 0 λQ,m = λ̇l(Q,m) i(Q,m) = 1

Q ∈ X∞, εm > 0, ε ∈ {1,−1}
0 ≤ s0 ≤ (εl0 − 1)/2 and

s0 ≡ (εl0 − 1)/2 mod 1

⎫⎬⎭ λQ,m = ˙̂ωl(Q,m) i(Q,m) = 1

other s0 λQ,m = μ̇l(Q,m) i(Q,m) = 0

Q ∈ PY , p = ε(m− l0)/4 ≥ 0,

q = ζ(m + l0)/4 ≥ 0, ε, ζ ∈ {1,−1}
0 ≤ s0 ≤ q − p− 1

2 and

s0 ≡ q − p− 1
2 mod 1

⎫⎬⎭ λQ,m = ˙̂ωl(Q,m, ζ) i(Q,m) = 1

other s0 λQ,m = μ̇l(Q,m) i(Q,m) = 0

Table 11.1 Choice of λQ,m.

11.1.2 Choice of a basis for the Fourier terms. We shall apply 10.2.3–10.2.8 with
Vr = V = {0}. For Q ∈ P, m ∈ cJ,n(Q) we choose λQ,m and νQ,m in the space
Ẇl(Q,m)(C) for a neighborhood C of s0 in C such that the conditions in 10.2.3 are
satisfied. Here we impose the condition of holomorphy. The meromorphy of families
of automorphic forms is the main point of interest of Chapter 10. Holomorphy of
the basis elements was not necessary.

These conditions leave no choice for ν: necessarily νQ,m = η̇l(Q,m). The
section η̇l(Q,m) is holomorphic at s0, even if s0 ∈ 1

2
N, Q ∈ X∞ and m = 0.

Table 11.1 shows how we can choose λQ,m. See 4.2.8, 4.2.9 and 7.6.13–7.6.15
for the definitions of the families of eigenfunctions that we use. With these choices,
both λQ,m and νQ,m are holomorphic at s0, and their Wronskian does not vanish
at s0.
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There are holomorphic functions f and g on a neighborhood of s0 such that
μ̇l(Q,m) = fλQ,m + gη̇l(Q,m). We denote by i(Q,m) ∈ Z the order of f at s0,
i.e., lims→s0(s− s0)−i(Q,m)f(s) exists and is non-zero.

11.1.3 The family R(P, n). Proposition 10.2.4 provides us with the family of au-
tomorphic forms R(P, n) in the space

(
Ṁ ⊗Ȯ Ȧl(cJ,n)

)
(C). As we have taken

Vr = {0}, we need not put a dot upon R(P, n) in this chapter. With μ̇l(P, n) =
fλP,n + gη̇l(P, n) as above, the uniqueness implies that Q̇l(J, P, n) is equal to
f ·R(P, n).

We can assume that R(P, n) is holomorphic on C0 = C � {s0}. Let q ∈ Z

be minimal such that Rq : s 	→ (s − s0)qR(P, n; s) is holomorphic at s0. Then
Rq ∈ Ȧl(cJ,n)(C), and Rq(s0) �= 0. In this section we investigate what values of q
can occur, and what we can say concerning Rq(s0).

11.1.4 Lemma. q ≥ 0.
If q = 0, then Rq(s0) = R(P, n; s0) is not regular at P .
If q > 0, then F̃Q,mRq(s0) ∈ C · η̇l(Q,m)(s0) for all Q ∈ P, m ∈ CQ.

Remark. In 4.1.9 we have defined regularity as square integrability at cusps, and
as smoothness at interior points.
Proof. The holomorphy of the basis λQ,m, η̇l(Q,m) implies that the first coordinate
s 	→ (s−s0)q of F̃P,nRq is holomorphic at s0. Hence q ≥ 0. If the space W 0

l0
(P, n, s0)

is non-zero, then it is spanned by η̇(s0) (see Proposition 4.2.11). So, if q = 0, then
F̃P,nR(P, n; s0) is not regular (use 4.1.10). The assertion concerning q > 0 is clear.

11.1.5 Resolvent. We use spectral theory to obtain more information on R(P, n).
Let R(λ) = (A− λ)−1 be the resolvent of the selfadjoint extension A = A(χ0, l0)
of the Casimir operator (see 6.5.2). The proof of the next lemma comes from [12],
proof of Théorème 3. We have used the same idea in the proof of Proposition 9.4.2.

11.1.6 Lemma. For all s ∈ C, Re s > − 1
2 , there exists h(s) ∈ C∞(G̃ � pr−1{P})

such that

i) s 	→ (ω− 1
4
+s2)h(s) is L2-holomorphic on { s ∈ C : Re s > − 1

2
} with values

in K(χ0, l0) ⊂ H(χ0, l0).

ii) R(P, n) is holomorphic at s for each s ∈ S = { s ∈ C0 : Re s > 0, 1
4 − s2 �∈

[− 1
4
l20,

1
4
) } and its value satisfies

R(P, n; s) = h(s)− R
(

1
4
− s2

)(
(ω − 1

4
+ s2)h(s)

)
.
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Proof. For Q ∈ P, m ∈ cJ,n(Q) we put θQ,m(s) = δP,Qδm,nwP ·τP ·λP,n(s), with τP

as in 9.4.4. Define h(s) just as we defined h(ϕ, s) in 9.4.4. As λQ,m(s) determines an
eigenfunction of ω with eigenvalue 1

4−s2, the function (ω− 1
4 +s2)h(s) is compactly

supported in Y . In fact, it vanishes outside the set pr−1 (UP (AP ) � UP (a(P ))).
Part i) follows.

As s0 �∈ S, the family s 	→ R(P, n; s) is pointwise holomorphic on S.
Put G(s) = R( 1

4
−s2)(ω− 1

4
+s2)h(s). The resolvent R( 1

4
−s2) is holomorphic

on S. So G is holomorphic on this region. We want to show that R(P, n)− h = G
on S. To do this, it suffices to show that G(s)+R(P, n; s)−h(s) ∈ ker(A− 1

4
+s2) for

all s ∈ S. We have chosen h(s) in such a way, that R(P, n; s)−h(s) is smooth on G̃,
even if P is an interior point. As Re s > 0 on S, the contribution of the multiple of
η̇l0(Q,m0) at the cusp Q is square integrable. So R(P, n; s)−h(s)−G(s) is square
integrable for s ∈ S. We show that R(P, n)− h−G is orthogonal to (ω− 1

4 + s̄2)k
for all k ∈ K(l0) to complete the proof. The definition of G implies(

G(s), (ω − 1
4

+ s̄2)k
)

l0

= s[G(s), k] =
(

(A− 1
4

+ s2)G(s), k
)

l0

=
(
(ω − 1

4 + s2)h(s), k
)
l0

.

(ω− 1
4
+s2)(R(p, n; s)−h(s)) = −(ω− 1

4
+s2)h(s) outside pr−1PY , and each point

of pr−1PY has a neighborhood on which this quantity vanishes. Hence(
R(P, n; s)− h(s),

(
ω − 1

4
+ s̄2

)
k

)
l0

=
((

ω − 1
4

+ s2

)
(R(P, n; s) − h(s)), k

)
l0

= −((ω − 1
4 + s2)h(s), k)l0 .

This gives the desired equality.

11.1.7. Take b ≥ q, where q is the order of R(P, n) at s0. Put Fb(s) = (s − s0)b

(R(P, n; s)− h(s)). This extends as a pointwise holomorphic family on a neighbor-
hood of s0. It determines an L2-holomorphic family on S, but at s0 it may leave
H(χ0, l0). Nevertheless, we have the following continuity result:

11.1.8 Lemma. Let f ∈ A2
l0

(χ0, s0) and b ≥ q. Define the family Fb by Fb(s) =
(s− s0)b · (R(P, n; s) − h(s)). Then

lim
s→s0, s∈S

∫
Γ̃\H

Fb(s; p(z))f(p(z)) dμ(z) =
∫

Γ̃\H
Fb(s0; p(z))f(p(z)) dμ(z).

The integral on the right exists if interpreted in the sense of Remark 9.4.16.
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Proof. Take truncation data as in Section 8.3, for the growth condition cJ,n. As
F ∩ pr−1(aY ) is relatively compact in H, we have

lim
s→s0, s∈S

∫
F∩pr−1(aY )

Fb(s)f dμ =
∫

F∩pr−1(aY )

Fb(s0)f dμ.

Let Q ∈ P. As Fb is a section of Al(cJ,n), the truncated family Fb[cJ,n, Q]
corresponds (under transformation as in Chapter 8) to an L2-holomorphic family
on F ∩ pr−1U̇Q(a(Q)). Hence

lim
s→s0, s∈S

∫
F∩pr−1UQ(a(Q))

Fb(s)[cJ,n, Q] f [cJ,n, Q] dμ

=
∫

F∩pr−1UQ(a(Q))

Fb(s0)[cJ,n, Q] f [cJ,n, Q] dμ.

We are left with finitely many terms corresponding to (Q,m), Q ∈ P, m ∈
cJ,n(Q). The presence of h(s) cancels the λQ,m-part of F̃Q,mR(P, n). Hence each
term is of the form∫

aÎQ

(s− s0)bdm(s)η̇l(Q,m)(s) · cmη̇(s0) dνQ,

with dm(s) the coefficient of η̇l(Q,m)(s) in F̃Q,mR(P, n; s). The coefficient of
η̇l(Q,m)(s0) in F̃Q,mFb(s0) is equal to lims→s0(s − s0)bdm(s). If m �= 0 or Q �∈
X∞(J), then the integrand is holomorphic in s, and the limit lims→s0, s∈S can be
taken inside the integral, to give

∫
aÎQ

FQ,mFb(s0) ·FQ,mf dνQ. The same holds for
m = 0 and Q ∈ X∞(J), provided Re s0 > 0. But if Re s0 = 0, then the square
integrability of f implies cm = 0.

11.1.9 Lemma. Let q0 be the order of s 	→ s2 − s2
0 at s = s0. Then

i) q ≤ q0.

ii) If F̃P,nf �= 0 for some f ∈ A2
l0

(χ0, s0), then q = q0.

iii) If q = q0 and Rq(s0) ∈ A2
l0

(χ0, s0), then F̃P,nRq(s0) �= 0.

iv) If Rq(s0) ∈ A2
l0

(χ0, s0), then Rq(s0) is orthogonal to Sl0(χ0, cJ,n, s0).

Remarks. Rq : s 	→ (s− s0)qR(P, n; s) has been introduced in 11.1.3.
We have q0 = 2 if s0 = 0, q0 = 1 if s2

0 ∈ R and s0 �= 0, and q0 = 0 if s2
0 �∈ R.

Proof. The function s 	→ ∫
Γ̃\G̃/K̃

Rq(s; g)ψ(g) dg is holomorphic on a neighborhood
of s0 for each ψ ∈ K(χ0, l0). We can choose ψ such that this integral is non-zero
at s = s0, and such that ψ vanishes on a neighborhood of pr−1{P} in G̃. As
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q ≥ 0, the function s 	→ (s− s0)q
∫
Γ̃\G̃/K̃

h(s; g)ψ(g) dg is also holomorphic at s0.
Lemma 11.1.6 implies, for s ∈ S (i.e., s �= s0, Re s > 0 and 1

4 − s2 �∈ [− 1
4 l20,∞)):∫

Γ̃\G̃/K̃

(
Rq(s; g) − (s− s0)qh(s)

)
ψ(g) dg

= −(s− s0)q

(
R(

1
4
− s2)(ω − 1

4
+ s2)h(s), ψ

)
l0

.

‖(ω − 1
4

+ s2)h(s)‖l0 = O(1) as s → s0, and
∥∥R (1

4
− s2

)∥∥ ≤ 1
Im( 1

4−s2)
for s ∈ S,

see [25], Ch. V, §3.5, (3.16). This gives∫
Γ̃\G̃/K̃

(Rq(s; g)− (s− s0)qh(s; g)) ψ(g) dg = O
(

(s− s0)q

Im( 1
4 − s2)

)
as s → s0, s ∈ S. We choose a path in S approaching s0 on which the values of
(s− s0)q0/ Im( 1

4 − s2) stay bounded. If q > q0 , then

0 �=
∫

Γ̃\G̃/K̃

Rq(s0; g)ψ(g) dg

= lim
s→s0

∫
Γ̃\G̃/K̃

(
Rq(s; g)− (s− s0)qh(s; g)

)
ψ(g) dg

= lim
s→s0

O
(

(s− s0)q

Im( 1
4 − s2)

)
= 0

leads to a contradiction. This gives i).
Let f ∈ A2

l0
(χ0, cJ,n, s0), f �= 0. Hence s0 ∈ iR ∪ (0,∞). For s on the path

indicated above:

(−s2
0 + s2)

(
R(P, n; s)− h(s), f

)
l0

= −(−s2
0 + s2)

(
R(

1
4
− s2)(ω − 1

4
+ s2)h(s), f

)
l0

= −(−s2
0 + s2)

(
(ω − 1

4
+ s2)h(s),R(

1
4
− s̄2)f

)
l0

= −(−s2
0 + s2)

(
(ω − 1

4
+ s2)h(s), (s̄2 − s2

0)
−1f

)
l0

= −
(

(ω − 1
4

+ s2)h(s), f
)

l0

.

The square integrability of f implies that F̃P,nf = cη̇l(P, n)(s0) for some c ∈ C

(and c = 0 if P ∈ X∞(J), n = 0 and Re s0 = 0). We have constructed h in such a
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way that(
(ω − 1

4
+ s2)h(s), f

)
l0

=
∫

IP

(lP,n − 1
4

+ s2)FP,nh(s) · cη̇l(P, n)(s0) dνP

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c̄
∫∞

AP
(−τ ′′

P (y)λP,n(s; y) − 2τ ′
P (y)λP,n(s)′(y))

· η̇l(P, n)(s0; y) dy if P ∈ X∞(J)

4πc̄
∫ AP

0

{−(u2 + u)τ ′′
P (u)λP,n(s;u)

− 2(u2 + u)τ ′
P (u)λP,n(s)′(u)

− (2u + 1)τ ′
P (u)λP,n(s;u)

}
η̇l(P, n)(s0;u) du

if P ∈ PY .

This is holomorphic in s on a neighborhood of s0. The definitions in Section 4.2
imply η̇l(P, n)(s0) = η̇l(P, n)(s0) for the present value of s0. We apply partial
integration, and end up with(

(ω − 1
4

+ s2
0)h(s0), f

)
l0

= c̄ ·Wr(λP,n(s0), η̇l(P, n)(s0))

⎧⎨⎩ − ∫∞
AP

τ ′
P (y) dy if P ∈ X∞(J)

4π
∫ AP

0
τ ′
P (u) du if P ∈ PY

= −c̄ ·Wr(λP,n(s0), η̇l(P, n)(s0))

⎧⎨⎩ 1 if P ∈ X∞(J)

4π if P ∈ PY .

So the limit lims→s0(−s2
0+s2) (R(P, n; s)− h(s), f)l0

(over the path chosen above)
exists. It is non-zero if and only if F̃P,nf �= 0.

Suppose that q < q0. As lims→s0(−s2
0 +s2)/(s−s0)−q0 exists and is non-zero,

we obtain from Lemma 11.1.8

lim
s→s0

(−s2
0 + s2) (R(P, n; s)− h(s), f)l0

= lim
s→s0

−s2
0 + s2

(s− s0)q0
· lim

s→s0
(s− s0)q0−q lim

s→s0
(Rq(s)− (s− s0)qh(s), f)l0

= 0,

hence F̃P,nf = 0. This gives ii).
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Suppose Rq(s0) ∈ A2
l0

(χ0, s0). Then q > 0 by Lemma 11.1.4. Application of
Lemma 11.1.8 with b = q and f = Rq(s0) gives

lim
s→s0,s∈S

(s− s0)q

∫
Γ̃\H

(R(P, n; s)− h(s)) Rq(s0) dμ > 0.

Let q = q0. Then

lim
s→s0, s∈S

(−s2
0 + s2)

∫
Γ̃\H

(R(P, n; s)− h(s)) Rq(s0) dμ �= 0.

The computation given above shows that F̃P,nRq(s0) �= 0. This gives iii).
To prove part iv), suppose Rq(s0) ∈ A2

l0
(χ0, s0), and take f ∈ Sl0(χ0, cJ,n, s0).

Note that q has to be positive, see Lemma 11.1.4. Lemma 11.1.8 implies

(Rq(s0), f)l0
= lim

s→s0, s∈S
(s− s0)q

∫
F

(R(P, n; s)− h(s)) f dμ,

with the interpretation of the integral as in Remark 9.4.16. As R(P, n) has been
defined as an eρ, Proposition 9.4.16 implies that the integral

∫
F

R(P, n; s)f dμ

vanishes for all s ∈ S. The integral
∫

F
h(s)f dμ vanishes, as F̃P,nf = 0.

11.1.10 Lemma. Let F be any family in Ȧl(cJ,n;U), with U a neighborhood of s0

in C. If F (s0) ∈ A2
l0

(χ0, s0), then F (s0) is orthogonal to Sl0(χ0, cJ,n, s0).

Remark. This generalizes part iv) of the previous lemma.
Proof. We follow the ideas in the previous lemmas.

The uniqueness in Theorem 10.2.1 implies that F =
∑

Q,m βQ,mR(Q,m),
with βQ,m holomorphic on U , Q ∈ P and m ∈ cJ,n(Q). Define h(s) as in the proof
of Lemma 11.1.6, with θQ,m(s) = wQβQ,m(s) · τQ ·λQ,m(s). The statements in this
lemma hold for the new h, and for F instead of R(P, n). Define Fb(s) = F (s)−h(s),
repeat 11.1.7 and the proof of Lemma 11.1.8 for this Fb, with b = 0. The last
paragraph in the proof of Lemma 11.1.9 gives the desired result.

11.2 Eisenstein families

We apply the results of the previous section in the case P ∈ X∞, n = 0. This gives
well known properties of the meromorphic continuation of the Eisenstein series as
a function of the spectral parameter.

We take χ1, χ0, ϕ0, J , l and l0 as in 11.1.1. We consider P ∈ X∞(J) and
n = 0. Hence c = cJ in this section.

We investigate the singularities in { s ∈ C : Re s ≥ 0 } of the Eisenstein family
Ėl(J, P ) : s 	→ El(J, P, χ1;ϕ0, s).
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11.2.1 Maass-Selberg relation. Take c = cJ , and apply Theorem 4.6.5 to the auto-
morphic forms

f = Ėl(J,Q, χ1;ϕ0, s), h = Ė−l(−J,R, χ−1
1 ;−ϕ0, s)

with Q,R ∈ X∞(J) and s ∈ C such that both functions exist at s. The second
dot indicates the restriction to the line {−ϕ0} × C. We find Ċ−l(−J ;Q,R; s) =
Ċl(J ;R,Q; s), or in matrix notation (see 10.3.3) Ċ−l(−J) = Ċl(J)t; the t means
the matrix transpose.
11.2.2 Complex conjugation interchanges the elements of Al(χ1 · exp (ϕ0), cJ , s)
and A−l(χ−1

1 · exp (−ϕ0), c−J , s̄). This implies that h : s 	→ Ėl(J, Q, χ1;ϕ0, s̄) is a
section of Ṁ⊗ȮȦ−l(c−J ; {−ϕ0}×C). We inspect the Fourier terms, and apply the
uniqueness in Theorem 10.2.1 to conclude that h(s) = Ė−l(−J, Q, χ−1

1 ;−ϕ0, s).
Thus we obtain Ċl(J ; s)∗ = Ċl(J ; s̄), where ∗ denotes conjugate transpose. In
particular, Ċl(J ; s) is a unitary matrix for all s ∈ iR at which it is holomorphic.
(Use the functional equation in 10.3.5.)

11.2.3 Proposition. Ėl(J, P ) is holomorphic at all s0 ∈ iR.

Proof. By Proposition 10.2.14 it suffices to prove the holomorphy of

s 	→ F(J)Ėl(J, P ; s) = μ̇l(J, s)Id + μ̇l(J,−s)Ċl(J, s).

The restrictions μ̇l(Q,n0) are holomorphic on C, as they are given by s 	→ ys+1/2.
(It does not matter here that the unrestricted families may have singularities at
(ϕ0, s) with s ∈ − 1

2N.) The scattering matrix Ċl(J, s) is unitary for all s ∈ iR at
which it is holomorphic. Hence its matrix elements are bounded on iR. So poles at
imaginary points are impossible. (Here it is important to have only one complex
parameter.)

11.2.4 Proposition. Eisenstein families. Let P ∈ X∞(J).

i) The meromorphic extension Ėl(J, P ) of s 	→ Pl0(P, 0, χ0, s) is holomorphic
at all points s0 ∈ C that satisfy Re s0 ≥ 0 and s0 �∈ Σe(χ0, l0).

Let s0 be such a point.

a) If s0 �= 0, then the value Ėl(J, P ; s0) is not an element of H(χ0, l0).
b) At s0 = 0 the Eisenstein family may have a zero of at most order

one. If Ėl(J, P ; 0) �= 0, then it is not in H(χ0, l0); in the other case
lims→0

1
s Ėl(J, P ; s) �∈ H(χ0, l0).

ii) There are two possibilities at points s0 ∈ Σe
c(χ0, l0):

a) Ėl(J, P ) has a first order pole at s0. Then lims→s0(s − s0)Ėl(J, P ; s)
is a smooth square integrable automorphic form, orthogonal to the cusp
forms; its Fourier coefficient at P of order zero does not vanish.
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b) Ėl(J, P ) is holomorphic at s0. In this case Ėl(J, P ; s0) �∈ H(χ0, l0) and
F̃P,0f = 0 for all f ∈ A2

l0
(χ0, s0).

Remarks. Σe(χ0, l0) is the set of s with Re s ≥ 0, for which there are smooth square
integral automorphic forms that are not cusp forms.

In the previous section we distinguished the spaces H(χ0, l0)∩Al0(χ0, cJ , s0)
and A2

l0
(χ0, s0). When P is an interior point that distinction is necessary; square

integrable automorphic forms are not necessarily smooth. Here both spaces are
equal.
Proof. First consider s0 = 0. In this case Ėl(J, P ; s) = 2sR(P, 0; s), with R(P, 0) as
in Proposition 10.2.4 with the basis chosen in the previous section. Take a ∈ Z such
that F1 = lims→0 saĖl(J, P ; s) �= 0. The q and Rq in 11.1.2 satisfy q = a + 1, and
Rq(0) = 1

2F1. Lemmas 11.1.4 and 11.1.9 imply −1 ≤ a ≤ 1. Proposition 11.2.3
implies a ≤ 0. If a = 0, then F̃Q,0Ėl(J, P ; 0) �= 0 for some Q ∈ X∞(J) (apply
Proposition 10.2.14 with Vr = {0}). Hence Ėl(J, P ; 0) cannot be square integrable.
If a = −1 we conclude F1 �∈ H(χ0, l0) from Lemma 11.1.4.

Consider Re s0 ≥ 0, s0 �= 0. The choice λQ,0 = μl(Q, 0) for all Q ∈ X∞(J)
leads to Ėl(J, P ) = R(P, 0). We apply Lemma 11.1.4 and part i) of Lemma 11.1.9.
This gives q = 0 or 1. If q = 0, then Ėl(J, P ) is holomorphic at s0, and not
in H(χ0, l0). If q = 1, then Ėl(J, P ) has a singularity at s0, and F1, defined as
lims→s0(s − s0)Ėl(J, P ; s), satisfies F̃Q,0F1 ∈ C · μ̇l0(Q, 0,−s0) for all Q ∈ X∞.
Proposition 11.2.3 shows that q = 1 cannot occur for Re s0 = 0. Hence, if q = 1,
then Re s0 > 0, and F1 ∈ H(χ0, l0). This implies s0 > 0. Let s0 > 0, and suppose
Ėl(J, P ) is singular at s0. Then q = 1. Parts iii) and iv) of Lemma 11.1.9 imply
that F̃P,0F1 �= 0 and that F1 is orthogonal to Sl0(χ0, cJ , s0). As F1 �= 0, this shows
that s0 ∈ Σe(χ0, l0).

The statements i) and ii)a) have been proved. Assertion ii)b) follows from
part ii) of Lemma 11.1.9.

11.2.5 Finiteness of Σe. If s0 ∈ Σe, then some Ėl0(J, P ) is singular at s0. As each
meromorphic family of automorphic forms on C has a singular set that is discrete
in C, we conclude that Σe is a finite set.

11.2.6 Proposition. Let s0 ∈ Σe(χ0, l0). The residues lims→s0(s − s0)Ėl(J, P ; s),
with P ∈ X∞(J), span the orthogonal complement of the space of cusp forms
Sl0(χ0, cJ , s0) in the finite dimensional space A2

l0
(χ0, s0).

Proof. Put m = |cJ |. In 9.5.5 we have seen that there are f1, . . . fm ∈ Ȧl(cJ ,Ω0)
on a neighborhood Ω0 of s0 such that

Al0(χ0, cJ , s0) = Sl0(χ0, cJ , s0)⊕
m⊕

j=1

C · fj(s0).
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Put D =
⊕m

j=1 C · fj(s0) and D2 = D ∩ A2
l0

(χ0, s0). A suitable C-linear

transformation of the fj gives D2 =
⊕k

j=1 C · fj(s0) with 1 ≤ k ≤ m. In the
sense of Remark 9.4.16 the fj(s0) are orthogonal to Sl0(χ0, cJ , s0); for j ≤ k this
coincides with L2-orthogonality. So we have to express the fj(s0) with j ≤ k as
linear combinations of the residues at s0 of some Ėl(J, P ) with P ∈ X∞(J).

For each P ∈ X∞(J) we have F̃P,0fj = aP,j μ̇l(Q,n0) + bP,j
˙̃μl(P, n0). Note

that s0 > 0, hence we are working with a basis of Ẇl(P, n0). The aP,j and bP,j

are holomorphic on Ω. We obtain fj =
∑

P∈X∞(J) aP,jĖl(J, P ) from the Fourier
expansions. Let j ≤ k. For Q ∈ X∞(J),

F̃Q,0fj(s0)

= aQ,j(s0)μ̇l(P, n0, s0) +
∑

P∈X∞(J)

aP,j(s0)Ċl(J ;Q,P ; s0)μ̇l(Q,n0,−s0).

The square integrability implies aQ,j(s0) = 0. So only the Ėl(J, P ) that are singular
at s0 can contribute to fj(s0).
11.2.7 Residue at 1

2 . For χ0 = 1, l0 = 0:

lim
s→1/2

(s− 1
2
)Ė0(J, P, s) = vol(Γ̃\H)−1 · 1.

Indeed, we know that this limit is a smooth square integrable automorphic form;
it has the form αP · 1 with αP ∈ C (see the proof of Proposition 6.7.8). In the
proof of Lemma 11.1.9 take f = 1, R(P, 0) = Ė0(J, P ), and obtain

lim
s→1/2

(0− 1
4

+ s2)
(
Ė0(J, P, s) − h(s), 1

)
0

= lim
s→1/2

−((ω − 1
4

+ s2)h(s), 1)0

= c̄Wr(μ̇0(P, 0;
1
2
), μ̇0(P, 0;−1

2
)) = c̄,

with F̃P,01 = cμ̇0(P, 0;− 1
2 ), hence c = 1. This gives (αP · 1, 1)0 = 1, and αP =

1/ vol(Γ̃\H).
If |X∞(J)| > 1, the difference of the Eisenstein families for two cusps is

holomorphic at 1
2
. See 14.4.7 for an example.

11.2.8 Definition. For s ∈ C, and J a cell of continuation,

A∗
l0

(χ0, J, s)

=
{

f ∈ Al0(χ0, cJ , s) : F̃Q,0f ∈ C · μ̇l(P, n0;−s) for all Q ∈ X∞(J)
}

.

Clearly Sl0(χ0, cJ , s) ⊂ A∗
l0

(χ0, J, s) ⊂ Al0(χ0, cJ , s). The space A∗
l0

(χ0, J, s) con-
tains the residues of Eisenstein families.
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11.2.9 Lemma. If Re s ≥ 0, s �= 0, then A∗
l0

(χ0, J, s) = A2
l0

(χ0, s).
The space A∗

l0
(χ0, J, 0) is spanned by Sl0(χ0, cJ , 0) and the Ėl(J, P ; 0) with

P ∈ X∞(J).

Remark. This implies that A∗
l0

(χ0, J,−s) = A∗
l0

(χ0, J, s) for Re s = 0. Moreover,
for s �= 0, Re s = 0, this space is equal to the space of cusp forms Sl0(χ0, cJ , s).

The Ėl(J, P ; 0) may vanish. This is the case for the modular group, see 13.2.6.
Proof. Let Re s > 0. Then A∗(χ0, J, s) ⊂ A2

l0
(χ0, s), as we see from the Fourier

expansion. If A2
l0

(χ0, s) �= Sl0(χ0, cJ , s), then s ∈ Σe(χ0, l0), and Proposition 11.2.6
implies the converse conclusion.

For Re s = 0, s �= 0, the Ėl(P, J), P ∈ X∞(J), are holomorphic at s, and
the values at s induce a basis of Al0(χ0, cJ , s) mod Sl0(χ0, cJ , s). From the Fourier
expansions we see that they induce a basis of Al0(χ0, cJ , s) mod A∗

l0
(χ0, J, s) as

well.
Let s = 0. We start as in the proof of Proposition 11.2.6. Let m = |cJ |. There

are f1, . . . , fm ∈ Ȧl(cJ ,Ω0) on a neighborhood Ω of 0 in the s-plane, such that

Al0(χ0, cJ , 0) = Sl0(χ0, cJ , 0) ⊕
m⊕

j=1

fj(0)

A∗
l0

(χ0, J, 0) = Sl0(χ0, cJ , 0) ⊕
k⊕

j=1

fj(0)

with 0 ≤ k ≤ m. For P ∈ X∞(J) we use the basis λP,0, ˙̃μl(P, n0) of Ẇl(P, n0)
discussed in 11.1.2. There are holomorphic functions aP,j , bP,j on Ω such that
F̃P,0fj = aP,jλP,0 + bP,j

˙̃μl(P, n0) for P ∈ X∞(J), 1 ≤ j ≤ m. Hence fj(s) =∑
P∈X∞(J) αP,j(s)R(P, 0; s) =

∑
P∈X∞(J)

αP,j(s)
2s

Ėl(P, 0; s). Suppose 1 ≤ j ≤ k.
Then αP,j(0) = 0 for each P ∈ X∞(J). So fj(0) =

∑
P∈X∞(J)

1
2α′

P,j(0)El(P, 0; 0).

11.2.10 Lemma. If Re s0 < 0, the space A∗
l0

(χ0, J, s0) is spanned by the cusp forms
in Sl0(χ0, cJ , s0) and the automorphic forms

lim
s→−s0

∑
Q∈X∞(J)

βQ(s)Ėl(J,Q; s),

where (βQ)Q∈X∞(J) runs through the vectors of holomorphic functions on a neigh-
borhood of −s0 for which the maps

τR : s 	→
∑

Q∈X∞(J)

βQ(s)Ċl(J ;Q,R; s) for R ∈ X∞(J)

are holomorphic at −s0 with value 0.
If, for Re s0 < 0, the space A∗

l0
(χ0, J, s0) mod Sl0(χ0, cJ , s0) is non-zero, then

the scattering matrix Ċl0(J) is not holomorphic at s0.



11.3 Other Poincaré families 203

Remark. This is the only result we state concerning the behavior in the left half
plane Re s < 0. We need it in the next chapter.
Proof. The condition on the τR implies the existence of the limit, see Proposi-
tion 10.2.14. As η̇l(Q, 0; s0) = μ̇l(Q, 0,−s0), the limit is an element of A∗

l0
(χ0, J, s0).

We take m = |cJ | and families f1, . . . , fm on a neighborhood Ω of −s0 such
that f1(−s0), . . . , fm(−s0) induce a basis of Al0(χ0, cJ ,−s0) mod Sl0(χ0, cJ ,−s0).
There are holomorphic functions αQ,j on Ω such that fj =

∑
Q∈X∞(J) αQ,jĖl(J,Q)

as an identity of meromorphic families on Ω. Up to a cusp form, each element of
A∗

l0
(χ0, J, s0) is the value at −s0 of a C-linear combination f =

∑m
j=1 cjfj . The

family f is holomorphic at −s0. We conclude from Proposition 10.2.14 that

τR : s 	→
m∑

j=1

cj

∑
Q∈X∞(J)

αQ,j(s)Ċl(J ;R,Q; s)

is holomorphic at −s0 for each R ∈ X∞(J). From F̃R,0f(−s0) ∈ C · μ̇l(R, 0,−s0)
we obtain τR(−s0) = 0. Take βQ =

∑m
j=1 cjαQ,j .

For each P ∈ X∞(J) the functional equation, see 10.3.5, gives

βP (−s) =
∑

R∈X∞(J)

Ċl(J, P,R; s)
∑

Q∈X∞(J)

βQ(−s)Ċl(J,R,Q;−s)

=
∑

R∈X∞(J)

Ċl(J, P,R; s)τR(−s).

If Ċl(J) is holomorphic at s0, then βP (−s0) = 0 for each P ∈ X∞(J). This implies
that the automorphic form f(−s0) = lims→−s0 βQ(s)Ėl(J,Q; s) is an element of
A∗

l0
(χ0, J,−s0). As this space intersects A∗

l0
(χ0, J, s0) in Sl0(χ0, cJ , s0), we see that

f(−s0) does not contribute to A∗
l0

(χ0, J, s0) mod Sl0(χ0, cJ , s0).

11.3 Other Poincaré families

The main result in this section is Proposition 11.3.9. It describes the singulari-
ties of those Poincaré families that are not Eisenstein families. Here we have to
separate more cases than we did for the Eisenstein families in Proposition 11.2.4.
The main difference stems from the fact that general Poincaré families may have
singularities at points of iR as well as at points in (0, 1

2 ]. This can be expected
from Lemma 11.1.9. That result suggests that singularities at s0 (with Re s0 ≥ 0)
are due to the presence of elements f of A2

l0
(χ0, s0) with non-vanishing Fourier

term F̃P,nf . In the case of an Eisenstein family, P ∈ X∞(J), n = 0, this cannot
happen for Re s0 = 0.
11.3.1 Notations. Take χ1, ϕ0, l, J , χ0 and l0 as in 11.1.1. In this section we
consider Q̇l(J, P, n) : s 	→ Ql(J, P, n, χ1;ϕ0, s) for P ∈ P, n ∈ CP , with either
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P �∈ X∞, or n(χ0) �= 0. This is the meromorphic continuation in s of the Poincaré
series Pl0(P, n, χ0, s).

The growth conditions cJ,n and cJ are different in this section (see 10.1.7).

11.3.2 Poincaré element. The points where Q̇l(J, P, n) may have a singularity will
turn out to be elements of Σc(χ0, l0)∪{0, |τ(χ0)|}. The main criterion determining
the order of Q̇l(J, P, n) at s0 will be

F̃P,nf �= 0 for some f ∈ A2
l0

(χ0, s0).

Let us define the Poincaré element pl0
(P, n; s0) of order (P, n) in A2

l0
(χ0, s0).

It is the element of A2
l0

(χ0, s0) such that F̃P,nf =
(
f, pl0

(P, n; s0)
)
l0

ωl0(P, n, s0)

for all f ∈ A2
l0

(χ0, s0). As the linear form f 	→ F̃P,nf/ωl0(P, n, s0) is continuous
on this finite dimensional Hilbert space, such an element exists and is unique. The
criterion stated above can be formulated as pl0

(P, n; s0) �= 0.
At s0 = 0 we also need to consider the following element of Al0(χ0, cJ , s0):

EP,n =
∑

Q∈X∞(J)

Ċl(P, n;J,Q; 0)Ėl(J,Q; 0).

Suppose that EP,n �= 0. As EP,n is the value at s = 0 of a family ėρ, Proposi-
tion 9.4.16 shows that F̃Q,0EP,n �= 0 for some Q ∈ X∞(J). The space Wl0(Q, 0, 0)
contains no regular elements other than 0. So we conclude that EP,n �∈ H(χ0, l0)
if it is non-zero. A computation shows that EP,n �= 0 implies F̃P,nEP,n �= 0.

The role played by the Poincaré element pl0
(P, n; s0) in the case s0 �= 0 is

partly taken over by EP,n when s0 = 0.
11.3.3 Consequences of Section 11.1. Let s0 ∈ C, Re s0 ≥ 0.

We consider the family R(P, n) of Section 11.1. We suppose that λP,n and
λQ,0 for Q ∈ X∞(J) have been chosen as indicated in 11.1.2. We take q, q0 and
Rq as indicated in 11.1.3 and Lemma 11.1.9. From the Lemmas 11.1.4 and 11.1.9
we obtain:

i) 0 ≤ q ≤ q0.

ii) If pl0
(P, n; s0) �= 0, then q = q0.

iii) If Rq(s0) ∈ A2
l0

(χ0, s0), then pl0
(P, n; s0) �= 0 and Rq(s0) is a multiple of

pl0
(P, n; s0).

11.3.4 Spaces of automorphic forms. In this section we use many spaces of auto-
morphic forms, see Table 11.2. The growth conditions cJ,n and cJ satisfy cJ,n ⊃ cJ ,
and |cJ,n| = |cJ |+1. This explains the top and bottom inclusions in the table. The
inclusions in between are determined by the Fourier terms of order (Q, 0), with
Q ∈ X∞(J).
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s0 = 0 Re s0 = 0, s0 �= 0 Re s0 > 0

Al0(χ0, cJ,n, 0) Al0(χ0, cJ,n, s0) Al0(χ0, cJ,n, s0)

∪ ∪ ∪
Al0(χ0, cJ , 0) Al0(χ0, cJ , s0) Al0(χ0, cJ , s0)

∪ ∪ ∪
A∗

l0
(χ0, J, 0) A∗

l0
(χ0, J, s0) A∗

l0
(χ0, J, s0)

∪ || ||
A2

l0
(χ0, 0) A2

l0
(χ0, s0) A2

l0
(χ0, s0)

|| || ∪
Sl0(χ0, cJ , 0) Sl0(χ0, cJ , s0) Sl0(χ0, cJ , s0)

∪ ∪ ∪
Sl0(χ0, cJ,n, 0) Sl0(χ0, cJ,n, s0) Sl0(χ0, cJ,n, 0)

Table 11.2 Inclusion and equality for some spaces of automorphic forms.

The Poincaré element pl0
(P, n; s0) is an element of A2

l0
(χ0, s0). It is orthogo-

nal to Sl0(χ0, cJ,n, s0). The automorphic form Rq(s0) is always an element of the
largest space Al0(χ0, cJ,n, s0). We investigate under what conditions it is an ele-
ment of the smaller spaces in the table. F̃P,nRq(s0) is regular if and only if Rq(s0)
is an element of the second space, Al0(χ0, cJ , s0).

11.3.5 Lemma.

i) Let Rq(s0) ∈ Al0(χ0, cJ , s0), but Rq(s0) �∈ A2
l0

(χ0, s0). Then s0 = 0, q = 1,
and Rq(0) is a multiple of EP,n.

ii) Let s0 = 0. Then F̃Q,0Rq(s) = cQ(s)μ̇l(Q, 0,−s) for all Q ∈ X∞(J), with

cQ(s) =
1
4
uP wP sq−1Ċl(P, n;J, Q, s̄)Wr(λP,n(s), ω̇l(P, n, s)).

Proof. Let R ∈ X∞(J). There is a holomorphic function cR on a neighborhood of s0

such that F̃R,0Rq(s) = cR(s)μ̇l(R, 0;−s). We apply the Maass-Selberg relation
(Theorem 4.6.5) to Rq(s) and Ė−l(R,−J, s). The non-zero contributions come
from the following Fourier terms:

F̃P,nRq(s) = (s− s0)qwP λP,n(s) + multiple of ω̇l(P, n, s)
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F̃P,−nĖ−l(R,−J ; s) = Ċ−l(P,−n;−J,R; s)ω̇−l(P,−n, s)

F̃R,0Rq(s) = cR(s)μ̇l(R, 0;−s)

F̃R,0Ė−l(R,−J ; s) = μ̇−l(R, 0; s) + multiple of μ̇−l(R, 0,−s).

The Maass-Selberg relation and the definition of the map ι in 4.2.12 give

uP (s− s0)qwP Ċ−l(P,−n;−J,R; s)Wr(λP,n(s), ω̇l(P, n, s))
= 2cR(s)Wr(μ̇l(R, 0, s), μ̇l(R, 0,−s)).

In 11.2.2 we see that Ċ−l(P,−n;−J,R; s) can be replaced by Ċl(P, n;J,R; s̄). For
s0 = 0 we obtain the expression in part ii).

We use the notations of 10.3.3. We write F(J)Rq(s) = μ̇l(J ;−s)a(s), where a
is a column vector of length |cJ | = |X∞(J)|, holomorphic in s. The Q-th coordinate
of a is cQ. Use Cl(J,Q, n), as defined in 10.3.5, to get

a(s) = s−1(s− s0)qα(s)Ċl(J, P, n; s̄)∗

α(s) =
1
4
uP wP Wr(λP,n(s), ω̇l(P, n, s)).

The holomorphic function α is non-zero at s0. The ∗ means conjugate transpose.
Suppose that the assumptions in i) are satisfied: Rq(s0) ∈ Al0(χ0, cJ , s0),

but Rq(s0) �∈ A2
l0

(χ0, s0). Lemma 11.1.4 implies q > 0. As Rq(s0) is smooth on G̃
by the assumption Rq(s0) ∈ Al0(χ0, cJ , s0), we see that not all coordinates of
F(J)Rq(s0) can be regular; otherwise we would have Rq(s0) ∈ A2

l0
(χ0, s0). As

μ̇l(W, 0,−s; gQp(z)) = y1/2−s, we conclude Re s = 0. Remark 9.5.7 implies that
Rq(s0) may be expressed as the sum of a cusp form and the value at s0 of a family
f ∈ Ȧl(cJ)s0 . The uniqueness in Theorem 10.2.1 implies that f is an Ṁs0 -linear
combination of the Ėl(J,Q) with Q ∈ X∞(J). We write f = Ėl(J)β, with β a
column vector, meromorphic in s.

Let s0 �= 0 (and Re s0 = 0). The Ėl(J,Q) are holomorphic at s0 (see Propo-
sition 11.2.4). As f is holomorphic as well, this implies that β is holomorphic
at s0. We obtain the relation μl(J ;−s0)c(s0) = F(J)f(s0) = F(J)Ė(J ; s0)β(s0) =
μ̇l(J, s0)β(s0) + μ̇l(J,−s0)Cl(J ; s0)β(s0). This gives β(s0) = 0, and f(s0) = 0, in
contradiction to the assumption Rq(s0) �∈ A2

l0
(χ0, s0).

We are left with s0 = 0 and q > 0. In this situation

a(s) = sq−1α(s)Ċl(J, P, n; s̄)∗.

Proposition 11.2.3 implies that s 	→ Ċl(J, P, n; s̄)∗ is holomorphic at 0. Hence q = 2
would imply a(0) = 0, again in contradiction to the assumption that Rq(0) is not a
square integrable function. Thus we obtain q = 1, and c(0) = α(0)Ċl(J, P, n; 0)∗ �=
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0. There exists f ∈ Ȧl(cJ)0 such that Rq(0)− f(0) ∈ Sl0(χ0, cJ , 0). Again take β
such that f = El(J)β. Now

F(J)f(s) =
(
μ̇l(J ; s) + μ̇l(J ;−s)Ċl(J ; s)

)
β(s)

= 2sλ̇l(J ; s)β(s) + μ̇l(J ;−s)(Id + Ċl(s))β(s),

where λl(J ; s) = (2s)−1(μl(J, s)−μl(J ;−s)) is the diagonal matrix with λl(Q, 0, s)
at position Q ∈ X∞(J). The term with λl(J) has to vanish at s = 0, and we obtain
the holomorphy of β at s = 0. Hence

F(J)f(0) = α(0)μ̇l(J ; 0)Ċl(J, P, n; 0)∗ = μ̇l(J ; 0)(Id + Ċl(J ; 0))β(0).

The functional equations in 10.3.5, and the relation Ċl(J ; 0)∗ = Ċl(J ; 0) in 11.2.2,
give (Id− Ċl(J ; 0))Ċl(J, P, n; 0)∗ = 0. Put b1 = 1

2α(0)Ċl(J, P, n; 0)∗. Then

F(J)f(0) − μ̇l(J ; 0)(Id + Ċl(J ; 0))b1 =
1
2
α(0)(Id− Ċl(J ; 0))Ċl(J, p, n; 0)∗ = 0,

and F(J)Rq(0) = F(J)f(0) = F(J)Ėl(J ; 0)b1. This means that there is a cusp form
g1 ∈ Sl0(χ0, cJ , 0) such that

Rq(0)− g1 = Ė(J ; 0)b1 =
1
2
α(0)Ėl(J ; 0)Ċl(J, P, n; 0)∗ =

1
2
α(0)EP,n.

As q �= 2, we have pl0
(P, n; 0) = 0 (part ii) of Lemma 11.1.9). This means that

the cusp form g1 = Rq(0) − 1
2αEP,n is an element of Sl0(χ0, cJ,n, 0). We apply

Proposition 9.4.16 twice. First we take c = cJ to see that g1 is orthogonal to EP,n.
Next we use c = cJ,n to conclude that g1 is orthogonal to Rq(0) as well. Both times
orthogonality is understood in the sense of Remark 9.4.16. Hence g1 is orthogonal
to itself, even in the sense of Lebesgue integration, and vanishes; Rq(0) is a multiple
of EP,n. As Rq(0) �∈ A2

l0
(χ0, 0), we obtain EP,n �= 0

11.3.6 Lemma.

i) If pl0
(P, n; s0) �= 0, then s0 ∈ Σ(χ0, l0), q = q0, and Rq(s0) ∈ C·pl0

(P, n; s0).

ii) If s0 = 0, pl0
(P, n; 0) = 0 and EP,n �= 0, then q = 1 and Rq(s0) ∈ C · EP,n.

iii) In all other cases q = 0 and Rq(s0) �∈ Al0(χ0, cJ , s0).

Proof. Let pl0
(P, n; s0) �= 0. Then q = q0 (see 11.3.3), and A2

l0
(χ0, s0) �= {0}, hence

s0 ∈ Σ(χ0, l0). Lemma 11.1.4 implies that Rq(s0) is an element of Al0(χ0, cJ , s0). If
Rq(s0) were not in A2

l0
(χ0, s0), then s0 = 0, and q = 1, see part i) of Lemma 11.3.5.

This would contradict q = q0. Statement iii) in 11.3.3 shows that Rq(s0) is a
multiple of pl0

(P, n, s0).
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Let s0 = 0, pl0
(P, n, s0) = 0. From 11.3.3 we obtain Rq(0) �∈ A2

l0
(χ0, s0).

Suppose q = 0. We use the formula for the holomorphic function cR in part ii)
of the previous lemma. This formula shows that Ċl(P, n;J,R; 0) has to be zero
for all R ∈ X∞(J) to counteract the factor s−1. Hence EP,n vanishes. If q = 2,
then F̃Q,0Rq(0) = 0 for all Q ∈ X∞(J) by the same formula. Lemma 11.1.4 would
imply Rq(0) ∈ A2

l0
(χ0, 0). We end up with q = 1. Lemma 11.3.5 states that Rq(0)

is a multiple of EP,n.
Let pl0

(P, n, s0) = 0, and EP,n = 0 if s0 = 0. Assertion iii) in 11.3.3 ex-
cludes Rq(s0) ∈ A2

l0
(χ0, s0), and part i) of Lemma 11.3.5 shows that Rq(s0) ∈

Al0(χ0, cJ , s0) is impossible as well.
11.3.7 Reformulation. Now we turn to the singularities of the family Q̇l(J, P, n)
itself.

We denote by r the order of Q̇l(J, P, n) at s0; i.e., r is the integer for which
F1 = lims→s0(s − s0)−rQ̇l(J, P, n; s) exists and is non-zero. In 11.1.2 and 11.1.3
we see that r = i(P, n) − q.

i(P, n) = 0 i(P, n) = 1

s0 �= 0 s0 = 0 s0 �= 0 s0 = 0

pl0
(P, n; s0) �= 0 r = −1 r = −2 r = 0 r = −1

F1 ∈ C · pl0
(P, n; s0)

pl0
(P, n; 0) = 0 r = −1 r = 0

and EP,n �= 0 F1 ∈ C · EP,n F1 ∈ C · EP,n

pl0
(P, n; s0) = 0, r = 0 r = 1

and if s0 = 0

then EP,n = 0 F1 �∈ Al0(χ0, cJ , s0)

Table 11.3 The order of Poincaré families along vertical lines.

Lemma 11.3.6 implies the results in Table 11.3. A singularity corresponds to
r < 0. We see that singularities can occur only for s0 ∈ {0, |τ(χ0)|} ∪ Σc. Indeed,
Re s0 > 1

2
is impossible, as the Poincaré series converge in that region. Further

pl0
(P, n; s0) �= 0 implies s0 ∈ Σ. The sole element of Σd in [0, 1

2 ] is |τ(χ0)|.
The next lemma gives more information on the case s0 = |τ(χ0)|. Remember

that τ = τ(χ0) characterizes the weight modulo 2: it is determined by − 1
2 < τ ≤ 1

2
and τ ≡ 1

2
(l0 − 1) mod 1.

11.3.8 Lemma. If τ(χ0) �= 0 and Q̇l(J, P, n) is singular at |τ(χ0)|, then either
P ∈ PY , n = l0 = 0, and χ0 = 1, or l0 �∈ Z and τ(χ0)l0 < 0.
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Proof. Let τ = τ(χ0) �= 0, hence l0 �∈ 1+2Z; put s0 = |τ |. Suppose that Q̇l(J, P, n)
is singular at |τ |. Table 11.3 shows that pl0

(P, n; |τ |) �= 0, and i(P, n) = 0. The
idea of the proof is to combine the conditions for i(P, n) = 0 in Table 11.1 on
p. 192, with the results in Propositions 6.7.3 and 6.7.6.

P ∈ X∞, n �= 0 P ∈ PY

l0 sign n < 2|τ | + 1 1
2 |n + l0| − 1

2 |n− l0| < 2|τ |+ 1

A or or

l0 sign n �≡ 2|τ |+ 1 mod 2 1
2 |n + l0| − 1

2 |n− l0| �≡ 2|τ | + 1 mod 2

B |l0| ≥ b > 0
b = 2 if τ = 1

2

b = 2τ sign l0 otherwise

C n sign l0 > 0 n sign l0 ≥ b

|l0| < 2|τ | + 1 min(|l0|, |n|) < 2|τ | + 1

D or or

|l0| �≡ 2|τ | + 1 mod 2 min(|l0|, |n|) �≡ 2|τ |+ 1 mod 2

E |l0| < b min(|l0|, |n|) < b

Table 11.4 Conditions in the proof of Lemma 11.3.8.

Let us first draw conclusions from Table 11.1. In the case P ∈ X∞ we have
n �= 0. This means that ε = signn. The condition 0 ≤ s0 = |τ | is satisfied
automatically. Hence we have l0 signn < 2|τ | + 1 or l0 sign n �≡ 2|τ | + 1 mod 2. In
the other case, P ∈ PY , there are the quantities p = 1

4 |n−l0| and q = 1
4 |n+l0|. From

i(P, n) = 0 we conclude that 1
2 |n+ l0|− 1

2 |n− l0| < 2|τ |+1 or 1
2 |n+ l0|− 1

2 |n− l0| �≡
2|τ | + 1 mod 2. Thus we have obtained line A in Table 11.4.

pl0
(P, n; |τ |) �= 0 implies ker(A(χ0, l0) − 1

4 + τ2) �= {0}. Proposition 6.7.3
shows that this is possible in four cases. The first case is immediately seen not to
apply. In the last case l0 = 0, τ = 1

2 , we use that A2
l0

(χ0,
1
2) is contained in the

space of constant functions. This implies n = 0, and hence P ∈ PY . Moreover,
pl0

(P, n; |τ |) has to vanish if the character χ0 is not trivial. We have obtained the
first possibility in the lemma. It satisfies the top conditions in part A of Table 11.4.

In the remaining two cases in Proposition 6.7.3 there is a positive number b
such that

∣∣ b−1
2

∣∣ = |τ |, b ≡ ±l0 mod 2, and b ≤ ±l0. This gives l0 �= 0 as new
information. In the case τ = 1

2 we conclude b = 2. Let 0 < |τ | < 1
2 . Then

0 < b ≤ l0|, b ≡ |l0| mod 2, and b = 1+2ζ|τ |, with ζ ∈ {1,−1}. So sign l0 (2τ + 1) ≡
b ≡ 1 + 2ζ|τ | mod 2. Hence b = 2τ sign l0 + 1. We have put this information in
line B of the table.
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The condition pl0
(P, n, |τ |) �= 0 implies F̃P,npl0

(P, n, |τ |) �= 0. According to
Proposition 6.7.6, this can happen only if the conditions in part C of Table 11.4
are satisfied, for b as defined above. (We have used that n �= 0 if P ∈ X∞.)

From B and C we conclude that sign l0 = signn. Hence 1
2 |n + l0| − 1

2 |n− l0|
in part A is equal to min(|l0|, |n|). We replace A by D. We have to show that B,
C and D together imply 0 < |τ | < 1

2
and τl0 < 0

Let us assume that τ = 1
2 . This corresponds to l0 ∈ 2Z. Now the bottom

assertions in D in Table 11.4 are false; use n ≡ l0 mod 2 in the case P ∈ PY . If
P ∈ X∞, the top assertion in D becomes |l0| < 2, in contradiction to l0 �= 0. If
P ∈ PY we obtain |n| ≥ 2 from C, and obtain a contradiction to D as well.

We are left with 0 < |τ | < 1
2 . The definition of τ implies 2|τ | + 1 ≡ l0 sign τ .

This means that the bottom line in D is equivalent to sign l0 �= sign τ . (In the case
P ∈ PY we use that C implies |n| ≡ |l0| mod 2.) This gives the second alternative
in the lemma. To complete the proof assume that sign l0 = sign τ . The top line
in D gives the statements in E. These are in contradiction with |l0| ≥ b, and in
the case P ∈ PY , |n| ≥ b; see B and C.

11.3.9 Proposition. Poincaré families. Take χ0, l, l0 and J as in 11.1.1. Take
P ∈ P, n ∈ CP ; suppose n(χ0) �= 0 if P ∈ X∞(J). The meromorphic continuation
Q̇l(J, P, n) of the family of Poincaré series s 	→ Pl0(P, n, χ0, s) has no singularities
in the closed half plane Re s ≥ 0, except for:

i) a first order pole at s0 ∈ Σc(χ0)�{0} if F̃P,nf �= 0 for some f ∈ A2
l0

(χ0, s0);

ii) a singularity at s0 = 0 in the following cases:

a) if F̃P,nf �= 0 for some f ∈ A2
l0

(χ0, 0). The order of the singularity is 1
if l0 ∈ 1 + 2Z and l0n > 0; otherwise the order is 2.

b) if F̃P,nf = 0 for all f ∈ A2
l0

(χ0, 0), but EP,n �= 0, and either l0 �∈ 1+2Z

or l0n ≤ 0. The order of the singularity is 1.

iii) at s0 = |τ(χ0)|, with τ(χ0) �= 0, a pole of order 1 in the following cases:

a) P ∈ PY , n = l0 = 0 and χ0 = 1;

b) l0 �∈ Z, τ(χ0)l0 < 0 and F̃P,nf �= 0 for some automorphic form f ∈
A2

l0
(χ0, τ(χ0)).

Remarks. EP,n =
∑

Q∈X∞(J) Ċl(P, n;J,Q; 0)Ėl(J,Q; 0), see 11.3.2.
More detailed information, concerning not only the singularities but the zeros

as well, may be found in 11.3.7, and in Lemma 11.3.8.
Examples are discussed in 13.4.5–13.4.6.

Proof. Let Q̇l(J, P, n) be singular at s0 with Re s0 ≥ 0. This means that r < 0
in Table 11.3. We have Re s0 ≤ 1

2 from the convergence of the Poincaré series for
Re s > 1

2
.
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First consider s0 �= 0, s0 �= |τ(χ0)|. This implies i(P, n) = 0; see Table 11.1.
Table 11.3 shows that in this case r < 0 if and only if i(P, n) = 0 and pl0

(P, n, s0) �=
0. If this holds, then r = −1. Part i) of the proposition follows from part i) of
Lemma 11.3.6 together with the definition of the Poincaré element pl0

(P, n, s0).
Next consider s0 = |τ(χ0)| > 0. Lemma 11.3.8 leaves open two possibilities for

a singularity to occur. The first possibility is n = l0 = 0, χ0 = 1. Then the constant
function 1 satisfies F̃P,01 �= 0, and i(P, 0) = 0. Hence a first order singularity really
occurs. This is part iii)a). The other possibility is l0 �∈ Z, τl0 < 0. A reasoning
similar to the proof of Lemma 11.3.8 gives i(P, n) = 0. Table 11.3 gives part iii)b).

We consider the case s0 = 0. The condition pl0
(P, n, 0) �= 0 leads to the

condition in ii)a). In Table 11.1 we see for P ∈ X∞ that i(P, n) = 1 if and only if
l0 ∈ 1+2Z and sign n = sign l0. The case P ∈ PY is a bit more complicated. We use
the fact that n ≡ l0 mod 2 to obtain q−p− 1

2 ≡ 0 mod 1 ⇐⇒ 1
2 |n+l0|− 1

2 |n−l0| ∈
1 + 2Z ⇐⇒ min(|n|, |l0|) · sign(nl0) ∈ 1 + 2Z ⇐⇒ l0 ∈ 1 + 2Z. The condition
q−p− 1

2
≥ 0 amounts to min(|n|, |l0|) · sign(nl0) ≥ 1. This is equivalent to nl0 ≥ 1,

if we already know that n, l0 ∈ 1 + 2Z. This gives ii)a).
Finally, consider s0 = 0, pl0

(P, n, 0) = 0, but EP,n �= 0. Now r = −1 if and
only if i(P, n) = 0. This is the negation of the condition that we have considered
above.
11.3.10 Resolvent kernel. Case iii)a) of Proposition 11.3.9 states that the resolvent
kernel in weight zero (see 5.1.8) has a singularity at s = 1

2 if and only if the
character χ0 is trivial. Suppose χ0 = 1. The same reasoning as in Remark 11.2.7
shows, for P ∈ PY :

lim
s→1/2

(s− 1
2
)Q̇0(J(0), P, 0; s) = 4π vol(Γ̃\H)−1 · 1.

This implies that s 	→ Q̇0(J(0), P, 0; s)− 4πĖ0(J(0), Q; s) is holomorphic at s = 1
2

for all Q ∈ X∞.



Chapter 12
Singularities of Poincaré families

In this last chapter of Part I we consider singularities of Poincaré families de-
pending on the character and the spectral parameter jointly. The results are by
no means complete. We consider singularities at points (ϕ0, s0) with ϕ0 ∈ Vr and
Re s0 ≥ 0. Our point of view is local.

Singularities of families of eigenfunctions on a parameter space of complex
dimension more than one may be quite complicated. The first two sections serve
to get some hold on these complications. The main idea is to approach a given
point w0 of the parameter space along a one-dimensional path. The family of
automorphic forms to be studied is restricted to this path. The resulting one-
dimensional families are not as nice as the ‘vertical’ ones of the previous chapter.
In particular, they are no longer determined by their non-regular Fourier terms.
But a suitable multiple of the family still has a non-zero limit at w0. This limit
is an automorphic form with weight, character and eigenvalue determined by w0.
If we vary the path through w0, the value of the limit may change. The resulting
automorphic forms may span a space of dimension larger than one. If this dimen-
sion is high, the family of automorphic forms behaves in a complicated way at the
point w0.

As in the previous chapter, the Poincaré families for regular and singular
(P, n) cannot be handled in exactly the same way. We shall give a unified treat-
ment as far as is feasible. We treat restricted and more general parameter spaces
separately (see 10.2.11 for the definition of restricted parameter spaces). In the
non-restricted case there are singularities that are not at all related to spectral
features, but to the fact that at a cusp the condition of regularity does not always
determine a submodule of Wl(Q,m) with O-rank one.

The main results on the singularities of Poincaré families on general param-
eter spaces we state in Propositions 12.4.2 and 12.4.3, and those on restricted
parameter spaces in Propositions 12.5.8 and 12.5.9.

12.1 Local curves

In 7.4.15 we have seen that for a one-dimensional parameter space a section of an
eigenfunction module has a well determined order at each point of its domain. This
does not hold in higher dimensions. For a local study of families of automorphic
forms on a higher dimensional parameter space it is interesting to probe them along
a path of complex dimension one. This means that we compose these families with

213
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a morphism of parameter spaces. That gives families on an easier parameter space.
In this section we consider such morphisms.

12.1.1 Minimal holomorphic maps. W denotes a parameter space. We fix w0 ∈ W .
We consider holomorphic maps j : U → W , with U a neighborhood of 0

in C, such that j(0) = w0. If one such map is given, we can form other ones by
taking the composition j ◦ h : U1 → W , with h : U1 → U be holomorphic, U1 a
neighborhood of 0 in C. If h′(0) �= 0, then h has an inverse near 0, so we can get
back j from j ◦ h by the same method.

We call j minimal if it cannot be written in the form j = j1 ◦ h with j1 :
U1 → W and h : U → U1 holomorphic, h(0) = h′(0) = 0. If j is minimal, then it
cannot be constant.

12.1.2 Definition. A local curve at w0 is a holomorphic map j : U → W , with U
a neighborhood of 0 in C, j(0) = w0, that is minimal in the sense stated above.
Example. In the previous chapter we studied Poincaré families along ‘vertical’ local
curves u 	→ (ϕ0, s0 + u).

Actually, the essential objects are germs of local curves; local curves j1 and
j2 through w0 determine the same germ if they coincide on a neighborhood of 0
in C. But we shall work with representatives of such germs.

If h is holomorphic at 0, h(0) = 0 and h′(0) �= 0, one might also call j and
j ◦ h equivalent. We shall not identify them, as j and j ◦ h may lead to different
limits of families of automorphic forms.

12.1.3 Parameter space. Let j : U → W be a local curve at w0 in the parameter
space (W,χ, s). Define s(j) = s ◦ j, χ(j)(γ) = χ(γ) ◦ j for all γ ∈ Γ̃. This makes U
into a parameter space, and j into a morphism of parameter spaces. For Q ∈ P we
denote the set {n ◦ j : n ∈ c(Q) } by c(j)(Q). So c(j) is a growth condition on U .

12.1.4 Definition. Let ψ be a non-zero holomorphic function on a neighborhood
of w0 with ψ(w0) = 0. We call a local curve j : U → W at w0 a local curve at w0

along N (ψ) if ψ(j(u)) = 0 for all u ∈ U .
The Theorem of Puiseux, see Lemma 9.4.12, provides us with such local

curves:

12.1.5 Lemma. If τ(z, t) = tk +
∑k−1

j=0 aj(z)tj, as in Lemma 9.4.12, represents an
irreducible element of the stalk O0, then there exists a holomorphic function h on a
neighborhood U of 0 in C such that u 	→ (uk, h(u)) is a local curve at 0 along N (τ).
There is a neighborhood Ω of 0 in C2 such that N (τ) ∩ Ω ⊂ j(U).

Remarks. This gives the existence of a local curve at 0 along N (τ). This holds
even if τ is not irreducible: apply the lemma to an irreducible factor.

It is essential that the number of variables is two.
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Proof. Take d and h as given by Lemma 9.4.12, and j : u 	→ (ud, h(u)). In the
proof in [14], Chap. III, §1.4–6, we find at the end of §1.6, on p. 135, that

τ1(z, t) =
k∏

m=1

(
t− h(e2πim/dz1/d)

)
determines a holomorphic function on a neighborhood Ω of 0 in C2 dividing τ in
the stalk O0. For an irreducible τ this gives d = k, and N (τ) = N (τ1). If Ω is
small enough, then for each w1 = (z1, t1) ∈ Ω ∩N (τ), we have t1 = h(e2πim/du0)
for some m and some u0 with ud

0 = z1. Hence w1 = j(e−2πim/du0).
Moreover, if h is of the form h(u) = h1(ul) with h holomorphic at 0 in C

and l dividing d, then τ1 is the product of l holomorphic factors. Hence l ≥ 2 is
impossible.

Suppose j : u 	→ (ud, h(u)) can be written as j = j1 ◦ c, with j1 : v 	→
(a(v), b(v)), a, b and c holomorphic at 0 in C with value 0. We have to show that
c′(0) �= 0.

Write c(u) = uγc1(u) and a(v) = vαa1(v), with α, γ ≥ 1, a1 and c1 holo-
morphic at 0 with a non-zero value. Then d = αγ. As a1(0) �= 0, there is a2,
holomorphic at 0, such that a1 = aα

2 . Put ϕ : v 	→ va2(v), then a = ϕα, and
ϕ has a holomorphic inverse ϕ← on a neighborhood of 0. Put j2 = j1 ◦ ϕ←. It
has the form j2 : t 	→ (tα, b(ϕ←(t))). For each t near 0, there is a number u such
that t = ϕ(c(u)). From j = j2 ◦ ϕ ◦ c we conclude that τ(j2(t)) = 0 for all t in a
neighborhood of 0. We have seen that irreducibility of τ implies α = k = d, hence
γ = 1. This means that j is minimal.
12.1.6 Existence of local curves in higher dimensions. Consider dim(W ) = n > 2.
Suppose that ψ ∈ Ow0 is not a unit, and ψ �= 0. We pick coordinates z1, . . . , zn

with zj(w0) = 0 on a neighborhood of w0 in W , in such a way that ψ does not
vanish identically along the line given by z1 = z2 = . . . = zn−1 = 0. This is always
possible. The zero set N (ψ) does not change if we multiply ψ by a unit at w0. So
we may assume that ψ has Weierstrass form in zn, see, e.g., [23], Corollary 6.1.2.
We apply Lemma 12.1.5 to an irreducible factor of τ(u, t) = ψ(up1, . . . , upn−1, t)
for each non-zero (p1, . . . , pn−1) ∈ Cn−1 sufficiently close to 0. Thus we obtain a
local curve at w0 along N (ψ).

12.1.7 Proposition. Suppose dim(W ) ≥ 2. Let ψ and η be non-zero holomorphic
functions on a neighborhood of w0 such that ψ(w0) = 0, and η is relatively prime
to ψ in the ring Ow0 . Then there is a local curve j : U →W along N (ψ) such that
η ◦ j is not the zero function.

Proof. Take coordinates as above. Replacing η by η + ψ (if necessary) we arrange
that both ψ and η do not vanish along the line zj = 0, j = 1, . . . , n − 1. Again,
we can assume that ψ and η have Weierstrass form in zn. As in the proof of
Lemma 9.4.13, the fact that ψ and η are relatively prime leads to the existence of
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holomorphic functions l, f1 and f2 on a neighborhood of w0 with l = f1ψ + f2η,
such that l is not identically zero, and does not depend on zn. Take a point w1

near w0 such that u 	→ l(uz1(w1), . . . , uzn−1(w1)) is not the zero function. Apply
Lemma 12.1.5 to an irreducible factor of ψ̃(u, t) = ψ(uz1(w1), . . . , uzn−1(w0), t).
This provides us with a local curve j : v 	→ (vk, h(v)) along N (ψ̃); it can be consid-
ered as a local curve along N (ψ) as well. As l(j(v)) = l(vkz1(w1), . . . , vkzn−1(w1)),
we conclude that η ◦ j cannot vanish identically.
12.1.8 Parameter spaces for Poincaré families. We specialize W to have the form
(ϕ̃ + V )×C, with V = C⊗R Vr for an R-linear subspace Vr of Vr, and ϕ̃ ∈ Vr.

Let w0 = (ϕ0, s0) ∈ (ϕ̃ + V ) × C, and let ϕ1 ∈ V . We define a local curve
at w0 with direction ϕ1 to be a local curve of the form u 	→ (ϕ0 +udϕ1, s0 +h(u)).
If d = 1 we call this local curve linear , if d = 2 quadratic.
12.1.9 Real type. Let w0 = (ϕ0, s0) ∈ (ϕ̃ + V )×C, with ϕ0 ∈ Vr. We call ψ ∈ Ow0

a germ of real type if ψ(ϕ, s) = 0 and ϕ ∈ Vr imply 1
4 − s2 ∈ R.

12.1.10 Lemma. Suppose dimC V = 1, ϕ0 ∈ Vr, and suppose that ψ ∈ Ow0 is a
germ of real type that does not vanish identically along {ϕ0} ×C. Any local curve
along N (ψ) given by Lemma 12.1.5 (with z corresponding to a coordinate on V ,
and t to a coordinate on C) is linear if s0 �= 0, and linear or quadratic if s0 = 0.

Proof. We can assume that ψ has Weierstrass form in the s-direction. As 1
4−s2

0 ∈ R,
we have s0 ∈ R∪iR. Let ϕ1 ∈ Vr, ϕ1 �= 0, and let τ(z, t) = ψ(ϕ0+zϕ1, s0+ta), with
a = 1 if s0 ∈ R, and a = −i otherwise. Consider the local curve j : u 	→ (uk, h(u))
along N (τ) given by Lemma 12.1.5. Put h0(u) = h(u)2 if s0 = 0, and h0 = h
otherwise. Then h0(u) ∈ R for all u near 0 such that uk ∈ R. Take u ∈ R to see that
h0 = h0. We have h0(reπim/k) = h0(reπim/k) = h0(re−πim/k) = h0(re−πim/k) for
all real r near 0, for each m ∈ Z . This implies that h0 is of the form h0(u) = h1(uk)
with h1 holomorphic at 0. Note that h1(0) = 0.

In the case s0 �= 0 this gives τ(uk, h1(uk)) = 0 for all u near 0 in C. The
minimality in the definition of local curve implies k = 1. Hence u 	→ (ϕ0+uϕ1, s0+
ah(u)) is a linear local curve along N (ψ) with direction ϕ1.

Let s0 = 0. If k is odd, the fact that u 	→ h1(uk) is the square of the
holomorphic function h implies that h(u) = h2(uk), with h2 holomorphic at 0. In
that case k = 1 by minimality. Suppose k to be even. Write h1(u) = umh3(u),
with m ≥ 1 and h3 holomorphic at 0 with non-zero value. Then h3 is the square
of a holomorphic function h4. This gives h(u) = ±ukm/2h4(uk), and k = 2 by
minimality.

12.1.11 Proposition. Let dim V ≥ 1, and let w0 = (ϕ0, s0) ∈ (ϕ̃ + V )×C. Suppose
that ψ and η are holomorphic on a neighborhood of w0, such that ψ(w0) = 0, but ψ
is not identically zero along the line {ϕ0}×C, and η is relatively prime to ψ in the
stalk Ow0. Then there are ϕ1 ∈ ϕ̃ + Vr and s1 ∈ C such that (ϕ1, s1) ∈ N (ψ) and
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η(ϕ1, s1) �= 0. For each (ϕ1, s1) of this type, there is a local curve j along N (ψ)
with direction ϕ1 − ϕ0 such that η ◦ j is not the zero function.

Suppose in addition that ψ has real type. If s0 = 0, then j is linear or
quadratic, otherwise it is linear.

Proof. We can assume that ψ is irreducible in the stalk Ow0 . By replacing η by
η + ψ (if necessary), we arrange that η does not vanish along {ϕ0} × C. Use the
same proof as for Proposition 12.1.7, but take coordinates z1, . . . , zn−1 that are
real on Vr , and zn = s− s0. The point (z1(w1), . . . , zn−1(w1)) may be taken to be
real, c.f. Lemma 9.4.13. Apply Lemma 12.1.10 to the local curve obtained in this
way.
12.1.12 Remark. If dim V > 1, one might want to construct holomorphic maps
ϕ 	→ (ϕ, h(ϕ)), with h holomorphic on an open set in V , with image contained in
some given N (ψ). Even if ψ is of real type this need not be possible. Kato, [25],
Ch. II, Remark 5.12, gives the following example: Take dimV = 2, and coordinates
(v1, v2) on a piece of V ; ψ(v1, v2, s) = (s−s0)2−v2

1−v2
2. Along lines u 	→ (uṽ1, uṽ2)

we can take a holomorphic square root of v2
1 + v2

2, but not on a two-dimensional
neighborhood of (0, 0).

12.2 Value sets

Holomorphic families of automorphic forms are determined by infinitely many
holomorphic functions: a family f is determined by the pointwise evaluations fg :
w 	→ f(w; g), with g running through G̃P . If the parameter space W has complex
dimension larger than one, then different fg may be relatively prime in a stalk
Ow, without being units at w. So, if f has a zero at w, it might happen that f
cannot be divided by any non-unit in Ow. But if we approach w along a path with
complex dimension 1, we may divide f by a power of a local coordinate at w, and
end up with a non-zero automorphic form as its value.

In this section we use local curves to probe germs of families of automor-
phic forms. Actually, we proceed a bit more generally and consider families of
eigenfunctions, as discussed in Section 7.3.
12.2.1. Let w0 be a point of the parameter space W , c a growth condition on W ,
and l a weight. In this section we do not restrict our attention to the germs in
Al(c)w0 , but consider also the germs in Al◦j(c(j))0, and the values f(w0), g(0) ∈
Al(w0)(χ(w0), c(w0), s(w0)) of f ∈ Al(c)w0 and g ∈ Al◦j(c(j))0 for all local curves
j : W1 → W at w0. In 7.3.14 and 7.5.4 we have indicated how to relate the sheaves
Al(c) and Al◦j(c(j)). We need to work with this relation, not only for modules
of families of automorphic forms, but also for Fourier term modules. Perhaps the
aesthetically most pleasing way to handle this would be to work with the functor
assigning an Al(c) to each parameter space, and similar functors. Here we are
content to proceed under the following assumptions:
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12.2.2 Assumptions. In this section we consider an eigenfunction module H on W .
This eigenfunction module is a submodule of some Fl(U) with l ∈ wt, and U
an open subset of G̃ satisfying UK̃ = U . We assume that for all local curves
j : W1 → W at w0 there is an eigenfunction module H(j) ⊂ Fl◦j(U) on W1 such
that j�H ⊂ j∗H(j); see 7.3.14. We take for each w ∈ W a subspace H(w) of C∞(U)
that contains all values f(w) with f ∈ Hw, as well as all g(0) where g runs through(H(j)

)
0

and j runs through the local curves at w.
Examples. H = Al(c), H(j) = Al◦j(c(j)), H(w) = Al(w)(χ(w), c(w), s(w)). Or
H = Wl(P, n), H(j) = Wl◦j(P, n ◦ j), H(w) = Wl(w)(P, n(w), s(w)).
12.2.3 Primitive germs. We call a germ f ∈ Hw0 primitive if f �= 0 and Hw0 ∩
(Mw0 · f) = Ow0 · f .

Let f ∈ (M⊗O H)w0
. If ψ ∈Mw0 has been chosen such that ψf is primitive,

then we call ψf a primitive multiple of f .
On a parameter space W of dimension one, the value at w0 of a primitive

germ is not zero. On parameter spaces of higher dimension this may happen if there
are elements g1 and g2 in the set U (on which H lives), such that w 	→ f(w; g1)
and w 	→ f(w; g2) are relatively prime in Ow0 .

12.2.4 Lemma. Each non-zero element of (M⊗O H)w0
has a primitive multiple.

This multiple is unique up to multiplication by an element of O∗
w0

.

Proof. We show that for each Mw0-linear subspace X of (M⊗O H)w0
with Mw0-

dimension 1, the Ow0 -module X0 = X ∩Hw0 is generated by one element.
Take f ∈ X0, f �= 0. If f vanishes on N (ψ) for some irreducible ψ ∈ Ow0 ,

then Lemma 7.3.9 and Definition 7.3.11 show that 1
ψ

f ∈ X0. Replace f by 1
ψ

f .
After a finite number of steps f does not vanish on any N (ψ) with ψ ∈ Ow0 ,
ψ(w0) = 0, ψ �= 0. Suppose g ∈ X0. Then g = ν

δ f , with ν and δ relatively prime
in Ow0 . Now δg = νf implies that f vanishes on N (δ). Hence δ is a unit in Ow0 ,
and g ∈ Ow0 · f .

12.2.5 Lemma. Let f ∈ H(Ω0), with Ω0 a neighborhood of w0. If the germ of f
at w0 is primitive, then there exists a neighborhood Ω ⊂ Ω0 of w0 such that the
germ of f at w is primitive for all w ∈ Ω.

Proof. If f(w0) �= 0, then clearly f(w) �= 0 for all w in some neighborhood Ω ⊂ Ω0

of w0. This gives primitivity at all points of Ω.
Let f(w0) = 0. For g ∈ U we define fg : w 	→ f(w; g). Take g1 ∈ U such that

fg1 �= 0. As f is primitive at w0, there is some g2 ∈ U such that fg1 and fg2 have no
common factor in Ow0 . Then fg1 and fg2 are relatively prime on a neighborhood
Ω ⊂ Ω0 of w0, see [23], Theorem 6.2.3. Consider w1 ∈ Ω, and α, β ∈ Ow1 , relatively
prime, such that α

β f ∈ Hw1 . Then β divides fg1 and fg2 in Ow1 , hence β is a unit,
and α

β
f ∈ Ow1 · f . This shows that f is primitive at w1.
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12.2.6 Remark. Let f ∈ (M⊗O H)w0 , f �= 0, and let ψf be a primitive multiple.
The reasoning in the proof of Lemma 7.4.14 shows that N (ψ) and Pol(f) coincide
as germs at w0.

12.2.7 Definition. Let f be a primitive germ in Hw0 . For a local curve j : V →W
at w0, the germ f ◦ j ∈ (H(j)

)
0

need not be primitive; it may even vanish if
dim W > 2. If f ◦ j = 0, we define f [j] = 0 ∈ H(w0). Otherwise we take m ≥ 0
such that v 	→ v−m(f ◦ j)(v) is primitive, and define f [j] ∈ H(w0) as the non-zero
value at 0 ∈ C of this primitive germ. Thus we have defined f [j] ∈ H(w0) for each
local curve j at w0.

We define the value set of f at w0 as

f{w0} = { f [j] : j local curve at w0 } .

12.2.8 Lemma. Let f ∈ Hw0 be primitive. Then there are the following possibilities
for f{w0}:

i) f{w0} consists of one non-zero element of H(w0). This occurs if and only if
f(w0) �= 0. If this holds, then f{w0} = {f(w0)}.

ii) f{w0} is a linear subspace of H(w0) minus the origin.

iii) f{w0} is a linear subspace of H(w0).

In the cases ii) and iii) the dimension of f{w0} ∪ {0} is at least 1.

Proof. If f(w0) �= 0, then f [j] = f(w0) for each local curve j at w0. This gives the
forward implication in i).

Suppose f(w0) = 0 in the remainder of the proof. As f �= 0, there is a
local curve j such that f ◦ j �= 0. From f ◦ j(0) = f(w0) = 0 it follows that
0 �= f [j] = limu→0 u−m(f ◦ j)(u) for some positive m. Take j1(u) = j(tu) with
t ∈ C∗; then f [j1] = tmf [j]. This shows that C∗ · f{w0} = f{w0}, and gives the
reverse implication in i).

Suppose hi = limv→0 v−mi(f ◦ ji)(v), mi > 0, with ji a local curve at w0

for i = 1, 2, and let h1 �= 0, h2 �= 0 and h1 �= −h2. Take a1 = m2/(m1,m2) and
a2 = m1/(m1,m2). Choose coordinates at w0 such that w0 corresponds to 0 ∈ Cd.
Consider the expansion in x, y ∈ Cd on a neighborhood of 0. We have f(x+y; g) =
f(x; g) + f(y; g)+ higher order terms in x and y, for each g ∈ U . Put j0(v) =
j1(va1)+j2(va2). We obtain f(j0(v); g) = va1m1h1(g)+O(va1(m1+1))+va2m2h2(g)+
O(va2(m2+1)) = vm (h1(g) + h2(g))+O (vm+1

)
, with m = m1m2/(m1,m2). Hence

limv→0 v−mf(j0(v); g) = h1(g) + h2(g). Apply Lemma 7.3.8 and the fact that we
are working with an eigenfunction module to see that h1 + h2 is in H(w0). If j0
is not minimal in the sense of 12.1.2, write j0 = j ◦ h. We obtain h1 + h2 as the
value at 0 of v 	→ vm/tf ◦ j(v), where t is the order of h at 0.
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Thus we see that if for two non-zero elements h1 and h2 of f{w0} the sum
h1 +h2 does not vanish, then h1 +h2 ∈ f{w0}. Together with C∗ ·f{w0} = f{w0}
this leaves ii) and iii) as the possibilities.
12.2.9 Remark. We have defined f{w0} for a primitive germ. Replacing f by ψf ,
with ψ a unit in Ow0 , has the effect that all elements of f{w0} are multiplied by
ψ(w0). In the cases ii) and iii) of the lemma this does not change f{w0}.
12.2.10 Definition. Let f ∈ (M⊗O H)w0

, f �= 0. Let f1 be a primitive multiple
of f . If f1(w0) �= 0 we call the germ f of determinate type, otherwise f is of
indeterminate type.

If f is of indeterminate type the set f1{w0} does not depend on the choice
of the primitive multiple f1. In this case it is sensible to define f{w0} = f1{w0}.
We do not define f{w0} for a non-primitive germ f of determinate type.
12.2.11 Remarks. All non-zero germs inMw0 ·f are of the same type. In particular,
a holomorphic germ may have indeterminate type.

If dim W ≤ 1, then each non-zero element of (M⊗O H)w0 has determinate
type. This should not be confused with w0 being a point of indeterminacy of
a meromorphic function h, where the zero set and the polar set intersect each
other. In that situation h takes any value in any neighborhood of w0; c.f. [23],
Theorem 6.2.3.

12.2.12 Proposition. Suppose dim W ≥ 2. Let f ∈ (M⊗O H)w0
be of indeterminate

type at w0. Then f{w0} spans a linear subspace of H(w0) of dimension at least 2.

Proof. We assume f to be primitive. Take a local curve j1 at w0 such that f [j1] �= 0.
There is a g1 ∈ U such that f [j1](g1) �= 0. Proposition 12.1.7 gives a local curve j2
at w0 along N (fg1) such that f ◦j2 is not identically zero. But u 	→ f(j2(u), g1) = 0
for all u near 0, hence f [j2](g1) = 0, whereas f [j2] �= 0. As f [j1](g1) �= 0, we have
obtained two linearly independent elements of f{w0}.
Example. In 15.6.21 we give an explicit example of a two-dimensional value set.

12.2.13 Proposition. Let f ∈ (M⊗O H) (Ω0), f �= 0, Ω0 a neighborhood of w0.
Define Indet(f) = {w ∈ Ω0 : the germ of f at w is of indeterminate type}. This
is an analytic subset of Ω0, and dimw0 Indet(f) ≤ dim(W )− 2.

Proof. We can assume that f ∈ H(Ω0), and that it is primitive at all points
of Ω0, see Lemma 12.2.5. Again we use fg as defined in the proof of that lemma.
Definition 12.2.10 amounts to

w ∈ Indet(f) ⇐⇒ ∀g ∈ U : fg(w) = 0.

Hence Indet(f) is the intersection of the analytic sets N (fg) for g ∈ U . In [17],
Ch. 5, §6.1 we see that any intersection of analytic sets is analytic.

Take g1, g2 ∈ U such that fg1 and fg2 are relatively prime at w0. In [17], Ch. 5,
§2.4 we see that dimw0 N (fgi

) = dim(W )−1 for i = 1, 2. If N (fg1)∩N (fg2) would
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have the same dimension at w0 as N (fg1), then fg2 would have an irreducible
factor in common with fg1 in Ow0 , see [17], Ch. 5, §3.2. Hence dimw0 N (f) ≤
dimw0 (N (fg1) ∩N (fg2)) < dim(W )− 1.

12.3 General results on singularities

We turn to the study of singularities of Poincaré families depending both on char-
acter and spectral parameter. The previous sections have given us some idea of
the complications we may expect when dealing with families of automorphic forms
on a parameter space with dimension more than 1.

Like we did in the previous chapter, we first consider the families R(P, n)
obtained in Proposition 10.2.4. These families behave well with respect to a holo-
morphic basis of the Fourier term modules. We use these results in the later sections
to obtain information concerning singularities of the actual Poincaré families.

12.3.1 Notations. We fix an R-linear subspace Vr of Vr with dimR Vr > 0. We put
V = C⊗R Vr.

We take J , P , n, χ1, l and cP,n as in Theorem 10.2.1. We fix ϕ0 ∈ J0;
this is a stronger condition than the one in 10.2.3. We put χ0 = χ1 · exp (ϕ0),
l0 = l(χ1, ϕ0), n0 = n(ϕ0), and take s0 ∈ C, Re s0 ≥ 0, and put w0 = (ϕ0, s0). We
take a neighborhood U0 of ϕ0 in ϕ0 + V and a neighborhood Ω0 of w0 contained
in U0 × C.

12.3.2 Basis. We choose λQ,m and νQ,m in M ⊗O Wl(U0 × C) for all Q ∈ P,
m ∈ cP,n(Q), such that

i) λQ,m, νQ,m ∈ Wl(Ω0).

ii) Wr(λQ,m, νQ,m)(w) �= 0 for each w ∈ Ω0.

iii) νQ,m(ϕ0, s) = η̇l(Q,m;ϕ0; s) for all s ∈ C such that (ϕ0, s) ∈ Ω0. The section
ηl(Q,m) has been defined in 10.1.8; η̇l(Q,m;ϕ0) denotes its restriction to the
vertical line {ϕ0} ×C.

Outside {ϕ0} ×C the sections νQ,m and ηl(Q,m) need not have the same restric-
tions to vertical lines. The sections λQ,m and νQ,m satisfy the conditions in 10.2.3.
We have imposed the additional condition of holomorphy on Ω0.

12.3.3 Transformation. The standard sections μl(Q,m) and ηl(Q,m) can be ex-
pressed in this new basis by(

μl(Q,m)
ηl(Q,m)

)
=
(

αR,m

γR,m

βR,m

δR,m

)(
λQ,m

νQ,m

)
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with αR,m, . . . , δR,m meromorphic on Ω0 for all (R,m) with R ∈ P and m ∈
cP,n(R). For these (R,m) we have

F̃R,mQl(J, P, n)
= δP,Rδn,mwP μl(P, n) + Dl(R,m;J, P, n)ηl(R,m)
∈ (δP,Rδn,mwP αP,n + Dl(R,m;J, P, n)γR,m) λR,m +M(Ω0) · νR,m;

hence

Ql(J, P, n) = αP,nR(P, n) +
∑

(R,m)

γR,m

wR
Dl(R,m;J, P, n)R(R,m),

where R(R,m) denotes the families of automorphic forms that we obtained in
Proposition 10.2.4. The Dl occurring in the right hand side are Fourier coefficients
of some Ql. So this relation does not explicitly express the Poincaré families in
terms of the families R(Q,m).

We define the Fourier coefficients B(Q2,m2;Q1,m1) of R(Q1,m1) by

F̃Q2,m2R(Q1,m1) = wQ1δQ2,Q1δm2,m1λQ1,m1 + B(Q2,m2;Q1,m1)νQ2,m2

for Q1, Q2 ∈ P, m1 ∈ cJ,n(Q1), m2 ∈ cJ,n(Q2). The B(Q2,m2;Q1,m1) are mero-
morphic functions on Ω0. The weight l is suppressed in this notation. When we
shall work with more than one weight at the same time, we shall write Rl(P, n)
and Bl(Q2,m2;Q1,m1).

12.3.4 Lemma. If U0 is taken small enough there is a unique polynomial

ψ(ϕ, s) =
k−1∑
l=0

al(ϕ)(s − s0)l + (s− s0)k

with coefficients al holomorphic on U0, al(ϕ0) = 0, such that the germ of ψ·R(P, n)
at w0 is primitive.

Take q minimal in Z such that the family s 	→ (s − s0)qṘ(P, n;ϕ0) is holo-
morphic at s0. Then q ≤ k.

i) k = q if and only if R(P, n) has determinate type at w0.

ii) Let k > q. Then s0 ∈ {0} ∪ Σ(χ0, l0); the value set R(P, n){w0} contains
lims→s0(s− s0)qṘ(P, n;ϕ0)(s), and non-zero elements of A∗

l0
(χ0, J, s0).

Remarks. Ṙ(P, n;ϕ0) denotes the restriction s 	→ R(P, n)(ϕ0, s). In 11.1.3 we called
this function R(P, n). The number q is the same as the q in Chapter 11.

See 11.2.8 for the definition of A∗
l0

(χ0, J, s0).
Proof. Take ψ ∈ Mw0 such that ψ · R(P, n) is a primitive multiple of R(P, n).
This meromorphic function ψ is determined up to a unit in Ow0 . We conclude
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from F̃P,n ψR(P, n) = ψλP,n + ψB(P, n;P, n)νP,n that ψ and ψB(P, n;P, n) are
in Ow0 . Proposition 10.2.4 implies that the restriction Ṙ(P, n;ϕ0) of R(P, n) to
({ϕ0}×C)∩Ω0 exists as a meromorphic section; hence ψ does not vanish identically
along this line. We take ψ in Weierstrass form with respect to s − s0, see [23],
Corollary 6.1.2. This determines ψ uniquely. The holomorphic restriction s 	→
(ψR(P, n))(ϕ0, s) is equal to s 	→ (s − s0)kṘ(P, n;ϕ0). Hence k ≥ q, and k = q if
and only if the value of ψR(P, n) at w0 is non-zero.

Let k > q. Take a local curve j at w0 along N (ψ). Inspection of the Fourier
terms shows that (ψR(P, n))[j] ∈ A∗

l0
(χ0, J, s0), and that s0 ∈ {0}∪Σ(χ0, l0) (use

Lemma 11.2.9). On the other hand, the vertical local curve j0 : u 	→ (ϕ0, s0 + u)
gives (ψR(P, n)) [j0] = lims→s0(s− s0)qṘ(P, n).
12.3.5 Choice of a basis for the Fourier terms. Up till now we have not used
the precise choice of bases for the Fourier terms. We find in the Lemmas 7.6.13
and 7.6.15 a choice of a basis satisfying the conditions in 12.3.2 for all points w0

under consideration. The results are summarized in Table 12.1.
In cases 4 and 5 in the table the expression for αR,m has been omitted.

In both cases it has the form αR,m = ṽ/(ṽv̂ − v˜̂v), with v and v̂ as in 4.2.8,
respectively 4.2.9. A computation gives for case 4

αR,m(ϕ, s) =
(4πεm(ϕ))−s−1/2Γ(2s + 1)eπiεl(ϕ)/2

Γ( 1
2 + s− 1

2εl(ϕ))
,

and for case 5

αR,m(ϕ, s) = i
Γ(2s + 1)
Γ(1 + 2q)

eπi(q(ϕ)−p) Γ( 1
2
− s + p + q(ϕ))

Γ( 1
2

+ s + p− q(ϕ))
,

with q(ϕ) = 1
4ζ(n(ϕ) + l(ϕ)).

The choices in Table 12.1 are not canonical, but we use them as our standard
choice in the next sections. Except for case 3, these λR,m and νR,m satisfy the
conditions in 12.3.2, not only for w0, but for all w1 ∈ (ϕ0 + Vr) × C in some
neighborhood of w0.
12.3.6 Large s0. In the remainder of this section we assume Re s0 > |τ(χ0)|. This
leads to more explicit statements concerning ψ and k in Lemma 12.3.4.

Proposition 11.2.4 and Lemma 11.3.6 imply that q > 0 is possible only if
s0 ∈ Σd(χ0, s0). Lemma 12.3.4 shows that k > 0 also implies s0 ∈ Σd(χ0, l0). So
we are led to the discrete series case, for which we find conditions in Propositions
6.7.3 and 6.7.6. In particular, s0 =

∣∣ b−1
2

∣∣ with 0 < b ≤ |l0|, b ≡ l0 mod 2. As
2τ(χ0) + 1 ≡ l0 mod 2, we get τ(χ0) · sign(l0) ≡ b−1

2 mod 1. The assumption
Re s0 > |τ(χ0)| implies b > 2.

Let l ∈ wt(Ω0). We denote by ψl(Q,m) the function ψ associated to Rl(Q,m)
in Lemma 12.3.4, and by kl(Q,m) and ql(Q,m) the corresponding numbers k and q.
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(R,m) singular, Re s0 ≥ 0, s0 �∈ 1
2
Z 1

λR,m = μl(R,m) νR,m = ηl(R,m) = μ̃l(R,m)

αR,m(ϕ, s) = 1 γR,m(ϕ, s) = 0

(R,m) singular, s0 = 0 2

λR,m = λl(R,m) νR,m = ηl(R,m) = μ̃l(R,m)

αR,m(ϕ, s) = 2s γR,m(ϕ, s) = 0

(R,m) singular, s0 = b
2 , b ∈ N 3

λR,m = μl(R,m) νR,m = νb
l (R,m)

αR,m(ϕ, s) = 1 γR,m(ϕ, s) = −wb
l (m(ϕ), s)

= −(4πm(ϕ))b Γ(−2s)
Γ(2s)

·
(

1
2 − s− l(ϕ)

2

)
b

R ∈ X∞(J), ε ∈ {±1}, εm(ϕ0) > 0, 4

0 ≤ s0 ≤ εl0−1
2

, s0 ≡ εl0−1
2

mod 1

λR,m = ω̂l(R,m) νR,m = ηl(R,m) = ωl(R,m)

αR,m complicated γR,m(ϕ, s) = 0

R ∈ PY , ε, ζ ∈ {±1}, p = ε
4 (m(ϕ0)− l0) ≥ 0, 5

q0 = ζ
4
(m(ϕ0) + l0) ≥ 0, 0 ≤ s0 ≤ q0 − p− 1

2
, s0 ≡ q0 − p− 1

2
mod 1

λR,m = ω̂l(P,m, ζ) νR,m = ηl(R,m) = ωl(R,m)

αR,m complicated γR,m(ϕ, s) = 0

(R,m) regular, Re s0 ≥ 0, not case 4 or 5 6

λR,m = μl(R,m) νR,m = ηl(R,m) = ωl(R,m)

αR,m(ϕ, s) = 1 γR,m(ϕ, s) = 0

Table 12.1 Holomorphic bases for the Fourier terms. (We call (R, m) singular if R ∈
X∞(J) and m(ϕ0) = 0; we call it regular in all other cases.)
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12.3.7 Lemma. Let Re s0 > |τ(χ0)|, hence s0 > 1
2
. Then ψl(P, n) = 1, kl(P, n) = 0,

except possibly if the following conditions hold:

2s0 + 1 ≡ |l0| mod 2 and 2 < 2s0 + 1 ≤ |l0|.

Proof. From k > 0 we obtain s0 ∈ Σd(χ0, l0), and s0 = b−1
2

, with 2 < b ≤ |l0|,
b ≡ |l0| mod 2. This gives the conditions in the lemma.

12.3.8 Other weights. If the condition in Lemma 12.3.7 is satisfied for l0 = l(χ1, ϕ0)
for some l ∈ wt(Ω0), then this holds for infinitely many l ∈ wt(Ω). Let ε ∈ {1,−1},
and b > 2. In the next discussion we use

wtεb(Ω0) = { l ∈ wt(Ω0) : εl0 ≥ b, εl0 ≡ b mod 2 } .

If wtεb(Ω0) �= ∅, then it is of the form { lεb + 2κ : κ ∈ Z, κ ≥ 0 }, with lεb ∈ wt(Ω0)
determined by lεb(ϕ0) = εb.

12.3.9 Lemma. Let s0 > |τ(χ0)|, ε ∈ {1,−1}. Put b = 2s0 + 1. Suppose that
wtεb(Ω0) �= ∅. Then exactly one of the following statements holds:

A) ψl(P, n) = 1, kl(P, n) = 0, for all l ∈ wtεb(Ω0);

B) ψl(P, n;ϕ, s) = s + 1
2 − 1

2εl(ϕ), kl(P, n) = 1, for all l ∈ wtεb(Ω0). In this case
εn(ϕ) > 0 if P ∈ X∞, and εn(ϕ0) ≥ b if P ∈ PY .

Remarks. This implies that statement A) holds in the singular case P ∈ X∞(J),
n0 = n(ϕ0) = 0.

In the situation of statement B) it may happen that Q̇l(J, P, n; s0) = 0. Then
Rl(P, n) is of indeterminate type at w0. See 13.4.6 for an example.
Proof. In 12.3.10–12.3.14.

12.3.10 Differentiation results. If the neighborhood Ω0 of w0 is small enough, there
are holomorphic functions a±

l (Q,m) and b±l (Q,m) such that

E±λQ,m ∈ a±
l (Q,m)λ±

Q,m +O(Ω0)ν±
Q,m

E±νQ,m ∈ b±l (Q,m)λ±
Q,m +O(Ω0)ν±

Q,m,

where λ±
Q,m and ν±

Q,m denote the corresponding sections in weight l ± 2. The
differentiation results in Table 4.1 on p. 63 imply that b±l (Q,m) = 0, except in the
case that (Q,m) is singular and s0 ∈ 1

2N; in that case the value b±l (Q,m;w0) is
nevertheless zero. If l0 or l0 ± 2 do not come under case 4 or 5 in Table 12.1, we
have a±

l (Q,m;ϕ, s) = ζ(1 + 2s ± l(ϕ)), with ζ = 1 or −1, according to P ∈ X∞

or P ∈ PY .
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12.3.11 Singular case. Take Q ∈ X∞(J). Let mQ denote the element of CQ that
vanishes on J0. The uniqueness in Proposition 10.2.4 implies

E±Rl(Q,mQ) = a±
l (Q,mQ)Rl±2(Q,mQ) (12.1)

+
∑

R∈X∞(J)

b±l (R,mR)Bl(R,mR;Q,mQ)Rl±2(R,mR).

Hence the vector of derivatives (E±Rl(Q,mQ))Q∈X∞(J) depends linearly on the
vector (Rl±2(Q,mQ))Q∈X∞(J); the relation is described by a holomorphic matrix
that has the value (1 + 2s0 ± l0) · Id at w = w0.

We proceed by induction. We start at l = lεb−2ε. As |l0| = |εb−2ε| = b−2 <
2s0 + 1, Lemma 12.3.7 implies the holomorphy of Rl(R,mR) for all R ∈ X∞(J).
We apply E± repeatedly, with ± chosen such that ±ε = 1. At each step the
matrix found above has a holomorphic inverse on a neighborhood of w0, and
expresses Rl±2(R,mR) holomorphically in the holomorphic E±Rl(Q,mQ). This
gives the holomorphy of Rl(R,mR), R ∈ X∞(J) for all l ∈ wtεb(Ω0), and hence
ψl(R,mR) = 1, and kl(R,mR) = 0.
12.3.12 Regular case. Let (P, n) be regular. We have seen that the ψlRl(Q,mQ)
are holomorphic at w0. As E±ψl(P, n)Rl(P, n), and all ψl(P, n)Bl(Q,mQ;P, n)
with Q ∈ X∞(J), are holomorphic at w0, we obtain from (12.1) on p. 226 the
holomorphy of a±

l (P, n)ψl(P, n)Rl±2(P, n). Thus we see that ψl±2(P, n) divides
a±

l (P, n)ψl(P, n) in Ow0 .
For l = lεb − 2ε we know that Rl(P, n) is holomorphic at w0, and ψl(P, n) =

1. We choose again ± such that ±ε = 1, and apply E±. We have (1 or − 1) ·
a±

l (P, n;w0) = 1 + 2s0 ± l0 > 0, hence ψl±2(P, n) = 1, as long as l0 and l0 ± 2 do
not come under case 4 or 5 in Table 12.1. We investigate the cases P ∈ X∞(J)
and P ∈ PY separately.
12.3.13 Cuspidal case. Let P ∈ X∞(J). If sign n0 = −ε, we never come under
case 4 in Table 12.1. Indeed, sign(n0) · l0 = −εl0 < 0 for all l ∈ wtεb(Ω0). Suppose
εn0 > 0. For l = lεb − 2ε

E±λP,n(ϕ, s) = E±μl(P, n;ϕ, s) = (1 + 2s± l(ϕ))μl±2(P, n;ϕ, s)
= (1 + 2s± l(ϕ))αP,n(ϕ, s)ω̂l±2(P, n;ϕ, s) + a multiple of ν±

P,n,

with αP,n as in 12.3.5, for the weight l ± 2. Thus we obtain

a±
l (P, n;ϕ, s) =

−(1 + 2s + εl(ϕ))(4πεn(ϕ))−s−1/2Γ(2s + 1)eπiεl(ϕ)/2

Γ(− 1
2 + s− 1

2εl(ϕ))
.

This is not a unit in O∗
w0

. From the factor in the denominator we conclude that
ψl+2ε(P, n) is equal to s− 1

2 − 1
2εl = s + 1

2 − ε
2 (l ± 2) or to 1.

Once l ∈ wtεb(Ω0), both l0 and l0 ± 2 come under case 4. Table 4.1 on p. 63
implies that a±

l (P, n;ϕ, s) = 1
2
(εl + 1)2 − 2s2, which is a unit in Ow0 . Hence ψl±2
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divides ψl. Going from l ± 2 to l by E∓ shows that ψl(P, n) and ψl±2(P, n) are
equal (again use Table 4.1).
12.3.14 Interior case. Let P ∈ PY . For a given s0 = b−1

2
> 1

2
, the condition for

case 5 in Table 12.1 amounts to

1
2
|n0 + l0| − 1

2
|n0 − l0| ≥ b,

1
2
|n0 + l0| − 1

2
|n0 − l0| ≡ b mod 2,

or, equivalently, (use n0 ≡ l0 mod 2)

sign(l0) = sign(n0), |n0| ≡ |l0| ≡ b mod 2, min(|n0|, |l0|) ≥ b.

We have to apply this to the l = lεb + 2κε, with κ ≥ −1, κ ∈ Z, for a fixed n,
satisfying n0 ≡ εb mod 2.

If |n0| < b, case 5 does not occur, and ψl(P, n) = 1 for all l that we consider.
The same holds for εn0 ≤ −b. (Use b > 2 to see that εl0 > 0 even if κ = −1.)
Finally, we consider εn0 ≥ b. We get into case 5 as soon as κ ≥ 0, and stay there.
For the starting weight l = lεb − 2ε we obtain

a±
l (P, n;ϕ, s) = i(1 + 2s + εl(ϕ))

Γ(2s + 1)eπiεl(ϕ)/2Γ( 1
2 − s + 1

2εn(ϕ))
Γ(2 + 1

2
εn(ϕ) + 1

2
εl(ϕ))Γ(− 1

2
+ s− 1

2
εl(ϕ))

.

As in the cuspidal case, we conclude that ψlε
b
(P, n;ϕ, s) may be equal to 1 or to

s− 1
2 − 1

2εl. Again apply Table 4.1 to see that ψl does not change when we go to
k > 0.

12.4 General parameter spaces

Singularities of Poincaré families at points (ϕ0, s0) with ϕ0 ∈ Vr and Re s0 ≥ 0,
s0 �= 0, may be due to two reasons: to spectral features, and to μl and ηl not being
a suitable basis. The second reason we have not seen in the previous section. In
fact, we have introduced the R(P, n) in order to avoid this complication.

In this section we suppose the linear space V to be as ‘bad’ as possible, i.e.,
V is not contained in VJ . This gives singularities of both types. In particular, the
Poincaré families may be singular at points (ϕ0, s0) with Re s0 > 1

2
. The presence

of singularities of this type gives rise to distribution results of the type discussed
in Section 13.6. Perhaps this is a reason not to call these V ‘bad’ after all.
12.4.1 Notations. Let J be a cell of continuation. We take P , n, χ1, l and cJ,n as
in Theorem 10.2.1, and assume that X∞(J) �= ∅. We take an R-linear subspace
Vr ⊂ Vr with dimR Vr > 0. We assume that Vr is not contained in VJ,r. Put
V = C⊗R Vr.

We take ϕ0 ∈ J0, s0 ∈ C with Re s0 ≥ 0, and take χ0, l0, n0, λ0, w0, U0 and
Ω0 as in 12.3.1. For w ∈ Ω0 we write w = (ϕ, s).
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Let Q ∈ X∞(J). We denote by mQ the unique element of CQ that satisfies
mQ(ϕ0) = 0. The assumption Vr �⊂ Vr,J implies that at least one mQ is not
identically zero on U0.

12.4.2 Proposition. Singularities of Eisenstein families. We use the assumptions
and notations in 12.4.1. Let P ∈ X∞(J).

i) If the Eisenstein family El(J, P ) on Ω0 has a singularity at w0, then s0 ∈
Σc(χ0) ∪ {0, |τ(χ0)|} ∪ 1

2
N.

ii) a) If El(J, P ) is of indeterminate type at w0, and s0 ∈ 1
2
N, s0 ≥ 1, then

|X∞(J)| > 1.

b) Suppose El(J, P ) is singular and of determinate type at w0. Then s0 ∈
Σe(χ0, l0) ∪ {0} ∪ 1

2N; in particular, s0 is real.

iii) Suppose s0 = b
2 ≥ 1, b ∈ N. Let wb

l (ϕ, s) be the diagonal matrix of size
|cJ | × |cJ | with

wb
l (mQ(ϕ), s) =

(
4πmQ(ϕ)

)b
(

1
2
− s− 1

2
l(ϕ)

)
b

Γ(−2s)
Γ(2s)

at position Q ∈ X∞(J). Then det(Id − wb
l Cl(J)) is a non-zero meromor-

phic function on Ω0. The elements of the row vector El(J)
(
Id− wb

l Cl(J)
)−1

are meromorphic families of automorphic forms on Ω0 and are holomorphic
at w0. The value at w0 is given by Eisenstein series.

Remarks. The row vector El(J) of Eisenstein families, and the scattering ma-
trix Cl(J) have been introduced in 10.3.3. See Definition 12.2.10 for the concept
‘(in)determinate type’.
Proof. Consider P ∈ X∞(J) and n = mP .

Suppose first that s0 �∈ 1
2Z. In Table 12.1 we see that the bases λQ,mQ

,
νQ,mQ

and μl(Q,mQ), μ̃l(Q,mQ) coincide for all (Q,mQ) with Q ∈ X∞(J). Hence
R(P, n) = El(J, P ) in this case. Lemma 12.3.4 shows that if El(J, P ) has deter-
minate type at w0, then it is singular at w0 if and only if Ėl(J, P ;ϕ0) : s 	→
El(J, P ;ϕ0, s) is singular at s0. This can only happen if s0 ∈ Σe(χ0, l0); see Propo-
sition 11.2.4. Let El(J, P ) be of indeterminate type at w0. Lemma 12.3.4 shows that
k > q ≥ 0, and that A∗

l0
(χ0, J, s0) �= {0}. Hence s0 ∈ Σ(χ0, l0), see Lemma 11.2.9.

Lemma 12.3.9 shows that s0 > |τ(χ0)| is impossible (use nP (ϕ0) = 0).
The proposition leaves all possibilities open in the case s0 = 0. Hence we are

left with s0 = 1
2b, b ∈ N, b ≥ 2.

Consider Q ∈ X∞(J). Lemma 12.3.9 implies that R(Q,mQ) is holomorphic
and has determinate type at w0. In this case there is interaction between the cusps;
so we use the vector notation discussed in 10.3.3. Suppose that the meromorphic
function det(Id − wb

l Cl(J)) on Ω0 vanishes. Then there is a non-zero vector b ∈
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O(Ω0) such that b = wb
l Cl(J)b. (It may be necessary to replace Ω0 by a smaller

neighborhood of w0.) The non-zero vector-valued family of automorphic forms
f = El(J)b has the columns of

F(J)f = F(J)El(J)b = μl(J)b + μ̃l(J)Cl(J)b
=

(
μl(J)wb

l + μ̃l(J)
)

Cl(J)b

as its Fourier terms of order zero at the cusps in X∞(J). So all its Fourier terms
F̃Q,mQ

f with Q ∈ X∞(J) are multiples of νQ,mQ
, in contradiction to the unique-

ness of the R(P,mP ), c.f. Proposition 10.2.4. So det(Id−wb
l Cl(J)) is not the zero

function.
The relation in 12.3.3 amounts to

El(J) = R(J)
(
1− wb

l Cl(J)
)
,

with R(J) the row vector with R(Q,mQ) at position Q ∈ X∞(J). The choice in
Table 12.1 on page 224 implies Ṙ(Q,mQ;ϕ0) = Ėl(J, P ;ϕ0). This gives part iii)
of the proposition.

To obtain part ii)a) suppose that |X∞(J)| = 1. Then El(J, P ) is a meromor-
phic multiple of R(P, n), and hence of determinate type.
Question. Can an Eisenstein family really be of indeterminate type at s0 ∈ 1

2N,
s0 > |τ(χ0)|?

12.4.3 Proposition. Singularities of other Poincaré families. We use the assumptions
and notations in 12.4.1. Suppose that P �∈ X∞ or that n(ϕ0) �= 0.

i) If the Poincaré family Ql(J, P, n) on Ω0 has a singularity at w0, then s0 ∈
Σc(χ0, l0) ∪ {0, |τ(χ0)|} ∪ 1

2
N.

ii) If Ql(J, P, n) is singular and of determinate type at w0, then s0 ∈ Σc(χ0, l0)∪
{0, |τ(χ0)|}, and the restriction Q̇l(J, P, n;ϕ0) has a singularity at s0.

iii) Suppose s0 = b
2 ≥ 1, b ∈ N. Let Dl(J, P, n) denote the column vector

with Dl(Q,mQ;J, P, n)/wQ in position Q ∈ X∞(J). Take wb
l as in Proposi-

tion 12.4.2. Then the family of automorphic forms

Ql(J, P, n) + El(J)
(
Id− wb

l Cl(J)
)−1

wb
l Dl(J, P, n)

is holomorphic at w0, with value Pl0(P, n(ϕ0), χ0).

Remark. See Proposition 11.3.9 for singularities of the restriction Q̇l(J, P, n;ϕ0)
to the vertical line {ϕ0} ×C.
Proof. Consider first s0 �∈ 1

2N. Then Ql(J, P, n) = αP,nR(P, n), with αP,n holomor-
phic at w0; see 12.3.5 and Table 12.1 on p. 224. This means that Ql(J, P, n) can
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have a singularity at w0 only if R(P, n) has one as well. Furthermore, Ql(J, P, n)
and R(P, n) have the same type of determinacy at w0.

Part ii) of Lemma 12.3.4 implies that s0 ∈ Σ(χ0, l0)∪{0} in the indeterminate
case. If s0 > |τ(χ0)|, then Proposition 6.7.3 shows that we are in the discrete
series case treated in Lemma 12.3.9. If ψ �= 1, it divides αP,n. Hence Ql(J, P, n) =
αP,nR(P, n) is holomorphic at w0. This gives part i) in the indeterminate case.

If Ql(J, P, n) has determinate type at w0, then R(P, n) has a singularity at w0

if and only if Ṙ(P, n, ϕ0) is singular at s0. We consult 12.3.5 and the Tables 12.1
(page 224) and 11.1 (page 192) to see that i(P, n) is equal to the order of α̇P,n(ϕ0)
at s0. Hence a singularity of Ql(J, P, n) at w0 corresponds to a singularity of
Q̇l(J, P, n, ϕ0) at s0; use Proposition 11.3.9 to see that s0 > |τ(χ0)| is impossible.
This gives part ii), even if s0 ∈ 1

2N.
Consider s0 = 1

2b ∈ 1
2N, s0 ≥ 1. We have to prove the assertions in part iii).

From the relation in 12.3.3 and the fact that El(J)
(
Id− wb

l Cl(J)
)−1 is the row

vector with R(Q,mQ) at position Q, we derive that the family in part iii) is equal to
αP,nR(P, n), with αP,n as in Table 12.1. In particular, αP,n is holomorphic at w0 =
(ϕ0,

1
2b). In Table 12.1, 12.3.5 and Lemma 12.3.9 we see that ψl(P, n) divides αP,n,

hence αP,nR(P, n) is holomorphic at w0. Its value follows from Theorem 10.2.1,
and the fact that wb

l vanishes along ϕ = ϕ0.

12.5 Restricted parameter spaces

In Proposition 10.2.12 we have seen that the restriction of Ql(J, P, n) to ΩJ =
(U ∩ VJ) × C is holomorphic at points (ϕ0, s0) with ϕ0 ∈ J0 and Re s0 > 1

2 .
This shows that the singularities at (ϕ0, s0) with s0 ∈ 1

2N, s0 > 1
2 (that turned

up in the previous section) are not present on a restricted parameter space, as
defined in 10.2.11. This can be understood easily: on a restricted parameter space
each mQ with Q ∈ X∞(J) is identically zero. Hence in case 3 in Table 12.1 we
have νQ,mQ

= ηl(Q,mQ) = μ̃l(Q,mQ). So the standard basis μl, μ̃l is suitable
at (ϕ0, s0), and does not cause singularities.

For restricted parameter spaces we look more closely at the connection be-
tween singularities of Poincaré families and the existence of smooth square inte-
grable automorphic forms with non-vanishing Fourier term of order (P, n).
12.5.1 Notations. Let J be a cell of continuation. We take P , n, χ1, l and cJ,n as in
Theorem 10.2.1. We take an R-linear subspace Vr ⊂ VJ,r, see 10.2.11; we assume
that dimVr ≥ 1. Let V = C ⊗R Vr, and fix ϕ0 ∈ J0, s0 ∈ C, with Re s0 ≥ 0, and
take χ0, l0, n0, w0, U0 and Ω0 as in 12.3.1. For w ∈ Ω0 we write w = (ϕ, s).
12.5.2 Basis. We take bases for the Fourier term modules as indicated in Table 12.1
on page 224. In case 3 we have αQ,mQ

= 1 and γQ,mQ
= 0 for all Q ∈ X∞(J).

12.5.3 Principle aim. The leading idea in this section is the relation between
singularities of the Poincaré family Ql(J, P, n) and smooth square integrable au-
tomorphic forms f with F̃P,nf �= 0. It will not always be possible to obtain such
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a form in Al0(χ0, cJ , s0), but we try to get a family f of automorphic forms for
which F̃P,nf does not vanish identically. (The point (ϕ0, s0) itself may fall in the
zero set of F̃P,nf for all such families.) More formally, we aim at the following
condition:

There is a morphism of parameter spaces j : U → Ω0 with U a
neighborhood of 0 in Cb, b ≥ 0, and there exists on U a family of
automorphic forms f ∈ Al◦j(cJ ◦ j;U) such that:

j(0) = w0, and j(U ∩ Rb) ⊂ J0 × C,
F̃P,n◦jf is not identically zero on U ,
f(u) ∈ A2

l(w)(χ(w), s(w)) for all w = j(u), u ∈ j(U ∩ Rb).

(12.2)

The morphism j is not necessarily a local curve at w0. The dimension of U
may be larger than 1; it is also useful to include the case that U consists of one
point. In the latter case the existence of a family of cusp forms is just the existence
of one cusp form.

Note that the condition j(U ∩Rb) ⊂ J0×C implies that j(u) ∈ Vr× (R∪ iR)
for all u ∈ U ∩ Rb.

If j happens to be a local curve (b = 1), the square integrability implies that
1
4 − s(j(u))2 ∈ R for all u ∈ U ∩ R. Lemma 12.1.10 shows that in this case j is
linear (or possibly quadratic if s0 = 0).

12.5.4 Lemma. Suppose Condition (12.2) holds. Then R(P, n) is singular at w0,
and j(U) ⊂ Pol(R(P, n)).

Proof. Write j(u) = (ϕ(u), s(u)). The Lemmas 11.1.9 and 12.3.4 imply that { j(u) :
u ∈ Rb, F̃P,nf(u) �= 0 } is contained in Pol(R(P, n)). As F̃P,nf does not vanish on
a neighborhood of 0 in Rb ∩U , we conclude that j(U) is contained in the analytic
set Pol(R(P, n)).

12.5.5 Lemma. Let w1 = (ϕ1, s1) ∈ Ω0 with ϕ1 ∈ J0. Suppose that w1 ∈
Pol(R(P, n)), but w1 �∈ Indet(R(P, n)). Take ψ as in Lemma 12.3.4. Then the
automorphic form (ψR(P, n))(w1) is an element of A∗

l(ϕ1)(χ(ϕ1), J, s1), and, if w1

is sufficiently near to w0, then at least one of the following statements holds:

a) (ψR(P, n))(w1) ∈ A2
l(ϕ1)(χ(ϕ1), s1), and F̃P,n(ϕ1)(ψR(P, n))(w1) �= 0.

b) s1 = 0, X∞(J) �= ∅, ψ(ϕ, s) has degree 1 in the variable s, and at least one
of the Eisenstein series Ėl(J,Q;ϕ1; 0) with Q ∈ X∞(J) is non-zero.

c) Re s1 < 0, X∞(J) �= ∅, and the scattering matrix Cl(J) has a singularity
at w1.
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Proof. Lemma 12.2.5 shows that ψR(P, n) is primitive at w1 if w1 is sufficiently
near w0. Let us assume this. We denote the automorphic form (ψR(P, n))(w1) by r.
It is non-zero, as R(P, n) has determinate type at w1. We conclude w1 ∈ N (ψ)
from w1 ∈ Pol(R(P, n)). Hence r ∈ A∗

l(ϕ1)(χ(ϕ1), s1).
The family R(P, n) has been constructed corresponding to the basis given in

Table 12.1 for the point w0. As we work on a restricted parameter space, there is a
neighborhood of w0 in Vr×C for which this basis satisfies the conditions in 12.3.2.
We assume that w1 is in this neighborhood.

Let Re s1 ≥ 0. We apply Lemma 12.3.4, and see that r is a non-zero multiple
of the value at s1 of the restriction s 	→ (s − s1)qṘ(P, n;ϕ1; s) (this is Rq(s) in
the notation of 11.1.3). Part iii) of Lemma 11.1.9 and Lemma 11.2.9 show that
statement a) holds, except possibly if s1 = 0 and q = 1. If in the latter case all
Eisenstein series Ėl(J,Q;ϕ1; 0) would vanish, or if X∞(J) would be empty, then
Lemma 11.2.9 shows that r is a cusp form. But part iv) of Lemma 11.1.9 implies
that if r ∈ Sl(ϕ1)(χ(ϕ1), cJ , 0), then F̃P,n(ϕ1)r �= 0, and condition a) is satisfied
after all.

Let Re s1 < 0. Lemma 11.2.10 shows that if r is not a cusp form, then
X∞(J) �= ∅ and Ċl(J ;ϕ1) is not holomorphic at s1, and hence Cl(J) cannot be
holomorphic at w1. We are left with the case that r is a cusp form with F̃P,n(ϕ1)r =
0. Lemma 11.1.10 would imply r = 0.

12.5.6 Lemma. Let w0 ∈ Pol(R(P, n)). We take ψ as in Lemma 12.3.4. Then at
least one of the following statements holds:

i) There are points w1 = (ϕ1, s1) in each neighborhood Ω1 ⊂ Ω0 of w0, such
that ϕ1 ∈ J0, ϕ1 �= ϕ0, w1 ∈ Pol(R(P, n)), and statement a) or c) of the
previous lemma holds for w1.

ii) ψ(ϕ, s) = s, X∞(J) �= ∅, and the restriction ϕ 	→ El(J,Q;ϕ, 0) is non-zero
for at least one Q ∈ X∞(J).

Proof. Define c = 0 if ψ is of the form (ϕ, s) 	→ sk, and c = 1 otherwise. Let
ψ1 be an irreducible factor of ψ in the stalk Ow0 , not dividing (ϕ, s) 	→ sc. Then
dimw0 N (ψ1) = dimC V > dimw0 Indet(R(P, n)), see Proposition 12.2.13. Hence
there exists a holomorphic function η1 ∈ Ow0 such that Indet(R(P, n))∩N (ψ1) ⊂
N (η1)∩N (ψ1), and η1 and ψ1 are relatively prime at w0. If X∞(J) �= ∅, the analytic
sets Indet(El(Q,mQ)) with Q ∈ X∞(J) also have dimension strictly smaller than
dimC V . If we take the union of these sets with Indet(R(P, n)), the dimension
at w0 stays smaller than dimC V . So we may arrange Indet(El(J,Q)) ∩ N (ψ1) ⊂
N (η1) ∩N (ψ1) as well.

We apply Lemma 9.4.13 to ψ1 and h(ϕ, s) = scη1(ϕ, s) to see that w0 may
be approached by points w1 = (ϕ1, s1) ∈ (ϕ0 + Vr) × C, with ψ1(w1) = 0, and
sc
1η1(ϕ1, s1) �= 0. For these points we have w1 ∈ Pol(R(P, n)), w1 �∈ Indet(R(P, n)),

and also w1 �∈ Indet(El(J,Q)) for Q ∈ X∞(J). Proposition 10.2.4 implies that the
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vertical line {ϕ0} × C is not contained in Pol(R(P, n)); hence infinitely many of
the w1 satisfy ϕ1 �= ϕ0.

If c = 1 the points w1 = (ϕ1, s1) satisfy all conditions of the previous lemma,
and s1 �= 0. This gives statement i).

Consider c = 0. At each w1 = (ϕ1, 0) constructed above we are in one of
the cases of the previous lemma. If statement i) does not hold, then a) and c)
of Lemma 12.5.5 occur only a finite number of times. This leaves case b) for the
remaining points, which converge to w0 = (ϕ0, 0). We obtain k = 1, X∞(J) �= ∅,
and some Eisenstein series El(J,Q;ϕ1; 0) is non-zero. This gives ii). (We have
omitted the dot, as we have taken care to give all Eisenstein series determinate
type at the w1.)

12.5.7 Lemma. Let w0 ∈ Pol(R(P, n)). Then s0 ∈ Σ(χ0, l0)∪ {0}, and at least one
of the following statements is satisfied, according to the rules in Table 12.2.

(α) Condition (12.2), on p. 231, holds, with j a linear local curve.

(β) Condition (12.2) holds, with j a quadratic local curve.

(γ) The scattering matrix Cl(J) has a singularity at w0.

(δ) There exists Q ∈ X∞(J) for which ϕ 	→ El(J,Q;ϕ, 0) is a non-zero family
on a neighborhood of ϕ0.

X∞(J) = ∅ X∞(J) �= ∅
s0 = 0 (α) or (β) (α), (β), (γ) or (δ)

Re s0 = 0, s0 �= 0 (α) (α) or (γ)

s0 > 0 (α) (α)

Table 12.2 Possibilities for a singularity of R(P, n) at w0.

Proof. Suppose w0 = (ϕ0, s0) ∈ Pol(R(P, n)); take ψ as in Lemma 12.3.4. That
lemma implies s0 ∈ Σ(χ0, l0) ∪ {0} if w0 ∈ Indet(R(P, n)). If R(P, n) has deter-
minate type at w0, part i) of Lemma 12.3.4 implies that Ṙ(P, n;ϕ0) is singular
at s0. In the case that (P, n) is singular, we have either s0 = 0, or Ṙ(P, n;ϕ0) =
Ėl(J, P ;ϕ0); hence s0 ∈ Σe(χ0, l0) ∪ {0}. If (P, n) is regular and s0 �= 0, then
Lemma 11.3.6 implies that s0 ∈ Σ(χ0, l0).

If w0 satisfies statement ii) in the previous lemma, we get possibility (δ); of
course this can happen only if s0 = 0 and X∞(J) �= ∅.

If statement i) holds, consider a sequence of points w1 as indicated, ap-
proaching w0. If for infinitely many of these points case c) in Lemma 12.5.5
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holds, then the limit w0 is an element of the polar set of Cl(J) as well. This
can happen if X∞(J) �= ∅ and Re s0 = 0 (note that Re s1 < 0 for these w1).
Suppose case a) of Lemma 12.5.5 holds for all w1 sufficiently near to w0. We have
seen in the proof of the previous lemma that we can arrange w1 ∈ N (ψ1) for all
these w1, for some irreducible factor ψ1 of ψ. Define the holomorphic function η
by F̃P,n(ψR(P, n)) = ψλP,n + ηνP,n. Then η(w1) �= 0. Hence ψ1 and η are rela-
tively prime at w0. Apply Proposition 12.1.11 to obtain a local curve j : U → Ω0

at w0 along N (ψ1) with direction ϕ1 −ϕ0 such that η ◦ j is not the zero function.
We define f ∈ Al◦j(cJ ;U) by f = (ψR(P, n)) ◦ j. Then F̃P,n◦jf is not the zero
function. Let u ∈ U ∩R with F̃P,nf(u) �= 0. If j(u) �∈ Indet(R(P, n)), then j(u) has
the properties of the w1, and hence f(u) ∈ A2

l(j(u))(χ(j(u)), s(j(u))). As f(u) �= 0,
this implies in particular that 1

4 −s(j(u))2 ∈ R. Such u are dense in U ∩R, hence j
is linear, or possibly quadratic if s0 = 0, see Proposition 12.1.11. Finally, consider
u ∈ U ∩ R such that j(u) ∈ Indet(R(P, n)). Suppose that statements (γ) and (δ)
are not satisfied for w0. As f(u) ∈ A∗

l(j(u))(χ(j(u)), J, s(j(u))), we can apply the
Lemmas 11.2.9 and 11.2.10 to see that f(u) has to be square integrable. Hence
j satisfies Condition (12.2) and is linear, or possibly quadratic in the case that
s0 = 0.

12.5.8 Proposition. Eisenstein family on a restricted parameter space. Under the
assumptions and notations in 12.5.1, let P ∈ X∞(J), and n = 0.

i) If El(J, P ) is singular at w0, then s0 ∈ {0, |τ(χ0)|} ∪ Σc(χ0).

ii) Let s0 > 0. Then El(J, P ) is singular at w0 if and only if the following
condition is satisfied:

There is a morphism of parameter spaces j : U → V × C with U a
neighborhood of 0 in Cb for some b ≥ 0, satisfying j(0) = w0 and
j(U∩Rb) ⊂ Vr×C, and there exists f ∈ Al◦j(cJ◦j;U) with F̃P,0f not the
zero function on U , and f(u) ∈ A2

l(w)(χ(w), s(w)) for all w ∈ j(U ∩Rb).

iii) Let Re s0 = 0, s0 �= 0. Then El(J, P ) is singular at w0 if and only if it is of
indeterminate type at w0. If El(J,R) is singular at w0, then the scattering
matrix Cl(J) is not holomorphic at w0.

iv) The restriction ϕ 	→ El(J, P ;ϕ, 0) exists as a meromorphic family of auto-
morphic forms.

Remarks. If Re s0 = 0, s0 �= 0, the restriction Ċl(J ;ϕ0) is always holomorphic
at s0. This does not imply that the unrestricted scattering matrix is holomorphic
at w0.

In the situation of iii) we have A2
l(ϕ)(χ(ϕ), s) = Sl(ϕ)(χ(ϕ), cJ(ϕ), s) for all

(ϕ, s) ∈ (ϕ0 + Vr)×C near w0. Hence the assertion F̃P,0f �= 0 in Condition (12.2)
cannot hold at w0 for (P, 0), although Lemma 12.5.7 allowed (α) and (γ).
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If w0 = (ϕ0, 0) ∈ Pol(El(J, P )), then at least one of the four conditions in
Lemma 12.5.7 holds. But only (α) and (β) imply (ϕ0, 0) ∈ Pol(El(J, P )).
Proof. For s0 �= 0 the choice of λP,0 in Table 12.1 implies R(P, 0) = El(J, P ),
see 12.3.3. Lemma 12.5.7 implies that s0 ∈ {0}∪Σ(χ0, l0). Use Proposition 10.2.12
to obtain s0 ≤ 1

2 , and hence s0 ∈ Σc(χ0, l0) ∪ {0, |τ(χ0)|}.
Part ii) follows from the Lemmas 12.5.4 and 12.5.7.
Let Re s0 = 0, s0 �= 0. In Proposition 11.2.3 we see that the restriction

Ėl(J, P ;ϕ0) is holomorphic at s0. From the Fourier expansion at P we see that
Ėl(J, P ;ϕ0; s0) �= 0. Take ψ ∈ Ow0 in Weierstrass form with respect to s − s0 of
degree k, such that ψEl(J, P ) is primitive at w0. If w0 ∈ Pol(El(J, P )), then k ≥ 1,
and

(ψEl(J, P ))(w0) = lim
s→s0

(s− s0)kĖl(J, P ;ϕ0; s) = 0,

hence El(J, P ) is of indeterminate type at w0. If El(J, P ) is holomorphic at w0,
then k = 0, and El(J, P ;w0) = Ėl(J, P ;ϕ0; s0) �= 0, hence it has determinate type
at w0. This gives the equivalence in part iii). Use Proposition 10.2.14 to complete
the proof of this part.

Suppose that iv) does not hold. Then we can take w0 = (ϕ0, 0), such that
El(J, P ) is singular at all (ϕ1, 0) for ϕ1 in a neighborhood of ϕ0 in ϕ0 + Vr. The
function ψ in Lemma 12.3.4 contains the factor (ϕ, s) 	→ s at least twice; once
as El(J, P ) is singular along (ϕ0 + V ) × {0}, and again as R(P, 0) = 1

2sEl(J, P ).
Proposition 11.2.4 shows that Ėl(J, P ;ϕ1) is holomorphic at s = 0. So Ṙ(P, 0) has
at most a first order pole. The second part of Lemma 12.3.4 shows that El(J, P )
is of indeterminate type at (ϕ1, 0) for all ϕ1 ∈ ϕ0 + Vr near ϕ0. This contradicts
Proposition 12.2.13.

12.5.9 Proposition. Poincaré family on a restricted parameter space. Under the
assumptions in 12.5.1, let P ∈ PY or n �= 0.

i) If Ql(J, P, n) is singular at w0, then s0 ∈ Σc(χ0) ∪ {0, |τ(χ0)|}.
ii) If s0 �= |τ(χ0)|, then the following condition a) implies w0 ∈ Pol(Ql(J, P, n).

a) There is a morphism of parameter spaces j : U → V × C with U a
neighborhood of 0 in some Cb with b ≥ 0, and j(U ∩ Rb) ⊂ J0 × C,
and there exists a family of automorphic forms f ∈ Al◦j(cJ ◦ j;U)
such that F̃P,n◦jf is not identically zero on U , and such that f(u) ∈
A2

l(w)(χ(w), s(w)) for all w ∈ j(U ∩ Rb).

iii) If s0 > 0 and w0 ∈ Pol(Ql(J, P, n)), then condition a) holds.

iv) If Re s0 = 0, s0 �= 0, then w0 ∈ Pol(Ql(J, P, n)) implies condition a) or the
following condition b).

b) The scattering matrix Cl(J) has a singularity at w0.
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v) If s0 = 0 and w0 ∈ Pol(Ql(J, P, n)), then at least one of the conditions a),
b) and c) hold.

c) There exists Q ∈ X∞(J) for which ϕ 	→ El(J,Q;ϕ, 0) is not the zero
family.

Proof. Use Lemma 12.5.7 and Proposition 10.2.12 to get i). That lemma implies
also iii)–v). For ii) we use Lemma 12.5.4, and the relation Ql(J, P, n) = R(P, n),
valid for s ∈ Σc(χ0), but not necessarily for s0 = |τ(χ0)|.

12.5.10 Corollary. Poincaré family on a minimal cell. Under the assumptions
in 12.5.1 let P ∈ PY or n �= 0. Suppose that X∞(J) = ∅.

i) If Ql(J, P, n) is singular at w0, then s0 ∈ Σc(χ0) ∪ {|τ(χ0)|}.
ii) Let s0 �= |τ(χ0)|. Then w0 ∈ Pol(Ql(J, P, n)) if and only if there are j : U →

(ϕ0 +V )×C and f ∈ Sl◦j(n ◦ j;U), with U a neighborhood of 0 in some Cb,
b ≥ 0, such that F̃P,n◦jf is not identically zero on U .

Proof. Clear from the previous proposition, and from the fact that A∗
l0

(χ0, n, 0) =
Sl0(χ0, n, 0) for the empty growth condition n.
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Chapter 13
Automorphic forms for the modular group

Part II gives examples for the general theory in Part I. This first chapter of Part II
complements the discussion of the modular group in the introductory Chapter 1.

Sections 13.1–13.4 give examples for some of the concepts in Part I.
Sections 13.5 and 13.6 give an application of Proposition 12.4.2. We turn to

the Eisenstein family E : (r, s) 	→ E(r, s), introduced in 1.5.8. Theorem 10.2.1
shows that it is meromorphic, jointly in the weight r and the spectral parame-
ter s. We consider the derivatives ∂m

r E, and restrict these to the line {0} × C. In
this way we obtain meromorphic families s 	→ ∂m

r E(0, s) of functions that are not
modular forms, but still have some automorphic transformation behavior. Propo-
sition 12.4.2 has the remarkable consequence that for m ≥ 2 these families have
singularities at some points s = 1

2
l, l ∈ Z, l ≥ 2, although the Eisenstein series

converges for Re s > 1
2 . These singularities lead to distribution results, for instance

those considered in Section 13.6.

13.1 The covering group and its characters

In Chapter 2 we have considered automorphic forms as functions on the universal
covering group G̃ of SL2(R). In this section we define the full original Γ̃mod in G̃
of the modular group Γmod = SL2(Z). We give generators and relations for Γ̃mod,
and describe the character group. It turns out that all characters can be expressed
in terms of Dedekind sums.

The generators we give are easy to use, but they are not canonical in the
sense of Section 3.3. In 13.1.9 we shall give canonical generators for Γ̃mod as well,
and specialize the discussion in Chapter 3 to the modular case.
13.1.1 Definition. Γ̃mod is the full original in G̃ of the modular group Γmod =

SL2(Z). It consists of all k(πm)
˜( a
c

b
d

)
with m, a, b, c, d ∈ Z, ad − bc = 1. The

projection Γ̃mod → Γmod maps k(πm)
˜(a
c

b
d

)
onto (−1)m

(
a
c

b
d

)
.

13.1.2 Generators. In 1.1.4 we have remarked that Γmod is generated by U =
(

1
1

1
0

)
and W =

(
0

−1
1
0

)
. Consider in Γ̃mod the elements n = n(1) and w = k(π/2), that

project to U and W . These two elements generate Γ̃mod; to see this note first that
n, w and ζ = k(π) generate Γ̃mod, and next that ζ = w2.

The relations in Γmod are (UW )3 = W 4 = Id and centrality of W 2. Clearly
w2 is central in Γ̃mod, and w4 = ζ2. The computation of (nw)3 can be done with

239
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Relation (2.1) on p. 28, and the fact that k(ϕ) =
˜(

cos ϕ
− sin ϕ

sin ϕ
cos ϕ

)
for −π ≤ ϕ < π:

(n(1)w)3 = n(1)
˜(
0
−1

1
0

)
p(1 + i)wn(1)w

= n(1)p((i − 1)/2)k(− arg(−1− i) + π/2)n(1)w
= n(1)n(−1/2)a(1/2)k(5π/4)n(1)w

= n(1/2)a(1/2)ζ
˜(

1/
√

2
−1/

√
2

1/
√

2
1/
√

2

)
p(1 + i)k(π/2)

= n(1/2)a(1/2)p(−1 + 2i)k(− arg(−i) + 3π/2)
= p(i)k(2π) = w4.

We conclude that the generators n and w of Γ̃mod satisfy the relations

w2 is central and (n(1)w)3 = w4,

and that all relations can be derived from these.
Another way of obtaining (n(1)w)3 is to start from the fact that ̂n(1)w =(

−1
−1

1
0

)
leaves invariant the point z2 = eπi/3 ∈ H. Hence p(z2)−1n(1)wp(z2) fixes i,

and should be of the form k(ϕ). The relation above predicts ϕ = 2
3π. Indeed

p(z2)−1n(1)wp(z2)

=
(

n

(
1
2

)
a

(
1
2

√
3
))−1

n(1)
˜(
0

−1
1
0

)
p(z2)

= a(2/
√

3)n(1/2)p
(
−e−πi/3

)
k
(
− arg

(
−eπi/3

))
= a(2/

√
3)n(1/2)n(−1/2)a(

√
3/2)k(−(−π + π/3)) = k

(
2
3
π

)
.

13.1.3 Characters. All characters χ ∈ X (Γ̃mod) are determined by their values
on the generators n and w. The relations imply the condition χ(w) = χ(n)3. So
r 	→ χr, determined by

χr(n(1)) = eπir/6, χr(w) = eπir/2,

gives an isomorphism C mod 12Z → X (Γ̃mod). Clearly, χr is an element of the
subgroup Xu of unitary characters if and only if r ∈ R mod 12Z. The character χr

belongs to the weights l ≡ r mod 2.
13.1.4 The multiplier system vr. In 2.3.6 we have seen that v : g 	→ χr(g̃) is a
multiplier system for Γmod. It turns out to be the multiplier system vr discussed
in 1.5.5. We shall check this by considering the generators U and W .
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13.1.5 The logarithm of the eta function of Dedekind. In, e.g., [30], Ch. IX we find
the function

log η(z) =
πi

12
+

∞∑
m=1

log(1− e2πimz).

It satisfies log η(z + 1) = log η(z) + πi/12 and log η(−1/z) = log η(z) + 1
2 log(z/i).

We take log(z/i) with the argument in (−π
2
, π

2
].

This implies for ηr, as defined in 1.5.5:

ηr (U · z) = eπir/6ηr(z)
ηr (W · z) = eπir/2eir arg(−z)ηr(z).

This is sufficient to identify vr as the multiplier system obtained from χr.
13.1.6 Relation with Dedekind sums. There is an explicit description of vr in terms
of Dedekind sums. In [30], Chapter IX, one finds for c ≥ 1

log η

(
az + b

cd + d

)
= log η(z) +

1
2

log
(

cz + d

i

)
+ πi

(
a + d

12c
− S(d, c)

)
,

with S(d, c) the Dedekind sum:

S(d, c) =
∑

x modc

((
x

c

))((
xd

c

))
((

t
))

=
{

0 if t ∈ Z

t− entier(t)− 1
2 otherwise,

see, e.g., [30], Chap. IX, Theorem 2.1 on p. 147.
We obtain

χr

( ˜(a

c

b

d

))
= vr

(
a

c

b

d

)
= eπir(a+d)/6c−πir/2−2πirS(d,c).

13.1.7 Powers of the eta function of Dedekind, as functions on G̃. The automorphic
form ηr, discussed in 1.5.5, gives rise to a function on G̃, which we denote also
by ηr:

ηr(p(z)k(θ)) = yr/2e2r log η(z)eirθ.

The logarithm of the eta function corresponds to a function on G̃ that has
almost all the properties of an automorphic form. Put L(p(z)k(θ)) = 1

2 log y +
2 log η(z) + iθ. We consider left translation over the generators n and w of Γ̃mod:

L(np(z)k(θ))− L(p(z)k(θ))

= 2 log η(z + 1)− 2 log η(z) =
πi

6
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L(wp(z)k(θ)) − L(p(z)k(θ))
= L(p(−1/z)k(− arg(−z) + θ)) − L(p(z)k(θ))
= − log | − z|+ 2 log η(−1/z)− i arg(−z)− 2 log η(z)

= − log(−z) + log(z/i) =
πi

2
.

L satisfies the left-Γ̃mod-behavior L(γg) = L(g)+iα(γ) for all γ ∈ Γ̃mod and g ∈ G̃,
for the homomorphism α : Γ̃mod → π

6
Z determined by α(n(1)) = π

6
, α(k(π/2) = π

2
.

On the right we have the additive K̃-behavior L(gk(θ)) = L(g) + iθ. The action
of the Casimir operator gives ωL = 1

2 .

The homomorphism α satisfies χr = eirα. For γ =
(

a
c

b
d

)
∈ Γmod, c ≥ 1:

α(γ̃) = 2π

(
a + d

12c
− 1

4
− S(d, c)

)
. (13.1)

13.1.8 Canonical fundamental domain. The standard fundamental domain for the
modular group in Figure 1.1 on p. 2 is not canonical. Γ̃mod has genus g = 0,
number of cusps p = 1, and number of elliptic orbits q = 2. To obtain the canonical
fundamental domain in Figure 13.1 we take:

l1 the geodesic from i∞ to e7πi/12, π1 = n(1)
h1 the geodesic from z1 = i to e5πi/12, ε1 = w = k(π/2)
h2 the geodesic from z2 = eπi/3 to 1 + e7πi/12,

ε2 = p(z2)k(π/3)p(z2)−1.

����z1� �
z2

�
0 1

F

Figure 13.1 A canonical fundamental domain for Γ̃mod.

13.1.9 Canonical generators. We have already seen that π1 and ε1 generate Γ̃mod.
We compute:

π1ε1ε2 = n(1)
˜(
0
−1

1
0

)
p(z2)k(π/3)a(2/

√
3)n(−1/2)

= n(1)p(−2/(1 + i
√

3))k(− arg(−1− i
√

3) + π/3)

a(2/
√

3)n(−1/2)

= n(−1/2)a(
√

3/2)k(π)a(
√

3/2)n(−1/2) = ζ.
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This immediately implies that ε2 ∈ Γ̃mod; further we obtain

(n(1)w)3 = (π1ε1ε2ε
−1
2 )3 = (ζε−1

2 )3

= ζ3k(−π) = ζ2 = w4.

This is the relation we have seen in 13.1.2. We conclude that ζ, π1, ε1 and ε2

generate Γ̃mod, with the relations:

ζ is central, ε
vj

j = ζ for j = 1, 2, π1ε1ε2 = ζ.

Thus we have found canonical generators and relations as discussed in 3.3.3.
13.1.10 Cuspidal and elliptic orbits. The cusps for Γ̃mod form one orbit. There
are two elliptic orbits: Γ̃mod · i and Γ̃mod · eπi/3. The elements γ ∈ Γmod that
leave fixed an element of Γ̃mod · i, all satisfy trace(γ̂) = 0. The other elliptic orbit
is characterized by the condition |trace(γ̂)| = 1 for all γ that leave fixed some
element of the orbit.
13.1.11 Exceptional points. All sets P of exceptional points for Γ̃mod, see Sec-
tion 3.5, have to contain X∞ = {Γ̃mod · i∞}. In this chapter we use the notation
P = Γ̃mod · i∞.

We shall mostly work with the minimal choice P = {P}. For the continuation
of the resolvent kernel, one needs P = {P,Qw}, with Qw = Γ̃mod · w, w ∈ H.
13.1.12 Cutting up Xmod as in Section 3.5. If P = {P}, then AP = 2 is the minimal
choice, see Figure 13.2.

��i

-1 1

UP (2)

������	i

-1 1

UP (3)

Figure 13.2 Possible choices of UP (AP ) and UQi (AQi) represented in the standard fun-
damental domain.

This choice is not right for larger P. Consider for instance P = {P,Qi}. Put

u = ÃP = AP −1 and v =
√

ÃQi
/(ÃQi

+ 1). The condition UP (ÃP )∩UQi
(ÃQi

) =

∅ is equivalent to the condition that the disk
∣∣∣z−i
z+i

∣∣∣ < v should not contain a point
with Im z > u. This is equivalent to

u ≥ 1 + v

1− v
.
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As v < 1 this implies u ≥ 1, and hence QP (u) is small enough. We still have
the condition that the disk

∣∣∣ z−i
z+i

∣∣∣ < v should be contained in Fmod ∪ wFmod. This

means v ≤ √5− 2. All this is satisfied if we take, e.g., AP = 3 and AQi
= 1

50 . (In
Figure 13.2 the disk corresponding to UQi

(AQi
) is drawn too large.)

13.2 Fourier expansions of modular forms

In Section 1.4 we have discussed the Fourier expansions of some modular forms.
Here we reconsider this in the terminology of Chapter 4.

We use P = Γ̃mod · i∞ in this chapter. The minimal growth condition for
the trivial character is c0, given by c0(P ) = {0}, and c0(Q) = ∅ for any other
element Q of P.

13.2.1 The discriminant Δ has the expansion Δ(z) =
∑

n≥1 τ(n)e2πinz , stated
in 1.4.2.

For the trivial character the terms in Fourier expansions are indexed by
CP (1) = Z, see 4.1.2. From the definitions in Section 4.2 we derive

ωl(P, n, l−1
2

; a(y)) = (4πny)l/2e−2πny for Re n > 0
ω̂l(P, n, l−1

2 ; a(y)) = eπil/2(−4πny)l/2e−2πny for Re n < 0.

(These facts concerning Whittaker functions can also be derived from the differ-
ential equations E−ωl(P, n, l−1

2 ) = 0, E−ω̂l(P, n, l−1
2 ) = 0, and the asymptotic

behavior discussed in 4.2.8.)
The function Δ̃ : p(z)k(θ) 	→ y6Δ(z)e12iθ, corresponding to Δ, is given by

∞∑
n=1

e2πinx τ(n)
(4πn)6

ωl(P, n, l−1
2 ; a(y))e12iθ .

Thus F̃P,nΔ̃ = τ(n)(4πn)−6ωl(P, n, l−1
2 ) if n ≥ 1, and it vanishes for n ≤ 0. We

see that Δ corresponds to an element of the space of cusp forms S12(1, c0,
11
2

).

13.2.2 Powers of the eta function. The function Δ̃ on G̃ is equal to η12, see 13.1.7.
For the character χr the possible Fourier term orders at P are given by

CP (χr) = r
12 + Z. Write n = ν + r

12 . The expansion in 1.5.5 leads to

F̃P,nηr

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pν(r)(4πn)−r/2ωr(P, n, (r − 1)/2) if 12ν > −Re r, ν ≥ 0

pν(r)μr(P, 0, (r − 1)/2) if n = 0, r ∈ 12N≥0

pν(r)eπir/2(−4πn)−r/2ω̂r(P, n, (r − 1)/2) if 0 ≤ 12ν < −Re r

0 if ν < 0.
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So ηr is a cusp form in Sr(χr, n, r−1
2

) for 0 < Re r < 12, with the empty growth
condition n given by n(Q) = ∅ for all Q ∈ P. Note that n is the minimal growth
condition for each non-trivial character of Γ̃mod. For larger Re r we have a cusp
form for even larger growth conditions. On the other hand, if Re r ≤ 0 we have
ηr ∈ Ar(χr, c, r−1

2 ) with a growth condition c that has to satisfy c(P ) ⊃ { ν + r
12 ∈CP (χr) : 0 ≤ 12ν < Re r }. So ηr is not a cusp form for all values of r.

13.2.3 The modular invariant. In Shimura, [53], Theorem 2.9, we see that the
modular invariant J = (2π)−12123(60G4)3/Δ(z) is a Γ̃mod-invariant holomorphic
function on H with an expansion J(z) =

∑∞
n=−1 cne2πinz , where cn ∈ Z, c−1 = 1.

Notice that ΔShimura = (2π)12Δhere. The Fourier expansion at P of the corre-
sponding function on G̃ is

p(z)k(θ) 	→ ω̂0(P,−1, 1
2 ; a(y))e−2πix + c0μ0(P, 0,− 1

2 ; a(y))

+
∞∑

n=1

cnω0(P, n,− 1
2
; a(y))e2πinx.

J determines an element of A0(1, c, 1
2 ) for each growth condition c for which c(P ) ⊃

{−1, 0}.
13.2.4 Singularity at an interior point. We may consider also f = 1

J−J(i)
. It has

a second order pole at i and is invariant under z 	→ −1
z . Hence it has a Laurent

series expansion

f(z) =
∞∑

m=−1

bm

(
z − i

z + i

)2m

for z �= i in a neighborhood of i. This neighborhood is much smaller than H, as
f has a pole at each point of Γ̃mod · i. Consider Qi = Γ̃mod · i. This is an elliptic
point with order vQi

= 2. So CQi
(1) = 4Z, and

k(η)a(tu)k(ψ) 	→ f(k(η) · itu)

=
∞∑

m=−1

bm

(
e2iη

√
u

u + 1

)2m

=
∞∑

m=−1

bme4imη

(
u

u + 1

)m

= ib−1e
−4iηω̂0(Qi,−4,−1,− 1

2
; a(tu))

+
∞∑

n=0

bme4imηω0(Qi, 4m,− 1
2 ; a(tu)).

The singularity at Qi involves only the Fourier term of order -4. For large y we
have an expansion of the form f(z) =

∑∞
n=1 ane2πinz . Hence f is regular at P .

Take the growth condition c on {P,Qi} given by c(P ) = {0}, c(Qi) = {−4}. Then
f ∈ A0(1, c, 1

2
).
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13.2.5 Eisenstein series in the domain of absolute convergence. In even weight the
series in Proposition 5.2.9 can be expressed in terms of well known functions. We
consider Eκ(s) = Pκ(P, 0, 1, s), with κ ∈ 2Z, and Re s > 1

2 .
The cusp is P = Γ̃mod · i∞. So we have ΔP = {n(l)k(πm) : l,m ∈ Z }, and

ΔP \Γ̃mod has the system of representatives

{1} ∪
{ ˜(a

c

b

d

)
: c ≥ 1, d ∈ Z, (c, d) = 1

}
,

where for each (c, d) we have chosen a and b such that
(

a
c

b
d

)
∈ Γmod = SL2(Z).

As ˜(a

c

b

d

)
p(z)k(θ)

= n

(
(ax + b)(cx + d) + acy2

|cz + d|2
)

a

(
y

|cz + d|2
)

k(− arg(cz + d) + θ),

we obtain

Eκ(s; p(z)k(θ)) =
1
2

∑
c,d∈Z, (d,c)=1

(
y

|cz + d|2
)s+1/2(

cz̄ + d

cz + d

)κ/2

eiκθ (13.2)

=
ys+1/2

2ζ(2s + 1)

∑′

n,m∈Z

|mz + n|−2s−1

(
mz̄ + n

mz + n

)κ/2

eiκθ.

This shows that the Eisenstein series in weight 0, see Equation (1.1) on p. 4,
is given by e(s; z) = E0(s; p(z)), and also that for even κ ≥ 4 the holomorphic
Eisenstein series, see 1.3.2, satisfies

Gκ(z) = 2ζ(κ)y−κ/2Eκ(κ−1
2 ; p(z)).

13.2.6 Kloosterman sums. Consider n,m ∈ Z. The Kloosterman sum in Equa-
tion (5.1) on p. 80 is given by

S1(P,m;P, n; c) =
∑∗

d modc

e2πi(na+md)/c,

where for each d mod c we have chosen a such that ad ≡ 1 mod c. For mn �= 0
this is the classical Kloosterman sum. In the case of the Eisenstein series we have
n = 0, and obtain

∑
c≥1

S1(P,m;P, 0; c)c−1−2s =
∞∑

c=1

c−1−2s
∑∗

d modc

e2πimd/c
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= ζ(2s + 1)−1
∞∑

N=1

∑
c|N

∑∗

d modc

e2πimd/c

= ζ(2s + 1)−1
∞∑

N=1

∑
x|N

e2πimx/N

=

⎧⎨⎩ ζ(2s)/ζ(2s + 1) if m = 0

σ−2s(|m|)/ζ(2s + 1) if m �= 0,

where σa(k) =
∑

d|k da. This implies

cκ(P,m;P, 0; 1, s)

=

⎧⎪⎨⎪⎩
(1/2− s)|κ|/2

(1/2 + s)|κ|/2

Λ(2s)
Λ(2s + 1) if m = 0

(−1)κ/2Γ(s + 1/2)
Γ(1/2 + s + κ sign(m)/2)

|m|−s−1/2σ2s(|m|)
Λ(2s + 1) , if m �= 0,

with Λ(u) = π−u/2Γ(u/2)ζ(u).
Take κ = 0 to obtain the Fourier expansion of e(s) in 1.4.4, and κ = k,

s = 1
2(k − 1) to obtain the result in 1.4.2.

13.3 The modular spectrum

In 6.7.7 we have introduced the spectral set Σ(χ, l), and various subsets, for uni-
tary characters χ and corresponding real weights l. The subset Σd(χ, l) describes
the part of the spectrum due to automorphic forms of discrete series type; it is
completely known if we know the holomorphic and antiholomorphic automorphic
forms. Its complement in Σ(χ, l) is Σc(χ, l) = Σc(χ). This does not depend on the
weight.

We discuss Σc(χr) and Σd(χr, l) for the modular case. Here r ∈ R mod 12Z,
and l ≡ r mod 2.
13.3.1 Symmetry. In 4.4.4 we have already mentioned the automorphism j of G̃
that sends p(z)k(θ) to p(−z̄)k(−θ). This automorphism satisfies j2 = Id. The
corresponding involution j on the functions on G̃ is given by (jf)(g) = f(jg) and
satisfies

Wjf = −jWf, E±jf = jE∓f, ωjf = jωf.

This can be used to relate automorphic forms of opposite weight. The drawback
is that it changes the group Γ̃ into jΓ̃. But if Γ̃ is invariant under j, then this
involution gives additional information on the spectral sets.
13.3.2 The symmetry in the modular case. As jn(1) = n(−1) and jk(π/2) =
k(−π/2), the group Γ̃mod is invariant under j, and χr ◦ j = χ−r. Moreover,



248 Chapter 13 Modular group

jgP = gP , and in Iwasawa coordinates on UP (ÃP ) we have j : (x, y, θ) 	→
(−x, y,−θ). Hence F̃P,−njf = jF̃P,nf . This gives isomorphisms j : Al(χr, c, s) →
A−l(χ−r,−c, s) and j : Sl(χr, c, s) → S−l(χ−r,−c, s), provided P = {P}. By −c
we denote the growth condition (−c)(P ) = {−n : n ∈ c(P ) }. (If P contains points
of Y the corresponding results are a bit more complicated.)

We find jPl(P, n, χr, s) = P−l(P,−n, χ−r , s) for the Poincaré series at the
cusp; use jΔP = ΔP , and jμl(P, n, s) = μ−l(P,−n, s).

We also get an isometry j : K(χr, l) → K(χ−r,−l) and, after completion,
an isometry j : H(χr, l) → H(χ−r,−l). This implies that j maps A2

l (χr, s) into
A2

−l(χ−r, s). The action of j on the spectral sets gives Σ(χr , l) = Σ(χ−r,−l), and
similarly for the subsets Σ· and Σ·.
13.3.3 The modular spectrum of continuous series type. Σc(χr) = Σc(χr+12) =
Σc(χ−r) for all r ∈ R. For Σe(χr, l) to be non-empty, it is necessary that P is
singular for χr, i.e., r ≡ 0 mod 12. In 13.4.2 we shall see that Σe(1, 0) ⊂ { 1

2},
hence Σc(χr) = Σ0

c(χr) in all cases.
13.3.4 Cuspidal spectrum of continuous series type. In the case r = 0 we have
the well known eigenvalue estimate 1

4 − s2 ≥ 3
2π2 for all s ∈ Σ0

c(1), see, e.g.,
Proposition 2.1 on p. 511 of [21]. The same idea is used in [7], Proposition 10.1 to
obtain

1
4
− s2 ≥ max

l≡rmod2, 2≤r−l≤10

(
1
8

(
π
√

3−
∣∣∣∣π√3

(
1− 1

6
r

)
+ l

∣∣∣∣)2

− 1
4
l2

)
, (13.3)

for all s ∈ Σ0
c(χr), 0 < r < 12.

This estimate shows that Σ0
c(χr) ⊂ i(R � {0}) for r in a large part of

(0, 12). Proposition 10.2 in [7] gives an estimate that implies this inclusion for
all r ∈ (0, 12). So in the modular spectrum there are no ‘exceptional eigenval-
ues’ of continuous series type. Moreover, in [5], Proposition 2.8, one finds that for
χr �= 1 the elements of Σ(χr, r) are given by real analytic functions of the weight
on the interval (0, 12).
13.3.5 Spectrum of discrete series type. This part of the spectrum is completely
known, as it corresponds to holomorphic and antiholomorphic modular forms. We
restrict our attention to l ≥ 0, and hence to holomorphic modular forms. From
Σ(χr , l) = Σ(χ−r,−l) we get the corresponding results for negative weight.

Let l = 0. Proposition 6.7.8 gives

Σd(1, 0) =
{

1
2

}
, Σd(χr, 0) = ∅ for r ≡ 0 mod 2, r �≡ 0 mod 12.

Let l > 0. We may take 0 < r ≤ 12. In Proposition 6.7.3 we have seen that

Σd(χr, l) ⊂
{ ∣∣∣∣b− 1

2

∣∣∣∣ : 0 < b ≤ l, b ≡ l mod 2
}

.
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Use of the operator E− shows us that for b ∈ (0, l], b ≡ l mod 2, we have
∣∣ b−1

2

∣∣ ∈
Σd(χr, l) if and only if there exists a non-zero f ∈ A2

b(χr,
b−1
2 ) with E−f = 0. Such

an f corresponds to a square integrable holomorphic modular form f̃ of weight

b for the multiplier system vr :
(

a
c

b
d

)
	→ χr

( ˜(a
c

b
d

))
. The square integrability

implies that the Fourier series of f̃ starts with cqe
2πiqz with q ≡ r

12
mod 1, q ≥ r.

We divide f̃ by η2r, and obtain a holomorphic modular form of weight b−r for the
trivial multiplier system. Such forms can only be non-zero if b− r ≥ 4 or b− r = 0
(see, e.g., [53], Theorem 2.23). Hence

Σd(χr, l) =
{∣∣∣∣b− 1

2

∣∣∣∣ : b ≡ l mod 2, r ≤ b ≤ l, b �= r + 2
}

.

We obtain

Σd(1, 0) =
{

1
2

}
Σd(χr, 0) = ∅ if r ∈ 2Z, 0 < r < 12

Σd(1, l) =
{

b− 1
2

: b ∈ 2Z, 12 ≤ b ≤ |l|, b �= 14
}

if l ∈ 2Z, l �= 0

Σd(χr, l) =
{ ∣∣∣∣b− 1

2

∣∣∣∣ : b ≡ l mod 2, r ≤ b ≤ l, b �= r + 2
}

if 0 < r < 12, l > 0

Σd(χr, l) =
{ ∣∣∣∣b− 1

2

∣∣∣∣ : b ≡ −l mod 2, 12− r ≤ b ≤ −l, b �= 14− r

}
if 0 < r < 12, l < 0.

For 0 < r < 12 the set Σd(χr, l) is empty if r− 12 < l < r. These weights are
exactly those that occur in the estimate (13.3). The reasoning given above leads to
the dimension of the corresponding eigenspace as well. For instance, the constants
are the only holomorphic modular forms in weight 0, hence dim A2

r(χr,
1−r
2 ) = 1

for 0 < r < 12.

13.4 Families of modular forms

This section gives a few examples of families of modular forms. First, we consider
the Eisenstein family as a meromorphic function of the weight and the spectral
parameter. Its domain is determined by the null cell. We carry out the computation
indicated in 10.3.2, which relates this Eisenstein family to a Poincaré family for
a minimal cell. In Section 13.5 we shall look at the singularities of the Eisenstein
family at the points (0, b

2
), b ∈ N.
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Proposition 11.3.9 discusses the singularities of Poincaré families along ver-
tical lines. In 13.4.5 we show that in the modular case we really have singularities
of the type described in parts i), ii)a), and iii)b) of that proposition. In 13.4.3 we
shall see that case ii)b) does not occur for the modular group. In 11.2.7 we have
seen that case iii)a) occurs for all groups.

Proposition 12.5.9 gives several conditions under which Poincaré families on
a restricted parameter space have a singularity. Condition a) is the presence of
a family of cusp forms for which the Fourier term corresponding to the Poincaré
family does not vanish identically. The dimension of the parameter space of that
family is allowed to be any non-negative integral number. One might think that a
family of dimension zero would suffice. This would mean the existence of a single
cusp form. In 13.4.6 we give an example where we need a one-dimensional family.
I have no examples in which one needs a family of higher dimension.
13.4.1 Continuation of Eisenstein series. The null cell J(0) corresponds to the
interval (−12, 12) on the r-line, under the parametrization r 	→ rα of V. Take
κ ∈ 2Z, and consider the weight lκ : r 	→ κ + r. Theorem 10.2.1, applied with
P = Γ̃mod · i∞, n = n0 : r 	→ r

12 , and J = J(0), implies that there exists a family
of modular forms

Eκ = Elκ(J(0), P ) ∈ (M⊗O Al(c0))(U × C),

with U a neighborhood of (−12, 12) in C, that extends the Eisenstein series dis-
cussed in 13.2.5: Eκ as defined there is equal to the restriction Ėκ(0) : s 	→ Eκ(0, s).
(We avoid the notation Elκ for the family of two variables; we pay for it by a nota-
tional ambiguity.) The growth condition c0 on P = {P} is given by c0(P ) = {n0}.

The family E0 is equal to the family E discussed in Section 1.6.
13.4.2 Scattering ‘matrix’. Put Cν

κ = Clκ(P, nν ;J(0), P ). In 13.2.6 we have shown
that for Re s > 1

2 the function Ċ0
κ(0) : s 	→ Cκ(0, s) is given by

Ċ0
κ(0; s) =

(1/2− s)|κ|/2

(1/2 + s)|κ|/2

Λ(2s)
Λ(1 + 2s)

,

with Λ(u) = Λ(1−u) = π−u/2Γ(u/2)ζ(u). This equality extends to s ∈ C, as both
both sides are meromorphic functions.

From Ċ0
κ(0) = −1 we see that F̃P,0Ėκ(0; 0) = 0. There are no cusp forms

with eigenvalue 1
4 (see 13.3.4), hence Ė(0) = 0. Case ii)b) in Proposition 11.3.9

does not occur for the modular group, see the definition of EP,n in 11.3.2.
13.4.3 Non-cuspidal spectrum. Proposition 11.2.4 shows that Σe is determined by
the singularities of the Eisenstein family. Hence Σe(1, κ) = { 1

2} if κ = 0, and
Σe(1, κ) is empty for other κ ∈ 2Z.
13.4.4 Poincaré families on a minimal cell. Let ν ∈ Z, κ ∈ 2Z, and lκ : r 	→ r + κ.
The interval (0, 12) corresponds to a minimal cell for the modular group. For this
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cell J+, and P = Γ̃mod·i∞, n = nν : r 	→ ν+ r
12

, Theorem 10.2.1 gives the existence
of a meromorphic family Qν

κ = Qlκ(J+, P, n0) ∈ (M⊗O Alκ(cν))(U+ × C), with
U+ a neighborhood of (0, 12) in C, that satisfies Qν

κ(r, s) = Pκ+r(P, ν + r
12 , χr, s)

for real r ∈ (0, 12) and Re s > 1
2 . This family extends the Poincaré series with

weight in (0, 12).
Let U ⊃ (−12, 12) be an open set in C such that the Eisenstein family lives

on U ×C. We may assume U+ ⊂ U . In 10.3.2 we see how to relate Qν
κ to families

on the null cell. In the case ν = 0, with the notation Qκ = Q0
κ, we obtain

Qκ(r, s) =
(

1 + vκ+r(P, r/12, s)Dκ(r, s)
)

Eκ(r, s),

on U+×C, with Dκ = Dlκ(P, n0;J+, P, n0). See 4.2.8 for vκ+r. A computation of
the Fourier term for (P, n0) leads to

Qκ(r, s) =
vκ+r(P, r/12,−s)

vκ+r(P, r/12,−s) − vκ+r(P, r/12, s)C0
κ(r, s)

Eκ(r, s). (13.4)

13.4.5 Singularities. Consider 0 < r < 12. The space H(χr, r) is equal to the space
aH built in Section 8.3 for χ0 = χr, l0 = r, c = n, and, e.g., a > 5. (As c is empty,
truncation has no effect.) The extension of the Casimir operator A(χr, r) and
the pseudo Casimir operator aA(0) for r coincide. Proposition 9.2.2 implies that
H(χr, r) has an orthonormal basis of eigenfunctions of A(χr, r); these eigenfunc-
tions correspond to elements of Ar(χr, n, s), see Proposition 9.2.6. The number s
runs through a discrete countable subset of i(0,∞) satisfying 1

4 − s2 ≥ r
2 (1− r

2).
Each of these automorphic forms has non-zero Fourier terms. Except for the first
one, they come under part i) of Proposition 11.3.9. Hence there are many Poincaré
families Qν

κ with a singularity at the corresponding s, see part i) of Proposi-
tion 11.3.9.

A similar result occurs in weight zero for the trivial character. Hecke theory
even implies that for each s ∈ Σc(1) there is an element f ∈ S0(1, c0, s) with
F̃P,1f �= 0; see, e.g., [35], p. 258–259.

For 0 < r < 12 the smallest eigenvalue is 1
2r − 1

4r2. The corresponding
eigenspace is spanned by ηr, see 13.1.7. For 0 < r ≤ 2 we have τ(χr) = r−1

2
.

Consider Q0
κ, and apply Proposition 11.3.9 with n = n0. For 0 < r < 1 the

conditions in part iii)b) are satisfied, and for r = 1 the first case in part ii)a)
occurs.
13.4.6 A Poincaré family of indeterminate type. The concept (in)determinate type
has been introduced in Definition 12.2.10. The Fourier coefficients of ηr have an
explicit description, see 13.2.2 and 1.5.5. This enables us to give an example of a
Poincaré family that has indeterminate type at some point.

In the Fourier expansion of ηr we used polynomials pn, see 1.5.5. A computa-
tion shows that p3(r) = − 4

3r3 +6r2− 8
3r. Hence F̃P,n3η4 = 0, whereas F̃P,n3ηr �= 0

for r �= 4, r in a neighborhood of 4.
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We work on the parameter space Wmod = C2, χ(r, s) = χr, s(r, s) = s,
with the weight r : (r, s) 	→ r, and nν ∈ CP given by nν(r, s) = ν + r

12 . We
take w0 = (4, 3

2 ) ∈ Wmod. We apply Proposition 10.2.4 with the basis for the
Fourier terms given in Table 12.1 on p. 224. This gives us a family Rr(P, n3).
Table 12.1 gives the same basis of Wr(P, n3) at (r, r−1

2 ) for all r ∈ (3, 5). Hence
all Rr(P, n3) for these r coincide. Apply Lemma 12.3.4 to Rr(P, n3) at (r, r−1

2
)

for 3 < r < 5. At such a point qr(P, n3) = 1 if and only if there is an element f
in A2

r(χr,
1
2
(r − 1)) = Sr(χr, n, r−1

2
) for which F̃P,n3f �= 0, see Lemma 11.1.9. In

Proposition 6.7.3 we see that such an fr satisfies E−fr = 0, hence it corresponds
to a holomorphic modular form of weight r and multiplier system vr. This means
that f is a multiple of ηr. We conclude that qr(P, n3) = 1 for r �= 4. The points
(r, r−1

2 ) with 3 < r < 5, r �= 4 are in the analytic set Pol(Rr(P, n3)). Hence
(4, 3

2) ∈ Pol(Rr(P, n3)) as well, and at this point kr(P, n3) ≥ 1 > qr(P, n3) = 0.

13.5 Derivatives of Eisenstein families

Part iii) of Proposition 12.4.2 shows that we may expect singularities of the Eisen-
stein family Eκ at points (r, s) = (0, b

2 ), with b ∈ N. This is not in contradiction
to the fact that for Re s > 1

2 we are in the domain of absolute convergence of the
Eisenstein family. The singularity need not be visible after restriction to a vertical
line. In this section we shall see that such singularities really occur. We use the
derivatives s 	→ ∂m

r Eκ(0, s), m ∈ N. These derivatives are meromorphic functions
in one variable. If one of them has a singularity at s = b

2 , then Eκ surely has a
singularity at (0, b

2). The transformation behavior of these derivatives under Γ̃mod

is almost that of a modular form. In fact, these functions invite us to extend our
concept of modular form, see 13.5.5 and 13.5.6.

The main result of this section is Proposition 13.5.10. There we see that
the ∂m

r Eκ(0, s) have a series representation for large Re s. This means that each
∂m

r Eκ(0, s) is singular at s = b
2 for only a finite number of b ≥ 2. Moreover, we

get an explicit hold on the right-most singularity.
These results give a rather explicit description of the behavior of Eκ at the

points (0, b
2), and form the basis for the distribution results in the next section.

13.5.1 Singularities at half-integral points. We keep κ ∈ 2Z. Proposition 12.4.2
shows that Eκ is holomorphic at points (0, s) with Re s > 1

2
, except possibly for

the half-integral values of s. Those singularities are not connected to the presence
of square integrable modular forms, but are due to the fact that μκ+r, μ̃κ+r is
unsuitable as a basis for the space of Fourier terms of order (P, r

12 ) near (r, s) =
(0, b

2
), b ∈ N.
For b ∈ N, b ≥ 2, Proposition 12.4.2 shows that

E(b)
κ : (r, s) 	→ 1

1− wb
r+κ( r

12
, s)C0

κ(r, s)
Eκ(r, s)
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is holomorphic at (0, b
2
), with value given by the absolutely converging Eisenstein

series P 0
κ (0, s), equal to Eκ(s) in Equation (13.2) on p. 246. The proof of Proposi-

tion 12.4.2 shows that E
(b)
κ is the family R(P, n0) from Proposition 10.2.4. Hence

E
(b)
κ is characterized by its Fourier term of order (P, n0):

F̃P,n0E
(b)
κ (r, s) = μκ+r(P,

r

12
, s) + B(b)

κ (r, s)νb
κ+r(P,

r

12
, s),

with B
(b)
κ a meromorphic function.

At (0, 1
2 ) we have more or less the same situation, provided κ �= 0. Indeed,

dim Aκ(1, c0,
1
2) = 1, but if κ �= 0 its non-zero elements are not square inte-

grable. Proposition 12.2.12 implies that Eκ has determinate type at (0, 1
2 ), and

that the same holds for RP,n0 . As ṘP,n0(0) = Ėκ(0), we conclude from Propo-
sition 11.2.4 and Lemma 12.3.4 that Ẽ

(1)
κ : (r, s) 	→ (

1− w1
r+κ( r

12 , s)C0
κ(r, s)

)−1

Eκ(r, s) is holomorphic at (0, 1
2
). Its value at (0, 1

2
) is not given by an absolutely

converging Eisenstein series.
One may consult [7], Proposition 6.5, for the singularity of E0 at (0, 1

2
).

13.5.2 Derivatives. For m ≥ 0 and g ∈ G̃ consider

em
κ (s; g) =

1
m!

∂m
r Eκ(r, s; g)

∣∣∣∣
r=0

.

This defines meromorphic families em
κ of functions on G̃ depending on the param-

eter s. Note that e0
κ(s) = Ėκ(0; s), but that em

κ (s) does not satisfy our definition of
a modular form on G̃ if m > 0. These families have no singularities in the region
Re s > 0, except possibly at points of 1

2N.
13.5.3 Singularities of em

κ . Let b ∈ N, and suppose b ≥ 2 or κ �= 0. We have defined
B

(b)
κ (r, s) as the coefficient of νb

r+κ(P, r
12 , s) in F̃P,n0E

(b)
κ (r, s). Hence B

(b)
κ (r, s) =

C0
κ(r, s)/(1 − wb

r+κ( r
12

, s)C0
κ(r, s)). It is holomorphic at (0, b

2
), and B

(b)
κ (0, s) =

Ċ0
κ(0; s) for s near b

2
. On the other hand C0

κ = B
(b)
κ /(1 + wb

κ+rB
(b)
κ ), and

Eκ(r, s) =
(
1 + wb

r+κ(P,
r

12
, s)B(b)

κ (r, s)
)−1

E(b)
κ (r, s).

The expansion in r of wb
r+κ( r

12 , s) starts with

rb
(π

3

)b
(

1
2
− s− κ

2

)
b

Γ(−2s)
Γ(2s)

+
1
2
rb+1

(π

3

)b

∂s

((
1
2
− s− κ

2

)
b

)
Γ(−2s)
Γ(2s)

+ . . .

The factor ( 1
2 − s − κ

2 )bΓ(−2s)/Γ(2s) has a first order pole at s = b
2 if b is even.

If b is odd this factor may be holomorphic at b
2
; in that case, the next term has a
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first order pole at b
2
. From

∞∑
m=0

rmem
κ (s) =

(
1− rb

(π

3

)b
(

1
2
− s− κ

2

)
b

Γ(−2s)
Γ(2s)

B(b)
κ (0, s) + . . .

)
·
(
the expansion in r of E(b)

κ (r, s)
)

we conclude that em
κ is holomorphic at s = b

2
for 0 ≤ m ≤ b if b is odd and

b ≥ 1 + |κ|, and for 0 ≤ m ≤ b− 1 otherwise. In 13.2.6 we see that

B(b)
κ (0; s) = Ċ0

κ(0; s) =

(
1
2
− s

)
|κ|/2(

1
2 + s

)
|κ|/2

Λ(2s)
Λ(2s + 1)

.

The factor
(

1
2 − s

)
|κ|/2

ensures that em
κ is holomorphic at b

2 for odd b, even if
m = b and b ≤ |κ| − 1.

For fixed m this means that em
κ can have a pole at b

2
only if b

2
≤ [

m
2

]
.

13.5.4 Proposition. If κ ∈ 2Z, and κ �= 0, then e1
κ is holomorphic on Re s > 0.

Let κ ∈ 2Z, and m ≥ 2. Poles of em
κ in Re s > 0 may occur only at b

2
with

b ∈ Z, 1
2 ≤ b

2 ≤
[

m
2

]
. The right-most singularity occurs at b

2 =
[

m
2

]
, and has

order 1. Its residue is

(−1)b/2

b!

(π

6

)b ζ(b)
ζ(b + 1)

e0
κ

(
b

2

)
.

Proof. We still need to compute, for m ≥ 2,

lim
s→b/2

−
(

s− b

2

)(π

3

)b

(
1
2
− s− κ

2

)
b
Γ(−2s)

(
1
2
− s

)
|κ|/2

Λ(2s)

Γ(2s)
(

1
2

+ s
)
|κ|/2

Λ(2s + 1)
,

with b = 2
[

m
2

]
. Use(

1
2
− s− κ

2

)
b

(
1
2 − s

)
|κ|/2

π1/2Γ(s)

Γ(2s)
(

1
2 + s

)
|κ|/2

Γ(s + 1
2 )

=
π(−1)κ/221−2s

Γ( 1
2

+ s− κ
2
)Γ( 1

2
+ s + κ

2
− b)

.

13.5.5 Reformulation of the definition of modular form. If we differentiate the
relation Eκ(r, s; γgk(θ)) = eirα(γ)Eκ(r, s; g)ei(r+κ)θ a number of times with re-
spect to r at r = 0, we get a complicated transformation behavior for the em

κ .
This becomes more transparent if we impose only a part of the condition of χr-l-
equivariance, stated in 4.1.1. We carry this out for the modular case.

If γ ∈ Γ̃mod, then γ−1gk(α(γ)) does not depend of the choice of γ in its
class γZ̃. Hence

(g, x) 	→ g ∗ x = γ−1gk(α(γ)) with γ ∈ x ∈ Γ̃mod/Z̃ = Γ̄mod
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defines a right action of Γ̄mod = Γ̃/Z̃ ∼= PSL2(Z) on G̃. If r ∈ C and κ ∈ 2Z, the
condition of χr-equivariance on a function f of weight r + κ is equivalent to

f(g ∗ x) = χκ(x)f(g) for all x ∈ Γ̄mod. (13.5)

The character χκ of Γ̃mod is trivial on the center Z̃, hence it can be viewed as a
character of Γ̄mod.

We define the representation x : f 	→ x · f of Γ̄mod by (x · f)(g) = f(g ∗ x).
This representation commutes with right translation by elements of K̃, and with
the action of the differential operators ω and W.
13.5.6 The em

κ as a generalized type of modular form. The weight r is not involved
in the relation Eκ(r, s; g ∗ x) = χκ(x)Eκ(r, s; g); hence ∂m

r Eκ(r, s) satisfies (13.5),
and (ω − 1

4 + s2)∂m
r Eκ(r, s) = 0, but it is not a weight function. This holds in

particular for em
κ (s) = ∂m

r Eκ(0, s). So it might be worthwhile to extend the defini-
tion of automorphic form as an eigenfunction of ω on G̃ (or G̃P) satisfying (13.5)
and some growth conditions, near the exceptional points, and also as |θ| → ∞.
The em

κ (s) are examples. The function p(z)k(θ) 	→ 2 log η(z) + log y + iθ has this
transformation behavior, but it is not an eigenfunction of the Casimir operator.
13.5.7 Series representation for em

κ . Equation (13.4) on p. 251 implies for r ∈ U+:

Eκ(r, s) =
(

1−
(πr

3

)2s Γ(−2s)Γ( 1
2 + s− r+κ

2 )
Γ(2s)Γ( 1

2 − s− r+κ
2 )

C0
κ(r, s)

)
Qκ(r, s). (13.6)

Fix g ∈ G̃ and s ∈ C with Re s = σ ∈ (k, k + 1
2
), k ∈ N, k ≥ 2. Then

Eκ(r, s; g) = Qκ(r, s; g) +O(r2σ) for r ↓ 0.

Hence the em
κ (s; g) with 0 ≤ m < 2σ can be read off from the expansion in r of

Qκ(r, s; g) for r ↓ 0.
Let 0 < r < 12. The absolutely converging Poincaré series

Pκ+r(P, r
12 , χr, s; g) =

∑
γ∈ΔP \Γ̃mod

χr(γ)−1μr+κ(P, r
12 , s; γg)

is equal to Qκ(r, s; g) for Re s > 1
2 . We may write it as

Pκ+r(P, r
12 , χr, s; g) =

∑
x

χκ(x)−1μr+κ(P, r
12 , s; g ∗ x),

with x running through representatives of Γ̄mod/Γ̄∞
mod; by Γ̄∞

mod we denote the
image of Ñ ∩ Γ̃mod in Γ̄mod = PSL2(Z).

To identify the series for em
κ we define the functions β, η and τ on G̃ by

β(p(z)k(θ)) = z +
6
π

θ, η(p(z)k(θ)) = y, τ(p(z)k(θ)) = eiθ.
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Then

μr+κ(P, r
12 , s; g) = τ(g)κeπirβ(g)/6η(g)s+1/2

1F1

[
1
2 + s− r+κ

2
1 + 2s

∣∣∣∣ πr

3
η(g)

]
.

In the sum we take the representatives x = ± ( 1
0

0
1

)
and

x−1 ∈
{
±
( .

c

.

d

)
: c ≥ 1, d ∈ Z, (d, c) = 1

}
.

As η
(
p(z)k(θ) ∗ ( .

c
.
d

)−1
)

=
ys+1/2

|cz + d|2s+1
, the sum

∑
x χκ(x)−1h(g ∗ x) converges

absolutely, even if we omit the 1F1-factor. For 0 < r < 12 and Re s > 1
2 we obtain

the absolutely converging double series

Pκ+r(P,
r

12
, χr, s; g) (13.7)

=
∞∑

n=0

(
1
2 + s− r+κ

2

)
n

(1 + 2s)n

(π

3

)n rn

n!

∑
x

χκ(x)−1
(
τκ · eπirβ/6 · ηs+n+1/2

)
(g ∗ x).

13.5.8 Another type of series. To insert the power series for the exponential func-
tion eπirβ/6, and interchange the order of summation, we shall need the conver-
gence of sums like

Sq,σ =
∑

x

χκ(x)−1β(g ∗ x)qη(g ∗ x)σ+1/2τ(g ∗ x)κ.

Take g = p(z)k(θ) fixed, and
(

a
c

b
d

)
∈ Γmod, with c ≥ 1.

β

(
p(z)k(θ) ∗

(
d

−c

−b

a

))
=

az + b

cz + d
+

6
π

(
− arg(cz + d) + θ − π

6
a + d

c
+

π

2
+ 2πS(d, c)

)
= −d

c
− 1

c(cz + d)
+ 3 + 12S(d, c) +

6
π

θ − 6
π

arg(cz + d)

= O(|cz + d|) = O
(

η

(
p(z)k(θ) ∗

(
d

−c

−b

a

))−1/2
)

.

As |τ | = 1, this gives the absolute convergence of Sq,σ for q = 0, 1, . . . , 2k− 1. We
have obtained the next result:

13.5.9 Lemma. Let q ≥ 0, q ∈ Z. The following series converges absolutely, and
defines a family of functions εq

κ on G̃, pointwise holomorphic in s, for Re s >
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1
2
(q + 1).

εq
κ(s; g) =

∑
x

χκ(x)
(
τκ · βq · ηs+1/2

)
(g ∗ x)

=
∑

γ∈ΔP \Γ̃mod

χκ(γ)τ(γgk(−α(γ)))κβ(γgk(−α(γ)))qη(γg)s+1/2.

These functions satisfy the modular transformation behavior (13.5) on p. 255.

Remark. The εq
κ are not weight functions, and no eigenfunctions of the Casimir

operator.

13.5.10 Proposition. Define πn,j(a) by (a − x)n =
∑n

j=0 πn,j(a)xj . For m ≥ 0,
κ ∈ 2Z, and Re s large,

em
κ (s) =

m∑
q=0

∑
0≤j≤(m−q)/2

πm−q−j, j

(
1
2 + s− κ

2

) (
π
3

)m−j ( i
2

)q
2j(2s + 1)m−j−q(m− j − q)!q!

εq
κ(s + m− q − j).

Proof. For ε > 0 and a > 1
2 (and again g fixed)∑

x, η(x∗g)<ε

|η(g ∗ x)|a+1/2 = O
(
εa−1/2

)
(ε ↓ 0).

Let σ = Re(s), 2 ≤ k < σ < k + 1
2
, and let n ≥ 0. We take ε = r2 for r ↓ 0. The

following quantity occurs in Equation (13.7):∑
x

χκ(x)−1
(
τκ · eπirβ/6 · ηs+n+1/2

)
(g ∗ x)

=
∑

x, η(g∗x)≥ε

χκ(x)−1
(
τκ · eπirβ/6 · ηs+n+1/2

)
(g ∗ x) +O

(
εσ+n−1/2

)
.

In the sum with η(g ∗ x) ≥ ε we have β = O(η−1/2) = O(1/r) and rβ = O(1).
Insert eπirβ/6 =

∑2k−2
q=0

1
q! (πirβ/6)q +O (r2k−1η−k+1/2

)
.∑

x

χκ(x)−1
(
τκ · eπirβ/6 · ηs+n+1/2

)
(g ∗ x)

=
2k−2∑
q=0

(
πir

6

)q 1
q!

∑
x,η(g∗x)≥ε

χκ(x)−1
(
τκ · βq · ηs+n+1/2

)
(g ∗ x)

+O (r2k−1
)

+O (r2σ+2n−1
)

=
2k−2∑
q=0

(
πi

6

)q
rq

q!
εq

κ(s + n; g) +O (r2σ+2n−1
)

+O (r2k−1
)
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=
2k−2∑
q=0

(
πi

6

)q
rq

q!
εq

κ(s + n; g) +O (r2k−1
)
.

In view of (13.6) and (13.7) we obtain em
κ (s; g) with 0 ≤ m ≤ 2k − 2 as the

coefficient of rm in

∞∑
n=0

(
1
2 + s− r+κ

2

)
n

(1 + 2s)n

(π

3

)n rn

n!

2k−2∑
q=0

(
πi

6

)q
rq

q!
εq

κ(s + n; g).

13.5.11 Corollary. Let κ ∈ 2Z, and m ≥ 0. The family εm
κ has a meromorphic

extension to C. In the region Re s > 0 it can have singularities only at half-integral
points.

The families ε0
κ and ε1

κ are holomorphic on Re s > 1
2
.

Let m ≥ 2. The right-most singularity of εm
κ occurs at

[
m
2

]
; it is a first order

pole, with residue⎧⎪⎪⎨⎪⎪⎩
ζ(m)

ζ(m + 1)
ε0

κ

(m

2

)
if m is even

6m

πi

ζ(m − 1)
ζ(m)

ε0
κ

(
m− 1

2

)
if m is odd.

Proof. We already know the statement concerning ε0
κ = e0

κ = Ėκ(0). Proposi-
tion 13.5.10 gives e1

κ(s) = π
3

1
2+s− κ

2
2s+1 ε0

κ(s+1)+ πi
6 ε1

κ(s) for m = 1. Proposition 13.5.4
implies that ε1

κ is holomorphic on Re s > 1
2
.

For m ≥ 2 we use

em
κ (s) =

(
πi

6

)m 1
m!

εm
κ (s)

+
m−1∑
q=0

∑
0≤j≤(m−q)/2

(holomorphic on Re s > 0) · εq
κ(s + m− q − j).

For all terms in the sum m− q − j ≥ 1
2 . The terms with q = 0, 1 are holomorphic

on Re s > 1
2 . Proceeding inductively, we assume that the terms with 2 ≤ q ≤ m−1

can have singularities only at half-integral points s ≤ [
q
2

]− (m− q− j) ≤ q
2
−m+

q + m−q
2

≤ [
m
2

] − 1
2
. Hence these terms do not matter for the statement of the

corollary. Apply Proposition 13.5.4 to complete the proof.

13.6 Distribution results

In [8] I carried out the computations of the previous section, not for the family Eκ,
but for its Fourier coefficients Cν

κ . This gave the meromorphic continuation of
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Dirichlet series with powers of Dedekind sums in its coefficients. The information
on the right-most singularities led to distribution results for S(d, c)/c, where S(d, c)
is the Dedekind sum. In this section the same method is applied to the Eisenstein
family itself; this produces similar distribution results for a more complicated
quantity.
13.6.1 Notations. We fix g = p(z)k(θ) ∈ G̃. Define T = Tg = { cz + d : c, d ∈ Z,
(d, c) = 1 }. For cz + d ∈ T with c > 0 we put

σ1(cz + d) = 12S(d, c)− d

c
+ 3− 6

π
arg(cz + d) +

6
π

θ − Re
(

1
c(cz + d)

)
.

We extend this definition by σ1(1) = 0 and σ1(−t) = σ1(t) to get a function
σ1 : T → R.

We study the distribution of the values of the map σ = σg : T → C given by

σ(cz + d) =
σ1(cz + d)

cz + d
eiθ.

It turns out that we can obtain distribution results for σ(cz +d) from the analytic
properties of the εm

κ (s; g). In comparison with S(d, c)/c, considered in [8], the
quantity σ(cz+d) is a rather strange one to to study. But the following distribution
results can be obtained, and we shall show how to do that.

13.6.2 Proposition. Fix g = p(z)k(θ) ∈ G̃, and define σg and T as above. Let
f : C → C be a continuous function.

i) First distribution result.

lim
X→∞

1
X

∑
cz+d∈T, |cz+d|<X

f(σg(cz + d))
|cz + d| =

12
πy

f(0).

ii) Second distribution result. Let ϕ(l) denote the number of x mod l relatively
prime to l, and define ϕ : Z ·z + Z → N by ϕ(ω) = ϕ(l), where l is the
largest natural number for which 1

l
ω ∈ T . Suppose that u 	→ f(u)/|u|2 has a

continuous extension to u = 0. Then

lim
X→∞

1
X

∑
cz+d∈T, |cz+d|<X

f(σg(cz + d)) = 2
∑′

ω∈Z·z+Z

ϕ(ω)
|ω| f

(
eiθ/ω

)
.

Remarks. The prime in
∑′

indicates that the term with ω = 0 is omitted.
The first distribution result states that the majority of the points σg(cz + d)

is concentrated near 0. The second result gives information on the minority staying
away from 0. To get an illustration we have picked z = i ∈ H, θ = 0, and plotted
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Figure 13.3 The points 1/σ(ci+d) with (d, c) = 1, |ci+d| ≤ 1000, that fall in the region
|Re w| < 7, | Im w| < 7 of the complex plane.



13.6 Distribution results 261

some 1
σg(cz+d)

in Figure 13.3. In this way we have blown up the majority near 0. The
second distribution result explains some of the structure of the resulting picture.
Question. Can one explain more of the structure, for instance by methods like
those in [9] and [10]?
Proof. In the remainder of this section we give a proof. We view the distribution
results as statements on limits of functionals on a space of continuous functions.
It suffices to prove these statements for a set of test functions that is dense in the
whole space for a suitable topology. This is done by applying a Tauberian theorem
for Dirichlet series.

Of course, the way the distribution results were found is opposite to the
direction of this proof.
13.6.3 Reformulation. Let X > 0. We define functionals μX , νX , μ, and ν on the
continuous functions f : C → C by

μX(f) =
1
X

∑
t∈T, |t|<X

f(σ(t))
|t|

νX(f) =
1
X

∑
t∈T, |t|<X

|σ(t)|2f(σ(t)).

μ(f) =
12
πy

f(0)

ν(f) = 2
∑′

ω∈Z·z+Z

ϕ(ω)
|ω|3 f

(
eiθ

ω

)
.

Proving the distribution results amounts to showing that for all continuous func-
tions f : C → C:

lim
X→∞

μX(f) = μ(f), lim
X→∞

νX(f) = ν(f).

13.6.4 Reduction to a smaller class of functions. First we show that σ1(t) = O(|t|)
for t large, for fixed g. To see this we consider t = cz + d with c ≥ 1. We note that
12S(d, c)+3− 6

π arg(cz +d)+ 6
π θ = O(c+1) = O(|t|), and

∣∣∣Re 1
c(cz+d)

∣∣∣ = |cx+d|
c|t|2 ≤

|t|
1·|t|2 = O(1). Finally, d

c
= cx+d

c
− x = O

(
|t|
1

+ 1
)

= O(|t|).
So the values of σ are contained in a closed disk around 0 in C, of ra-

dius C(g) > 0. We work with the space of all continuous functions on this disk,
provided with the supremum norm ‖ . ‖∞.

From |μX(f)| ≤ ‖f‖∞μX(1) we conclude that the μX are bounded func-
tionals on this space. The functional μ is bounded as well. If the limit formula
limX→∞ μX(f) = μ(f) holds for all f in a dense subspace containing the constant
function 1, then the limit formula holds for all continuous functions. Indeed, the for-
mula limX→∞ μX(1) = μ(1) implies that the norms ‖μX‖ are bounded uniformly



262 Chapter 13 Modular group

in X. We use the dense subspace spanned by the functions fn,k : u 	→ unūk, with
n, k ≥ 0. (To see that it is dense, use the Stone-Weierstrass theorem; see, e.g., [26],
Ch. III, §1, Theorem 1.1.)

We have |νX (f)| ≤ ‖f‖∞νX(1) for νX as well. Take C(g) larger than the
maximal value of 1/|ω| for ω ∈ Z ·z+Z, ω �= 0, to see that ν is bounded. To obtain
the limit formula for νX and ν, it suffices to consider functions in the same dense
subspace. We have to show for n, k ≥ 0:

lim
X→∞

μX(fn,k) =

⎧⎨⎩ 12/πy if n = k = 0

0 otherwise

lim
X→∞

νX(fn,k) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
4
ζ(n + k + 2)
ζ(n + k + 3)

y−(n+k+3)/2ε0
n−k

(
n + k

2
+ 1; g

)
if n− k is even

0 if n− k is odd.

To obtain the assertion for ν, note that

2
∑′

ω

ϕ(ω)
|ω|3

einθ−ikθ

ωnω̄k
= 2

∞∑
l=1

ϕ(l)
l3+n+k

∑
cz+d∈T

e−i(n−k) arg(cz+d)

|cz + d|3+n+k
ei(n−k)θ .

If n− k is odd, this vanishes. For even n− k, use e0
κ = Ė(0), and (13.2) on p. 246.

13.6.5 Restriction to even n−k. Let n−k be odd. From the definitions of μX and νX

we see immediately that μX(fn,k) = νX(fn,k) = 0. Hence the limit statements hold
for n �≡ k mod 2.

In the sequel we restrict ourselves to even n− k.
13.6.6 Reformulation for the even case. For X > 0, p, q ≥ 0, and κ ∈ 2Z, we define

AX(p, q, κ) =
1
X

∑
t∈T, |t|<X

σ1(t)peiκ(θ−arg(t))

|t|q .

Then

μX(fn,k) = AX(n + k, n + k + 1, n− k),
νX(fn,k) = AX(n + k + 2, n + k + 2, n− k).

Write p = n + k and κ = n− k. Our aim is to show, for even p ≥ 2 and even κ:

lim
X→∞

AX(0, 1, 0) = 12/πy

lim
X→∞

AX(p, p + 1, κ) = 0

lim
X→∞

AX(p, p, κ) = 4
ζ(p)

ζ(p + 1)
y−(p+1)/2ε0

κ(p/2; g).
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13.6.7 Dirichlet series. To carry this out, we consider the Dirichlet series

F (p, κ;u) =
∑
t∈T

σ1(t)peiκ(θ−arg(t))

|t|u

for even p and κ, p ≥ 0. The estimate σ1(t) = O(|t|) for large |t|, and the
convergence of the Eisenstein series, imply that F (p, κ;u) converges for at least
Reu > p + 2, and gives a holomorphic function on this region.

Define σ2 : T → C by

σ2(cz + d) = 12S(d, c)− d

c
+ 3− 6

π
arg(cz + d) +

6
π

θ − 1
c(cz + d)

if c > 0, and σ2(−t) = σ2(t), σ2(1) = 0. As σ1(t)− σ2(t) = O(|t|−2), the series for
F (p, κ;u) differs from

F̃ (p, κ;u) =
∑
t∈T

σ2(t)peiκ(θ−arg(t))

|t|u

by a series representing a holomorphic function on Reu > p− 1.
We apply Lemma 13.5.9 with s = u−1

2
:

εp
κ(s; g) = ys+1/2eiκθ

(
z +

6
π

θ

)p

+
∑

γ

eiκ(θ−arg(cz+d))
(
γ · z + 6

π
(θ − arg(cz + d)− α(γ))

)p

y−s−1/2|cz + d|2s+1

= ys+1/2

(
eiκθ

(
z +

6
π

θ

)p

+
1
2

∑
t

σ2(t)peiκ(θ−arg(t))

|t|2s+1

)

= ys+1/2

(
eiκθ

(
z +

6
π

θ

)p

+
1
2
F̃ (p, κ;u)

)
.

This gives the meromorphic continuation of F̃ (p, κ;u) to u ∈ C, and of F (p, κ;u)
to Re u > p − 1. Moreover, Corollary 13.5.11 gives information on the rightmost
singularity in the case p ≥ 2. This information is given in Table 13.1, with the
notation up,κ for the position of the right-most singularity, and ρp,κ for the residue.
The singularity at up,κ is a first order pole, and it is the sole singularity in the
region Reu > up,κ − 1. The table shows also where to find the results that cover
the case p = 0.
13.6.8 Tauberian theorem. We apply the Tauberian theorem for Dirichlet series;
see, e.g., [27], Ch. XV, §2–3. This theorem implies that if the functions g(u) =∑

t∈T B(t)|t|−u and f(u) =
∑

t∈T A(t)|t|−u satisfy
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up,κ ρp,κ see

p = κ = 0 2
12
πy

11.2.7

p ≥ 2 p + 1 4
ζ(p)

ζ(p + 1)
ε0

κ(p/2)
y(p+1)/2

Corollary 13.5.11

p = 0, κ �= 0 F (p, κ;u) holomorphic on Reu > 1 13.2.6

Table 13.1 The rightmost singularity of F (p, κ; u) for even p and κ.

i) |B(t)| ≤ CA(t) for all t ∈ T , for some C > 0,

ii) f converges absolutely on Reu > 1 (hence the same holds for g),

iii) f and g have a meromorphic continuation to a slightly larger half plane
Reu > 1− ε, without singularities outside u = 1,

iv) f has a first order pole, and g at most a first order pole at u = 1;

then
lim

X→∞
1
X

∑
t∈T, |t|<X

B(t) = Res
u→1

g(u).

If g is holomorphic at u = 1 its residue is understood to be zero.
13.6.9 First distribution result. We take p ≥ 0, p even. Apply the Tauberian
theorem with B(t) = σ1(t)peiκ(θ−arg(t))|t|−p−1; note that B(t) = O(|t|−1). Take
A(t) = |t|−1; then f(u) = F (0, 0;u + 1) has the right properties. As g(u) =
F (p, κ;u+p+1), it satisfies the conditions of the Tauberian theorem, see Table 13.1.
We obtain limX→∞ AX(p, p+1;κ) = Resu→p+2 F (p, κ;u), which gives the desired
result, see 13.6.6.
13.6.10 Second distribution result. Take p even, p ≥ 2. For κ = 0 we take B(t) =
σ1(t)p|t|−p. Then g(u) = F (p, 0;u+p) is holomorphic on Reu > 1. As B(t) ≥ 0 for
all t ∈ T , we take f(u) = g(u). The Tauberian theorem gives limX→∞ A(p, p, 0) =
ρp,0, which is the value stated in 13.6.6.

For κ �= 0 we take B(t) = σ1(t)p|t|−peiκ(θ−arg(t)), and A(t) = σ1(t)p|t|−p. We
have seen that this gives a suitable f(u). As g(u) = F (p, κ;u + p), we obtain the
right value for limX→∞ A(p, p, κ) in this case as well.



Chapter 14
Automorphic forms for the theta group

In this chapter we consider automorphic forms on a well known subgroup of the
modular group, the theta group. We give examples to illustrate the ideas in Part I.
The main difference with the modular group is the presence of two cusps.

14.1 Theta function and theta group

The theta group is the group of transformations in H for which the theta function
is an automorphic form. In this section we consider the theta group as a subgroup
of G = SL2(R). We shall lift it to G̃ in the next section.

14.1.1 Theta function. The classical theta function on the upper half plane is
defined by θ(z) = θ3(z) =

∑∞
m=−∞ eπizm2

. It clearly satisfies θ(z + 2) = θ(z).
Application of the formula of Poisson shows that θ(−1/z) = (−iz)1/2θ(z), c.f. [49],
Theorem 7.1.1.

14.1.2 Theta group. These transformation properties explain why the subgroup
of Γmod generated by

(
1
0

2
1

)
and

(
0

−1
1
0

)
is called the theta group. We denote this

group by Γθ. One can show that it consists of those
(

a
c

b
d

)
∈ SL2(Z) that satisfy

either
(

a
c

b
d

)
≡ (

1
0

0
1

)
mod 2, or

(
a
c

b
d

)
≡ (

0
1

1
0

)
mod 2; see [32], p. 353 and p. 365.

Conjugation by
(

0
−1

1
−1

)
sends Γθ to the Hecke congruence subgroup Γ0(2)

of the modular group.

14.1.3 Theta multiplier system. The transformation behavior of the theta function
is

θ

(
az + b

cz + d

)
= vθ

(
a

c

b

d

)
(cz + d)1/2θ(z)

for all
(

a
c

b
d

)
∈ Γθ, with vθ a multiplier system for weight 1

2 .

All automorphic forms for Γmod are, of course, automorphic forms for Γθ as
well. The theta function corresponds to the automorphic form z 	→ y1/4θ(z) on H
(in the sense of Section 2.1) for the theta group Γθ, of weight 1

2
, with eigenvalue 3

16
,

and multiplier system vθ.

14.1.4 Fundamental domain. A fundamental domain for a subgroup Δ of finite
index in Γmod can be obtained as a union

⋃
γ∈R γ · Fmod, where R is a system of

265
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representatives of Δ\Γmod; see, e.g., [52], Ch. IV, §4.1. For Γθ this leads to

Fθ = Fmod ∪
(

1
0
−1

1

)
Fmod ∪

(
1
−1

1
0

)
Fmod.

One can change one fundamental domain into another by moving around pieces

����
1/2-1

��
Fθ

��
1-1

F ′
θ

����
0 1 2

F ′′
θ

Figure 14.1 Fundamental domains for the theta group.

of a fundamental domain by elements of Γθ.
14.1.5 Cusps. The set of cusps Q∪{i∞} consists of two orbits for the theta group:
P = Γθ · i∞ and Q = Γθ · (−1). Use the fundamental domain F ′

θ to conclude
that Yθ = Γθ\H is homeomorphic to a plane with one point deleted, and that
Xθ = Γθ\H∗ = Yθ ∪ {P,Q} is homeomorphic to a sphere. See [49], §7.2, for an
automorphic function f2 on H that induces an isomorphism of Riemann surfaces
Xθ

∼= P1
C.

14.2 The covering group

We lift the theta group to a subgroup of G̃, and consider the concepts discussed
in Chapter 3.
14.2.1 Definition. Γ̃θ is the full original in G̃ of the theta group Γθ.

The fundamental domain F ′
θ in Figure 14.1 shows that the group Γ̄θ =

Γθ/{±Id} of transformations in H is generated by ± ( 1
0

2
1

)
and ±

(
0

−1
1
0

)
= W ,

with (±W )2 = ±Id as the only relation. (Consult [32], Ch. VII, §2, p. 234, to ob-
tain generators and relations from a fundamental domain.) Hence Γ̃θ is generated
by n(2) and w = k(π/2), with the centrality of w2 as the only relation.
14.2.2 Characters. The group of characters X = X (Γ̃θ) is isomorphic to (C∗)2:
we may pick χ(n(2)) and χ(w) arbitrarily in C∗ to determine the character χ.
We define χr1,r2 ∈ X by χr1,r2(n(2)) = eπir1/2 and χr1,r2(w) = eπi(r1+r2)/2, for
r1, r2 ∈ C. The advantage of this parametrization will become clear in 14.2.5
and 14.4.1. The character χr1,r2 is unitary if and only if r1, r2 ∈ R. The map
(r1, r2) 	→ χr1,r2 induces an isomorphism X ∼= C2 mod 4πZ2. The character χr1,r2

belongs to the weights in r1 + r2 + 2Z.
14.2.3 Modular forms on G̃. All examples in the Chapters 1 and 13 give examples
of automorphic forms for Γ̃θ as well. Note that the character χr of Γ̃mod restricted
to Γ̃θ equals χ2r/3,r/3.
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The automorphic form

θ̃(p(z)k(η)) = y1/4θ(z)eiη/2

of weight 1
2 for the character χ0,1/2 and eigenvalue 3

16 corresponds to the theta
function. Take powers of θ̃ to construct a one-parameter family similar to ηr.
14.2.4 Canonical generators. The fundamental domain Fθ in Figure 14.1 is canon-
ical. For this choice:

l1 is the geodesic from i∞ to − 3
2

+ i
2

√
3 = −1 + e2πi/3, π1 = n(2), g1 =

n(−1)a(2).

l2 is the geodesic from −1 to − 1
2 + i

2

√
3 = e2πi/3, π2 = g2n(1)g−1

2 , g2 =
n(−1)w.

h1 is the geodesic from z1 = i to 1
2 + i

2

√
3 = eπi/3, ε1 = w = k(π/2).

The last of the relations in 3.3.3 takes the form π1π2ε1 = ζ0−2+2+1 = ζ. Indeed,
with 13.1.2 we obtain

π1π2ε1 = n(2)n(−1)wn(1)w−1n(1)w = (n(1)w)3k(−π) = k(2π − π) = ζ.

We have chosen g1 = n(−1)a(2), and not a(2). This choice has the advantage
that gθ: =g1g

−1
2 interchanges the cusps. As g2

θ = k(π), conjugation by gθ gives an
involution of Γ̃θ, Γθ\H, and also of X and V. To see this, note that π1 and π2

generate Γ̃θ, and that gθπ1g
−1
θ = π2, and gθπ2g

−1
θ = π1.

14.2.5 Homomorphisms. Any homomorphism Γ̃θ → C is determined by its values
on π1 and π2. If ϕ ∈ V is given by ϕ(πj) = rjπ/2, then exp (ϕ)(π1) = eπir1/2

and exp (ϕ)(w) = exp (ϕ)(π1π2) = eπi(r1+r2)/2, hence exp (ϕ) = χr1,r2 . The coor-
dinates (r1, r2) are suitable if one is interested in the behavior of ϕ on the cuspidal
generators π1 and π2. Note that χr1,r2(gθγg−1

θ ) = χr2,r1(γ) for all γ ∈ Γ̃θ.
From the standpoint of number theory, it is interesting to take the basis α,

β, with α ∈ hom(Γ̃mod, C) defined in 13.1.7, and β : γ 	→ α(gθγg−1
θ ). This leads to

α(π1) = π
3

α(π2) = π
6

α(w) = π
2

α(ζ) = π
β(π1) = π

6 β(π2) = π
3 β(w) = π

2 β(ζ) = π.

With Equation (13.1) the values of β
˜(a
c

b
d

)
for

(
a
c

b
d

)
∈ Γθ can be expressed

in terms of Dedekind sums. Note that exp (uα + vβ) = χ(2u+v)/3,(u+2v)/3.

14.2.6 Exceptional points. The cuspidal orbits for Γ̃θ we have denoted by P =
Γ̃θ. · i∞ and Q = Γ̃θ · (−1). They should be contained in every choice of P.
14.2.7 Decomposition of Xθ. For P = {P,Q} we consider the conditions on ÃP

and ÃQ. The condition that UP (ÃP ) should be represented in Fθ by the image



268 Chapter 14 Theta group

under gP of an rectangle, leads to ÃP ≥ 1
2

and, similarly, ÃQ ≥ 1. As the image
of iÃP + R under gP : H → H is 2iÃP + R, and as Im has maximum value 1/ÃQ

on gQ(iÃQ + R), the disjointness imposes the condition ÃP ÃQ ≥ 1
2 , but this is

already implied by the other conditions. The minimal choice for P is ÃP = 1
2 and

ÃQ = 1. This means AP = 3
2 and AQ = 2.

14.3 Fourier expansions

Each automorphic form for Γ̃θ has a Fourier expansion at both cusps. We write
them down for θ̃. We need the elements gP and gQ to describe the Fourier expan-
sions at cusps. In the modular case of the previous chapter the automorphic forms
have period 1 in the Iwasawa coordinate x. For the theta group we use gP and gQ

to bring them into this form. This insistence on period 1 is a normalization that
is especially suitable if one does not restrict oneself to Γ̃mod and its subgroups.
For Γ̃θ, and other subgroups of Γ̃mod, it leads to a complication. For the modular
group we have chosen the element gΓ̃mod·i∞ ∈ G̃ to be the neutral element of G̃.
But here we have to take gP ∈ Na(2). If we deal with a modular form for Γ̃mod, we
have to distinguish its Fourier expansion at Γ̃mod · i∞ from its Fourier expansion
at P = Γ̃θ · i∞. At Q we need gQ anyhow.

14.3.1 Theta function. χ0,1/2(πP ) = 1, hence CP (χ0,1/2) = Z. From θ(z) =∑∞
−∞ eπim2z we obtain immediately the Fourier expansion at P = Γ̃θ · i∞:

gP p(z)k(ϕ) = p(2z − 1)k(ϕ) 	→ (2y)1/4θ(2z − 1)eiϕ/2

= 21/4
∞∑

m=−∞
(−1)me2πim2xy1/4e−2πm2yeiϕ/2

= a0μ1/2(P, 0,− 1
4
; gP p(z)k(ϕ)) +

∞∑
n=1

anω1/2(P, n, 1
4
; gP p(z)k(ϕ)),

with a0 = 21/4 and an = 2(−1)n(2πn)−1/4 if n ≥ 1, n a square, and an = 0
otherwise.

For the expansion at Q = Γ̃θ · (−1) we use

θ

(
z + 1
−z

)
=
√−iz

∞∑
m=−∞

eπiz(m+1/2)2 ,

see [49], §7.1, Theorem 7.1.2. As χ0,1/2(πQ) = eπi/4 we obtain CQ(χ0,1/2) = 1
8

+Z.
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The expansion is:

gQp(z)k(ϕ) = p

(
z + 1
−z

)
k(− arg(−z) + ϕ) 	→(

y

|z|2
)1/4

θ

(
z + 1
−z

)
e−i arg(−z)/2+iϕ/2

= y1/4
∞∑

m=−∞

√−iz eπiz(m+1/2)2(−z)−1/2eiϕ/2

=
∞∑

m=−∞
eπi/4eπi(m+1/2)2xy1/4e−π(m+1/2)2yeiϕ/2

=
∑

n≡1/8mod1, n>0

bnω1/2(Q,n, 1
4 ; gQp(z)k(ϕ)),

with bn = 2(4πn)−1/4eπi/4 if n = 1
2(m + 1

2)2 for some m ≥ 0, m ∈ Z, and bn = 0
otherwise.

The theta function θ corresponds to an element of A1/2(χ, c(χ), 1
4), with χ =

χ0,1/2. It is a smooth square integrable automorphic form, but not a cusp form.

14.3.2 Changing the group. If f is a modular form for Γ̃mod, it takes some care to
obtain the Fourier expansions at P and Q from the expansion at Γ̃mod · i∞.

As an example, we consider a modular form f for Γ̃mod with even weight,
trivial character and expansion

f(p(z)k(ϕ))
= d0μl(Γ̃mod · i∞, 0, s; p(z)k(ϕ)) + c0μl(Γ̃mod · i∞, 0,−s; p(z)k(ϕ))

+
∑
n	=0

cnωl(Γ̃mod · i∞, n, s; p(z)k(ϕ))

=

⎛⎝d0y
s+1/2 + c0y

−s+1/2 +
∑
n	=0

cne2πinxWl sign(n)/2,s(4π|n|y)

⎞⎠ eilϕ.

At P we have μl(P, 0,±s; gP p(z)k(ϕ)) = y1/2±seilϕ, and ωl(P,m, s; gP p(z)k(ϕ)) =
e2πimxWl sign(m)/2,s(4π|m|y)eilϕ. We obtain

f(gP p(z)k(ϕ)) = f(p(2z)k(ϕ))
= 2s+1/2d0μl(P, 0, s; gP p(z)k(ϕ)) + 2−s+1/2c0μl(P, 0,−s; gP p(z)k(ϕ))

+
∑

m∈2Z, m	=0

(−1)m/2cm/2ωl(P,m, s; gP p(z)k(ϕ)).
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At Q we use the fact that gQ = n(−1)w ∈ Γ̃mod, and obtain

f(gQp(z)k(ϕ)) = f(p(z)k(ϕ))
= d0μl(Q, 0, s; gQp(z)k(ϕ)) + c0μl(Q, 0,−s; gQp(z)k(ϕ))

+
∑
n	=0

cnωl(Q,n, s; gQp(z)k(ϕ)).

14.3.3 Two harmonic automorphic forms. Automorphic forms with weight and
eigenvalue both equal to 0 we call harmonic automorphic forms, as they correspond
to harmonic functions on H.

In 4.6.7 we have concluded from the Maass-Selberg relation that the dimen-
sion of the space A0(1, c, s) mod S0(1, c, s) is at most |c| for all s and c. Here
we show, by producing explicit examples, that the dimension of A0(1, c0,

1
2 ) mod

S0(1, c0,
1
2 ) is at least equal to |c0| = 2 in the case of Γ̃θ. As bounded harmonic

functions on H are constant, we have S0(1, c0,
1
2 ) = {0}.

One element is easily given: the constant function 1 : g 	→ 1. To obtain
a non-constant harmonic automorphic form we start with the logarithm of the
eta function: the function F defined by F (p(z)k(ϕ)) = Re log η(z) + 1

4 log y, has
weight 0, is Γ̃mod-invariant on the left, but satisfies ωF = 1

41. We take F1 : g 	→
F (gθg), with gθ = n(−1)a(2)w−1n(1) as above. The fact that gθΓ̃θg

−1
θ = Γ̃θ

implies that F1 is Γ̃θ-invariant on the left. It has weight 0 and satisfies ωF1 = 1
41,

as ω commutes with left (and right) translations. This means that Fθ = F −F1 is
a harmonic automorphic form for Γ̃θ.

To see that Fθ ∈ A0(1, c0,
1
2
) we look at its Fourier expansions at P and Q.

We work modulo regular Fourier terms of non-zero order.

F (p(z)k(ϕ)) = − π

12
y −

∑
n	=0

1
2
σ−1(|n|)e2πinxe−2π|n|y +

1
4

log y;

Fθ(gP p(z)k(ϕ)) = F (n(−1)a(2)p(z)k(ϕ)) − F (n(−1)w−1p(z)k(ϕ))
= F (p(2z − 1))− F (p(z))

= − π

12
2y − 1

2

∑
n	=0

σ−1(|n|)e4πinx−4π|n|y +
1
4

log(2y)

+
π

12
y +

1
2

∑
n	=0

σ−1(|n|)e2πinx−2π|n|y − 1
4

log y

≡ − π

12
μ0(P, 0, 1

2 ; gP p(z)k(ϕ)) +
1
4

log 2 μ0(P, 0,− 1
2 ; gP p(z)k(ϕ));

Fθ(gQp(z)k(ϕ)) = F (n(−1)wp(z))− F (n(−1)a(2)p(z))
= F (p(z))− F (p(2z))

≡ π

12
μ0(Q, 0, 1

2
; gQp(z)k(ϕ))− 1

4
log 2 μ0(Q, 0,− 1

2
; gQp(z)k(ϕ)).
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Clearly 1 and Fθ are linearly independent.
We check the Maass-Selberg relation (Theorem 4.6.5). As l = n = 0 we leave

out the ι.

2Wr(F̃P,01, F̃P,0Fθ) + 2Wr(F̃Q,01, F̃Q,0Fθ)

= 2Wr
(

μ0(P, 0,− 1
2 ),− π

12
μ0(P, 0, 1

2 ) +
1
4

log 2 μ0(P, 0,− 1
2 )
)

+ 2Wr
(

μ0(Q, 0,− 1
2 ),

π

12
μ0(Q, 0, 1

2 )− 1
4

log 2 μ0(Q, 0,− 1
2)
)

= 2
(
− π

12

)
2
(
−1

2

)
+ 2

π

12
2
(
−1

2

)
= 0.

14.4 Eisenstein series

For Γ̃θ one may work out the formulas in Proposition 5.2.9. We do not carry this
out completely, but mention some results.
14.4.1 Eisenstein series occur if the cusp is singular for the character under con-
sideration. We summarize the possibilities for the theta group in the following
scheme:

character χr1,r2 r2 �≡ 0 mod 4 r2 ≡ 0 mod 4

r1 �≡ 0 mod 4 no Eis. series Eisenstein series for Q

r1 ≡ 0 mod 4 Eis. series for P Eis. series for P and for Q

14.4.2 Involution. We consider the Eisenstein series in weight 0 for the trivial
character. For m ∈ Z let c(m, s) =

(
c0(P,m;J(0),P ;1,s)
c0(Q,m;J(0),P ;1,s)

c0(P,m;J(0),Q;1,s)
c0(Q,m;J(0),Q);1,s

)
. As both

cusps are singular, the scattering matrix c(0, s) is really a matrix.
Before we apply Proposition 5.2.9 we use gθ, which interchanges the cusps. Let

Θ be defined by Θf(g) = f(gθg). On functions of weight zero Θ2 = Id. Note that
Θμ0(P, 0, s) = μ0(Q, 0, s), and Θω0(P,m, s) = ω0(Q,m, s). Hence ΘP0(P, 0, 1, s) =
P0(Q, 0, 1, s), and

(
0
1

1
0

)
c(m, s)

(
0
1

1
0

)
= c(m, s). So we only need to consider the

Fourier coefficients of P0(P, 0, 1, s).

14.4.3 Case PP . The
˜(A
C

B
D

)
∈ g−1

P Γ̃θgP occurring in Proposition 5.2.9 are ob-

tained as
(

A
C

B
D

)
=
(

a+c
2c

(b+d−a−c)/2
d−c

)
with

(
a
c

b
d

)
∈ Γθ. (Note that

˜(A
C

B
D

)
is the

group element that we called
˜(a
c

b
d

)
in Proposition 5.2.9.) The number C = 2c runs

through 2N, and D = d−c is obtained from d mod 2c, (d, c) = 1, and d �≡ c mod 2.
This gives S1(P,m;P, 0; 2c) =

∑
d(−1)meπimd/c.
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Consider Reu > 1, and let ζ2(u) =
∑

n≥1, n≡1mod2 n−u = (1 − 2−u)ζ(u).
Then

ζ2(u)
∞∑

c=1

S1(P,m;P, 0; 2c)(2c)−u

= 2−u(−1)mζ2(u)
∑

c≡1mod2

c−u
∑

δ modc, (δ,c)=1

e2πimδ/c

+ 2−2u(−1)mζ2(u)
∑
γ≥1

γ−u
∑

d mod4γ, (d,4γ)=1

e2πimd/4γ

= 2−u(−1)m
∑

N≡1mod2

N−u
∑

x modN

e2πimx/N

+ 2−2u(−1)m(1− 2−u)
∑
N≥1

N−u
∑

x mod4N, (x,4N)|N
e2πimx/4N

= 2−u(−1)mσ1
1−u(m)

+ 2−2u(−1)m(1− 2−u)
(

4σ1−u(m/4)− 2
1− 2−u

σ1
1−u(m/2)

)
= 22−2u(1− 2−u)σ1−u(m

4 ) + 2−u(−1)mσ1
1−u(m)− 21−2uσ1

1−u(m
2 ),

where σ1
a(m) =

∑
d|m, d≡1mod2 da, σ1

a(0) = ζ2(−a), σa(0) = ζ(−a), σa(m) =∑
d|m da if m ∈ Z; if m �∈ Z, then σa(m) = σ1

a(m) = 0.
Proposition 5.2.9 gives

c0(P, 0;P, 0; 1, s) = Λ(2s)Λ(2s + 1)−1(21+2s − 1)−1,

and for m �= 0:

c0(P,m;P, 0; 1, s) = Λ(2s + 1)−1|m|s−1/2

(
σ−2s(m)− σ1−2s(m)

1− 2−1−2s

)
,

with Λ(u) = π−u/2Γ(u/2)ζ(u).

14.4.4 Case QP . The
˜(A
C

B
D

)
∈ g−1

P Γ̃θgQ are obtained in the form
(

A
C

B
D

)
=(

(a−b−γ)/
√

2

γ
√

2

(a−δ)/
√

2

δ
√

2

)
, with

(
a
δ

b
δ−γ

)
∈ Γθ; hence γ ≡ 1 mod 2, and (γ, δ) = 1.

This gives S1(Q,m;P, 0; γ
√

2) =
∑

δ modγ, (δ,γ)=1 e2πimδ/γ .

ζ2(u)
∑

γ≥1, γ≡1mod2

S1(Q,m;P, 0; γ
√

2)(γ
√

2)−u

= 2−u/2
∑

N≥1, N≡1mod2

N−u
∑

x modN

e2πimx/N

= 2−u/2σ1
1−u(m).
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Hence

c0(Q, 0;P, 0; 1, s) = Λ(2s)Λ(2s + 1)−1(22+1/2 − 2−s+1/2)(22s+1 − 1)−1,

and for m �= 0:
c0(Q,m;P, 0; 1, s) = Λ(2s + 1)−1|m|s−1/2σ1

−2s(m)2s+1/2(21+2s − 1)−1.

14.4.5 Scattering matrix. The scattering matrix for the trivial character turns out
to be

c(0, s) =
1

21+2s − 1
· Λ(2s)
Λ(1 + 2s)

(
1 21/2+s − 21/2−s

21/2+s − 21/2−s 1

)
.

One can check this in [21], Ch. 11, (3.1) on p. 527. (Remember the shift in the
spectral parameter s.)

The scattering matrix for other characters has size one or does not exist at
all. For the theta-character χ0,1/2 there are more explicit results on the Fourier
coefficients of the Eisenstein series in [55], and in §4 of [37].
14.4.6 Other Fourier terms. For m �= 0 we find

c(m, s)

=
|m|s+1/2

Λ(2s + 1)

(
σ−2s(m)

(
1
0

0
1

)
+

2s+1/2

21+2s − 1
σ1
−2s(m)

(−2s+1/2

1
1

−2s+1/2

))
.

A reader who likes computations may want to check the functional equation for
s 	→ −s.
14.4.7 Difference of Eisenstein families. In weight zero there are two Eisenstein
families, Ė0(J(0), P ) and Ė0(J(0), Q), with the same residue in s = 1

2 . Hence their
difference is holomorphic at s = 1

2 . The form of the Fourier coefficients of order
zero is

F̃R,0

(
Ė0(J(0), P ; s) − Ė0(J(0), Q; s)

)
= tRμ0(R, 0, s) + cR(s)μ0(R, 0,−s),

with tP = 1, tQ = −1 and

cR(s) =
1

21+2s − 1
Λ(2s)

Λ(1 + 2s)

⎧⎨⎩ 1− (21/2+s − 21/2−s
)

if R = P(
21/2+s − 21/2−s

)− 1 if R = Q.

This gives cP (1/2) = −3/π and cQ(1/2) = 3/π. Comparison with 14.3.3 shows
that

lim
s→1/2

(
Ė0(J(0), P ; s) − Ė0(J(0), Q; s)

)
= −12

π
Fθ.

14.4.8 Poincaré series. For all unitary characters there are Poincaré series at both
cusps. Their Fourier coefficients at the cusps can be expressed in terms of gener-
alized Kloosterman sums.
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14.5 More than one parameter

This section contains examples for two topics mentioned in Chapter 10.
14.5.1 Cells of continuation. As |X∞| = 2 for the theta group, there are several
types of cells of continuation. Under the identification V ∼= C2 by r(2α − β) +
q(2β − α) 	→ (r, q) we obtain, e.g.,

J(0, 0) = (−4, 4)2, J0(0, 0) = {(0, 0)} ,

J(0, q) = (−4, 4)× (0, 4), J0(0, q) = {0} × (0, 4) if 0 < q < 4,

J(r, q) = J0(r, q) = (0, 4)2 if r, q ∈ (0, 4),

see Figure 14.2. The minimal cells are J(ε, ζ), with ε, ζ ∈ {1,−1}.

J(−1, 1)

J(−1,−1)

J(1, 1)

J0(0, 0)
���

�J(0, 0)

�J0(0, 1)

�

J(0, 1)

Figure 14.2 Cells of continuation for the theta group.

14.5.2 Restricted parameter space. Take J = J(0, 1). Then W = { (q, s) ∈ C2 :
Re q ∈ (0, 4) }, χ : (q, s) 	→ χ0,q, s : (q, s) 	→ s, is an example of a restricted
parameter space that is not related to a minimal cell.

The character depends on only one complex parameter. One might hope that
part of the results in [7] on the analyticity of the eigenvalues can be carried over
to this situation. I think, however, that problems arise from possible singularities
of the Eisenstein family.



Chapter 15
Automorphic forms for the
commutator subgroup

The commutator subgroup of the full modular group is the last case to which we
apply the theory of Part I. It is chosen as an example of a group of positive genus.
The fact that the completion X of Γcom\H is an elliptic curve gives additional
structure, not present for the groups Γmod and Γθ of genus 0. Apart from giving
examples for Part I, this chapter discusses some new aspects as well.

In weight 0 the commutator subgroup has an Eisenstein family depending
on three parameters: the spectral parameter s, and two parameters describing
the characters for weight zero. These characters form a two-dimensional torus.
Like all Eisenstein families, this family is given by explicit Eisenstein series in
the domain of absolute convergence. There is another region on which there is
an explicit description: consider the restriction to the plane s = 1

2 . This gives a
meromorphic family in two variables of harmonic automorphic forms. This family
can be described explicitly with the help of Jacobi theta functions on the elliptic
curve X, see Section 15.6.

In Section 13.6 we have used derivatives of the Eisenstein family for the
modular group to obtain distribution results for quantities related to Dedekind
sums. We shall see in Section 15.5 that this method does not work here. It breaks
down for the Eisenstein family in weight zero.

An interesting question is whether cusp forms occur in families, see, e.g., [46]
and [13]. In Section 15.7 we give one result that has a relation to this question.

I thank F. Beukers, B. van Geemen, and D. Zagier for help and information
concerning the subjects considered in this chapter.

15.1 Commutator subgroup

15.1.1 Definition. We define Γ̄com ⊂ Ḡ = PSL2(R) as the commutator subgroup of
Γ̄mod = PSL2(Z).

Γ̄com is contained in the kernel of each character of Γ̄mod, in particular in
ker(χ2); see 13.1.3. As χ2 is trivial on Z̃, it induces a character of Γ̄mod = Γ̃mod/Z̃.
The image χ2(Γ̄mod) has 6 elements, hence the index of Γ̄com in Γ̄mod is at least 6.
In [32], Chapter XI, §3E, on p. 362, we see that the index is equal to 6, and that
± ( 1

0
n
1

)
, n mod 6, are representatives of Γ̄mod/Γ̄com. This leads to the fundamental

domain Fcom =
⋃

−2≤n≤3

(
1
0

n
1

)
Fmod given in Figure 15.1.

275
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������������i

-3 0 4

Fcom

Figure 15.1 The fundamental domain Fcom of Γ̄com.

15.1.2 Generators and relations. In loc. cit., on p. 363, we see also that Γ̄com

is freely generated by ± ( 2
1

1
1

)
and ± ( 1

1
1
2

)
. I prefer to use the free generators

D = ± ( 2
1

1
1

)
and C = ±

(
2

−1
−1

1

)
. In Figure 15.2 one finds a fundamental domain

for which C, D, and ± ( 1
0

6
1

)
= DCD−1C−1 give the boundary identifications.

15.1.3 Commutator subgroup of the commutator subgroup. Γ̄com itself has a com-
mutator subgroup too. Let us denote it by Δ̄. As the abelianized group (Γ̄com)ab

is isomorphic to Z2 × {±Id}, the group Δ̄ has infinite index in Γ̄com. Hence Δ̄\H
has infinite volume. It falls outside the class of cofinite discrete groups considered
in this book. Note that ± ( 1

0
6
1

) ∈ Δ̄.
15.1.4 Cusps. Inspection of the fundamental domain Fcom shows that Γ̄com has
only one cuspidal orbit in P1

Q = Q ∪ {i∞}. We call it P in this chapter.

15.1.5 Definition. Γcom is the full original of Γ̄com in G = SL2(R). It is the direct
product of Z = {±Id} and the group Γ1

com freely generated by
(

2
−1

−1
1

)
and

(
2
1

1
1

)
.

The commutator subgroup Δ of Γ1
com is isomorphic to its image Δ̄ in Γ̄com.

15.1.6 Definition. Γ̃com is the full original of Γ̄com in G̃. For Γcom and Γ̃com we
shall use the name commutator subgroup, although this is not fully correct.
15.1.7 Generators and relations. We lift the generators C and D of Γ̄com to Γ̃com

by defining γ = n(−1)wn(1)w−1 and η = n(1)wn(−1)w−1. They generate a free
subgroup Γ̃1

com of Γ̃com, isomorphic to Γ1
com and to Γ̄com. As Γ̃com is the direct

product of Γ̃1
com and Z̃, we obtain generators γ, η, and ζ of Γ̃com, with centrality

of ζ as the only relation.
15.1.8 Canonical generators. Γ̃com has one cuspidal orbit P = Γ̃com ·i∞. The char-
acter χ2 does not vanish on the elliptic classes in Γmod. Hence Γ̃com has no elliptic
orbits. It has genus g = 1, number of cusps p = 1 and number of elliptic orbits
q = 0. The fundamental domain Fcom in Figure 15.1 is not canonical. Figure 15.2
shows a canonical fundamental domain. It is obtained in the following way:

l1 the geodesic from i∞ to i− 3, π1 = n(6), g1 = a(6)
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a1 the geodesic from i to
3
2

+
i

2
, γ1 = γ = n(−1)wn(1)w−1

b1 the geodesic from − 3
2

+
i

2
to i, η1 = η = n(1)wn(−1)w−1.

Note that γηγ−1η−1 = n(−6)w2 = π−1
1 ζ.

��������
l1

−3 0 3

a1b1

Figure 15.2 A canonical fundamental domain for Γcom. The circles all have radius 1
2

√
5.

Their centers are at − 5
2
, − 1

2
, 1

2
, and 5

2
. They intersect in −3+i

2
, i, and 3+i

2
.

15.1.9 Homomorphisms. To describe the linear space V of group homomorphisms
Γ̃com → C we use the direct product decomposition Γ̃com = Γ̃1

com × Z̃. The
free generators γ and η of Γ̃1

com are commutators in Γ̃mod. The homomorphism
α : Γ̃mod → C vanishes on Γ̃1

com, see (13.1). As α has the non-zero value π
on ζ, it provides us with a basis of hom(Z̃, C). We choose λ and λ̄ as a basis
for hom(Γ̃1

com, C), where λ : Γ̃1
com → C is the homomorphism defined by

λ(γ) = ρω, λ(η) = ρ̄ω,

ω =
√

πΓ( 1
6)

6
√

3Γ( 2
3 )

, ρ = eπi/3.

Indeed, this defines two linearly independent elements of hom(Γ̃1
com, C). (In 15.3.3

we shall see that ω is a reasonable number in this context.)
So, α, λ, λ̄ form a basis of V. Not all values of λ are real. We can use

α,Re λ, Im λ to obtain a basis of Vr.

15.1.10 Characters. The characters χr of Γ̃mod, see 13.1.3, vanish on the commuta-
tors γ and η, hence on Γ̃1

com. So the χr, with r ∈ C mod 2Z, describe the characters
of the factor Z̃ of Γ̃com = Γ̃1

com× Z̃. Of course χr belongs to the weights in r +2Z.
All characters of Γ̃1

com are of the form χv,w : δ 	→ eivλ(δ)+iwλ(δ). They belong to
weight 0.

In this way (r, v, w) 	→ χrχv,w gives an isomorphism

C3 mod
(
2Z× Λ̂

)
→ X (Γ̃com),
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where Λ̂ = 2πi
ω
√

3
(Z + Zρ), and where 2Z × Λ̂ is embedded into C3 by (m, v) 	→

(m, v, v̄). (The lattice Λ = ω2√3
2πi Λ̂ is the period lattice of the elliptic curve Xcom =

Γ̃com\H∗. It will be discussed in Section 15.3.)
15.1.11 Decomposition. The minimal choice of the set P of exceptional points
(see Section 3.5) is P = {P}, with P = Γ̃com · i∞. In the fundamental domain
in Figure 15.2 we see that we can take the cut-off values ÃP = 1

6 , AP = 7
6 , if

P = {P}.
15.1.12 The cells of continuation are determined by r in the coordinates for which
(v, w, r) corresponds to vλ + wλ̄ + rα ∈ V. The possibilities are −2 < r < 2 (null
cell), and −2 < r < 0 and 0 < r < 2 (minimal cells). The cells of continuation
of Γ̃com are not bounded.

15.2 Automorphic forms for Γ̃com

15.2.1 Holomorphic cusp form of weight 2. The space of holomorphic cusp forms
on H for Γcom of weight 2 is spanned by η(z)4. The function η4 : p(z)k(θ) 	→
yη(z)4e2iθ is an element of the space of cusp forms S2(Γ̃mod, χ2, c0,

1
2); see 13.1.7.

(The growth condition c0 associates {0} to Γ̃mod · i∞.) As χ2 is trivial on Γ̃com,
we have η4 ∈ S2(Γ̃com, 1, c0,

1
2
) (now c0 refers to P 	→ {0}).

k 0 1 2 3 4 5 . . .
c(k) 1 −4 2 8 −5 −4 . . .

The product expression η(z)4 = eπiz/3
∏∞

m=1(1− e2πimz)4 implies that η(z)4 has
an expansion

∑∞
k=0 c(k)e2πikz+πiz/3, with all c(k) ∈ Z. Thus we obtain

gP p(z)k(θ) 	→ 6yη(6z)4e2iθ

=
∑

n≡1mod6, n>0

3
2πn

c

(
n− 1

6

)
ω2(P, n,

1
2
; gP p(z)k(θ)).

15.2.2 Primitive of η4. Consider the holomorphic function H : H→ C given by

H(z) = −2πi

∫ z

i∞
η(τ)4 dτ ;

the path of integration should approach i∞ vertically. We shall see in 15.3.2 that
it satisfies H(δ · z) = H(z) + λ(δ) for all δ ∈ Γ̃com. (Actually, this is the reason
that we used λ in 15.1.9.) The expansion of η4 leads to

H(z) =
∞∑

k=0

−6c(k)
6k + 1

e2πi(k+1/6)z .
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15.2.3 Automorphic forms of weight 0. For each v ∈ C the function eivH :
p(z)k(θ) 	→ eivH(z) is Γ̃com-equivariant for the character χv,0, and has weight 0. It
satisfies eivH(p(z)k(θ)) = 1 +O(e−πy/3) as y →∞. This implies that eivH − 1 is
regular at P , and eivH ∈ A0(χv,0, c0,

1
2 ). Moreover, eivH(p(z))−1 has an expansion

in positive powers of eπiz/3.

F̃P,0e
ivH = μ0(P, 0,− 1

2
)

F̃P,1e
ivH = −6ivω0(P, 1, 1

2 )

F̃P,neivH = 0 for all n < 0.

Similarly eiwH̄ is in A0(χ0,w, c0,
1
2 ), and

F̃P,0e
iwH̄ = μ0(P, 0,− 1

2 )

F̃P,neiwH̄ = 0 for all n > 0

F̃P,−1e
iwH̄ = −6iwω0(P,−1, 1

2 ).

This means that eivH − eiwH̄ is a cusp form if we choose v and w such
that χv,0 = χ0,w. This condition amounts to v = −w̄ ∈ Λ̂ = 2πi

ω
√

3
(Z + Zρ). For

v = −w̄ = 0 we get of course the zero automorphic form. But for v ∈ Λ̂, v �= 0, we
obtain eivH − e−ivH ∈ S0(χv,0, c0,

1
2) with

F̃P,1

(
eivH − e−ivH

)
= −6ivω0(P, 1, 1

2 )

F̃P,−1

(
eivH − e−ivH

)
= 6iv̄ω0(P,−1, 1

2 ).

This is a strange type of cusp form of weight 0. It belongs to a non-unitary char-
acter.
15.2.4 Automorphic functions. The quotient Xcom = Γ̃com\H∗ is a Riemann surface
of genus 1. Hence the field A0(Γ̄com) of automorphic functions should be of the
form C(x, y), where x, y ∈ A0(Γ̄com) satisfy a relation y2 = 4x3 − g2x − g3, with
g2, g3 ∈ C. (Automorphic functions are holomorphic automorphic forms of weight
zero, for the multiplier system 1, with possibly singularities in H, and satisfying
some growth condition at the cusps; see [53], §2.1.)

Such x and y may be exhibited explicitly. The choice is not unique, and
influences the gj . Take the modular forms g2 and g3 for Γmod:

g2(z) = 60G4(z) = (2π)4
(

1
12

+ 20
∞∑

n=1

σ3(n)e2πinz

)

g3(z) = 140G6(z) = (2π)6
(

1
216

− 7
3

∞∑
n=1

σ5(n)e2πinz

)
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σa(n) =
∑
d|n

da;

see, e.g., [53], Theorem 2.9. They satisfy g3
2 − 27g2

3 = (2π)12η24. Hence

x = 12(2π)−4g2η
−8, y = 432(2π)−6g3η

−12,

defines modular functions x and y for Γ̄com satisfying y2 = 4(x3−1728). With this
choice, g2 = 0 and g3 = 6912 = 4 · 123.

See also [28], Chapter 18, §5, Theorems 7 and 8 on p. 254.

15.3 The period map

Xcom is a compact Riemann surface of genus 1. Hence there is a biholomorphic
isomorphism Xcom

∼= C mod Λ, for some lattice Λ in C. We use this isomorphism
at several places in this chapter. So it is worthwhile to go into the determination
of the lattice and the isomorphism.
15.3.1 Choice of the isomorphism. There is some freedom in the choice of the
isomorphism. The lattice may be multiplied by an element of C∗, and the isomor-
phism Xcom → C mod Λ may be followed by a translation in C mod Λ.

To get rid of this freedom we impose the condition that x and y correspond
to the Weierstrass functions ℘ and ℘′ for Λ, see [53], §4.2. As η has no zeros in H,
the automorphic functions x and y are infinite only at the cusps. This implies that
P = Γ̃com · i∞ is mapped to 0 + Λ ∈ C mod Λ.

H∗ = H ∪ Q ∪ {i∞} is simply connected. Hence the isomorphism Xcom →
C mod Λ lifts to a holomorphic map H∗ → C; we call it H̃ for the moment. We
want it to satisfy

x(z) = ℘(H̃(z),Λ), y(z) = ℘′(H̃(z),Λ).

H̃ is determined up to an additive constant in Λ. We determine it completely by
prescribing H̃(i∞) = 0.

All holomorphic 1-forms on C mod Λ come from multiples of du, where u
denotes the coordinate on C. We obtain on H

du ◦ H̃ = dH̃(z) =
d℘(H̃(z),Λ)
℘′(H̃(z),Λ)

=
dx(z)
y(z)

.

By a computation of the expansions of η4, g2, g3, x, and y at the cusp we check
that y−1dx = −2πi η(z)4 dz. Hence H̃ extends the function H defined in 15.2.2.
We drop the tilde from the notation, and use

H(ξ) = −2πi

∫ ξ

i∞
η(z)4dz for all ξ ∈ H∗. (15.1)
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The transformation behavior of η4 implies H(ξ + 1) = ρH(ξ), with ρ = eπi/3.

15.3.2 Homomorphism. Let γ ∈ Γ̃com. As H is a lift of the isomorphism Xcom →
C mod Λ, the function H∗ → C : ξ 	→ H(γ · ξ)−H(ξ) is constant; its value is in Λ.
We denote this value by λ(γ).

λ : Γ̃com → Λ is a group homomorphism. Its kernel is the subgroup Z̃ × Δ̃,
where Δ̃ denotes the commutator subgroup of Γ̃1

com. We use the same name for
the induced homomorphisms Γcom → Λ and Γ̄com → Λ. In a moment we shall see
that it is equal to the homomorphism defined in 15.1.9.

15.3.3 Computation of H(0). To determine the lattice Λ, and the homomorphism λ,
we compute some values of H.

As 0 ∈ P , the difference H(0) −H(i∞) = H(0) is an element of Λ. We can
compute it by integration on the positive imaginary axis. In (15.1) we see that the
value is negative. An analysis of the zeros and signs of g2, g3, η4, x and y on this
path shows that x(it) = ( 1

4y(it)2 + 1728)1/3, and that y(it) runs from ∞ to −∞.

H(0) =
∫ 0

i∞

dx(z)
y(z)

=
∫ −∞

y=∞

1
y
d

3

√
1
4
y2 + 1728.

Some computations lead to H(0) = −ω, with

ω =
1

6
√

3
B

(
1
6
,
1
2

)
=
√

πΓ( 1
6)

6
√

3Γ( 2
3
)

> 0.

15.3.4 Computation of H(i) and H(ρ). From λ(DC) = H(DC · i)−H(i) = H(3+
i)−H(i) = −2H(i) and λ(DC) = H(2)−H(1) = (ρ2−ρ)H(0) = ω it follows that
H(i) = − 1

2
ω and λ(ηγ) = ω.

Similarly C ·ρ = ρ−2 and C ·0 = −1 lead to λ(C) = − 1
2
(3+ i

√
3)H(ρ) = ρω,

H(ρ) = − 1
3 (ρ + 1)ω, and λ(γ) = ρω.

We have obtained λ(γ) = ρω, and λ(η) = (1− ρ)ω. These are the values we
used in 15.1.9 to define λ. Moreover, the lattice Λ is spanned by these two images
of generators of Γ̃com. Hence Λ = ω(Z · ρ + Z).

15.3.5 Image of the fundamental domain Fcom. The image λ(Γ̃com) is the lattice
Λ = ω(Z · ρ + Z). The image H(Fcom) should be a fundamental domain for the
action of Λ in C by translation. The relation H(ξ + 1) = ρH(ξ) implies that this
image is symmetric for the rotation u 	→ ρu.

Take l ∈ Z and t > 0, and note that η(it)4 > 0, η(l + it)4 = ρlη(it)4 and
e−πi/6η( 1

2
+ it)4 > 0, η( 1

2
+ l + it)4 = ρlη( 1

2
+ it)4. Hence the vertical lines from

∞ to i + l are mapped to straight line segments from 0 to ρlH(i) and the vertical
lines from ∞ to ρ + l to straight line segments from 0 to ρlH(ρ).

All end points H(i+ l) and H(ρ+ l) are on the regular hexagon with center 0
and one corner at − 1

3
(ρ− 1)ω. To show that H(Fcom) is equal to this hexagon we
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show that the image of the arc between ρ and ρ − 1 of the unit circle is mapped
to a vertical line segment. As η(iy − x) = η(iy + x), we have for ϕ ∈ R:

eiϕη(eiϕ)4 = e−iϕη(ei(π−ϕ))4 = e−iϕη(−1/eiϕ)4

= −e−iϕe2iϕη(eiϕ)4 = −eiϕη(eiϕ)4.

Hence

H(eiϕ)−H(i) = −2πi

∫ ϕ

π/2

η(eit)4ieit dt = 2π

∫ ϕ

π/2

eitη(eit)4dt

is purely imaginary.

Figure 15.3 The image under H of three vertical lines in the upper half plane. All image
curves start in 0. The image of Re z = 0 runs to −ω. The closed curve is the image of
Re z = 1

6
. The curve with end point (−3 + ρ)ω is the image of Re z = 4

11
. The dots are

points of Λ.

15.3.6 Images of vertical lines. Let ξ ∈ Q. In the same way as above, we see that for
ξ ∈ 1

2 + Z the image under H of the vertical line in H with real part ξ are straight
line segments in C from 0 to H(ξ). For other ξ ∈ Q the image H(ξ + i(0,∞)) is a
curve in C�Λ between the lattice points 0 and H(ξ). In general, it is not straight.
For instance, H(1/6) = λ(C−1D−1CD) = 0, hence H(i(0,∞) + 1/6) is a closed
curve. See Figure 15.3.

15.3.7 The symbol C. For computations it is convenient to work with C : P1
Q →

Z+Zρ defined by C(ξ) = − 1
ω
H(ξ). Note that P1

Q = {∞}∪Q ⊂ H∗. Quick recursive
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computation of C is possible with the relations

C(∞) = 0, C(0) = 1,

C(ξ + 1) = ρC(ξ),
C(ξ) + C(−1/ξ) = 1,

C(ξ) = C(−ξ),

which follow from the equalities H(i∞) = 0, H(0) = −ω, andH(ξ + 1) = ρH(ξ),
and the transformation behavior of η4, under W = ±

(
0

−1
1
0

)
and under conjuga-

tion.
We shall write C(d, c) = C(d/c). To express λ in C we use for

(
a
c

b
d

)
∈ Γcom:

λ

(
±
(

a

c

b

d

))
= −λ

(
d

−c

−b

a

)
= −H

((
d

−c

−b

a

)
· i∞

)
+ H(i∞) = ωC(−d/c) = ωC(d, c).

I view C as analogous to the Dedekind sum S. In both cases there is a
homomorphism (α : Γ̃mod → C, respectively λ : Γ̃com → C) defined recursively by
expressing group elements in generators. On the other hand, group elements can

be given as the lift
˜(a
c

b
d

)
of a matrix. S, respectively C, describes α, respectively λ,

in terms of the matrix elements. An analogon of Dedekind’s beautiful expression
for S(d, c) as a sum is lacking for C.

15.3.8 Proposition.

i) C(d, c) = O(log c) for d, c ∈ Z, (d, c) = 1, c →∞.

ii) If C(ξ) = 0 for ξ ∈ P1
Q, then ξ = ∞, or ξ = d/c with (d, c) = 1 and

c ≡ 0 mod 6.

Remark. There are many ξ = d/6c, (d, 6c) = 1, for which C(d/6c) �= 0.
Proof. To obtain part i) we show by induction on n that |C(d/c)| ≤ n + 1 for all
c, d ∈ Z with (d, c) = 1 and 1 ≤ c ≤ 2n.

For n = 0 this is clear. If 1 ≤ c ≤ 2n, then take d1 ∈ Z determined by
d1 ≡ ±d mod c and |d1| ≤ c/2. Then |C(d/c)| = |C(d1/c)| = |1−C(−c/d1)| ≤ 1+n
by the induction hypothesis.

To prove part ii) consider d, c ∈ Z, (d, c) = 1 with C(d/c) = 0. There are
a, b ∈ Z such that γ =

(
a
c

b
d

)
∈ Γcom. From λ(γ) = −H(−d/c) = ωC(d/c) = 0

it follows that γ is an element of Δ × Z, where Δ is the commutator subgroup
of Γ̄com. Let Γ(6) denote the principal congruence subgroup of the

(
a
c

b
d

)
∈ Γmod

satisfying
(

a
c

b
d

)
≡ (

1
0

0
1

)
mod 6. As Γ̄com/Γ(6) is abelian, we have Δ̄ ⊂ Γ(6).
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15.4 Poincaré series

The characters χv,w of Γ̃com belong to even weights. They describe one factor of
the character group X (Γcom). The other factor is described by the χr. These we
have seen already for the full modular group. In this and the next sections we
consider mainly families of automorphic forms of weight 0, with (v, w) 	→ χv,w as
the family of characters. It is convenient to consider these automorphic forms as
functions on H.

In this section we consider Poincaré series of weight 0.
15.4.1 Notation. For v, s ∈ C, Re s > 1

2 , and n ∈ Z = CP (χv,v̄), we denote the
Poincaré series by

Pn(v, s) = P0(P, n, χv,v̄, s).

For n = 0 this is an Eisenstein series.
15.4.2 Comparison with the modular case. The subgroup ΔP for Γ̃com is equal to
{n(6l)k(πm) : l,m ∈ Z }, whereas the corresponding subgroup for the modular
group is given by ΔΓ̃mod·i∞ = {n(l)k(πm) : l,m ∈ Z } =

⊔
j mod6 n(j)ΔP . As

Γ̃mod =
⊔

j mod6 n(j)Γ̃com, any system of representatives for ΔP \Γ̃com is also a
system of representatives for ΔΓ̃mod·i∞\Γ̃mod.

Proposition 5.1.6 defines

P0(Γmod · i∞, n, 1, s; g) =
∑

γ∈ΔP \Γ̃com

μ0(Γmod · i∞, n, s; γg)

P 6n(0, s; g) =
∑

γ∈ΔP \Γ̃com

μ0(P, 6n, s; γg).

As gP = a(6) and gΓmod·i∞ = 1, we have μ0(P, 6n, s) = 6−s−1/2μ0(Γmod · i∞, n, s),
and

P 6n(0, s) = 6−s−1/2P0(Γ̃mod · i∞, n, 1, s).

15.4.3 Fourier expansion. The characters χv,w are trivial on the subgroup Γ̃0
com =

Z̃×Δ̃ of Γ̃com. Note that Γ̃0
com has infinite index in Γ̃com, and that its image under

γ 	→ γ̂ has infinite index in Γcom.
As ΔP ⊂ Γ̃0

com, we obtain

Pn(v, s; g) =
∑

γ∈Γ̃0
com\Γ̃com

χv,v̄(γ)−1
∑

δ∈ΔP \Γ̃0
com

μ0(P, n, s; δγg). (15.2)

The inner sum is a Poincaré series for Γ̃0
com. As Γ̃0

com has a fundamental domain
with infinite volume, this group falls outside the class of discrete groups considered
in this book.

χv,v̄ is a character of Γ̃0
com\Γ̃com

∼= Z2. We may view Equation (15.2) as the
Fourier series expansion of the function v 	→ Pn(v, s; g) on C mod Λ̂.
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15.4.4 Kloosterman sums. We turn to the generalized Kloosterman sums that
occur in the Dirichlet series describing the Fourier coefficients of the Poincaré
series Pn(v, s).

Γ̃com has one cuspidal orbit. So we may find
˜(a
c

b
d

)
∈ Γ̃com for all c, d ∈ Z,

with (c, d) = 1. Of course, not every inverse a of d mod c will give an element of
Γ̃com. It is easy to show that a = 12cS(d, c) + 3c− d is a good choice.

For
(

a
c

b
d

)
∈ SL2(R)

gP

˜(a

c

b

d

)
g−1

P ∈ Γ̃com ⇐⇒
(

1
c/6

6b

d

)
∈ Γcom.

The variable c in Proposition 5.2.9 runs through 6N. For a given c
6 ∈ N all d ∈ Z

with ( c
6
, d) = 1 occur, hence the d in the definition of generalized Kloosterman

sums in Equation (5.1) on p. 80 run over d mod c such that (d, c
6) = 1. In the

sequel we let c run through N, i.e., we replace c by 6c.
We define S(v;m,n; c) = Sχ(P,m;P, n; 6c), for c ∈ N, n,m ∈ Z, v ∈ C, with

χ = χv,v̄; see Equation (5.1). We obtain

S(v;m,n; c) =
∑

d mod6c, (d,c)=1

χv,v̄

(
δ(c,d)

)−1
e2πi(na+md)/6c,

where the δ(c,d) =
˜(a
c

b
d

)
have been chosen in Γ̃com. Use λ

(
δ(c,d)

)
= ωC(d, c)

(see 15.3.7), to obtain

S(v;m,n; c) =
∑

d mod6c, (d,c)=1

e−2iω Re(v̄C(d,c))+2πi(na+md)/6c .

As far as we see, this does not reduce to a simpler expression for general v. For
v = 0 one can obtain expressions in terms of Kloosterman sums for the full modular
group with character χ2n.
15.4.5 Fourier coefficients of Eisenstein series. Proposition 5.2.9 gives the Fourier
coefficients of the Eisenstein series P 0(v, s):

c0(P,m;P, 0;χv,v̄ , s)

= Ψ̇m(v, 2s + 1)
√

π

61+2sΓ(s + 1
2)
·
{

Γ(s) if m = 0
πs|m|s−1/2 if m �= 0,

with the following series, converging for Reu > 2,

Ψ̇m(v, u) =
∞∑

c=1

c−u
∑

d mod6c, (d,c)=1

e−2iω Re(v̄C(d,c))+πimd/3c. (15.3)
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In general we have to be content with this formula. If

v ∈ Λ̂6 =
2πi

ω
√

3

(
1
2
ρZ +

1
6
(2ρ− 1)Z

)
⊃ Λ̂ =

2πi

ω
√

3
(Z + ρZ),

one can obtain explicit formulas of the type Ψ̇m(v, u) = ζ(u−1)
ζ(u)

Rv(u), with Rv

a rational function in 2−u and 3−u. (R0(u) = 6 for the trivial character, and
Rv(2) = 0 otherwise.) This is due to the fact that Λ̂(6) is the lattice in C dual
to the principal congruence subgroup Γ(6) under (v, γ) 	→ χv,v̄(γ). Actually, Λ̂6 is
the largest lattice dual to a congruence subgroup contained in Γcom.

15.5 Eisenstein family of weight 0

We consider the Eisenstein family in weight zero. The theory of Part I gives us
information on its singularities, and those of the meromorphic continuation of the
Dirichlet series Ψ̇m(v, u) that occurs in its Fourier coefficients (see 15.4.5).
15.5.1 Parameter space. We work on the parameter space C3 = V × C, with
χ(v, w, s) = χv,w, and s(v, w, s) = s. The weights are the constant functions with
value in 2Z. We choose the weight (v, w, s) 	→ 0. We take P = {P}, and the growth
condition c0 : P 	→ {0}.
15.5.2 How large is V0? The seminorm ‖.‖c on V , used in the Lemmas 8.4.11
and 9.1.5, is zero. In view of Lemma 9.1.5, the dependence on v and w of the
quantity b1,b‖ϕ‖b + b1,c‖ϕ‖c + b2,c‖ϕ‖2c , with ϕ = vλ + wλ̄, can be made arbi-
trarily small. This implies that the pseudo Casimir operator is well defined for all
parameter values in V .

In the proof of Theorem 10.2.1, the V -part of the domain of the meromorphic
continuation of Poincaré series is the union of V0’s centered at points of the relevant
cell of continuation. Here this cell is the real space Vr. Thus, we obtain C3 as the
domain of the Poincaré families in weight 0.
15.5.3 Eisenstein family. In this chapter we denote by E the Eisenstein family

E(v, w, s) = E0(J(0), P ; vλ + wλ̄, s).

Consider a fixed v ∈ C. The family s 	→ E(v, v̄, s) is given by the Eisenstein series
P 0(v, s) = P0(P, 0, χv,v̄ , s) on the region Re s > 1

2 .
We use the notation Cn(v, w, s) = C0(P, n;J(0), P ; vλ + wλ̄, s) for the n-th

Fourier coefficient, with n ∈ Z = CP (χv,w).
15.5.4 Functional equations. The reader may like to derive the following equalities
from 10.3.5 and the uniqueness of E:

E(v, w,−s) = C0(v, w,−s)E(v, w, s)
C0(v, w,−s)C0(v, w, s) = 1
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C0(v, w,−s)Cn(v, w, s) = Cn(v, w,−s) for n �= 0
E(v, w, s;−z̄) = E(w, v, s; z)

Cn(v, w, s) = C−n(w, v, s)
E(v, w, s; z + 1) = E(ρv, ρ−1w, s; z) with ρ = eπi/3

ρnCn(v, w, s) = Cn(ρv, ρ−1w, s)
E(v̄, w̄, s̄) = E(−w,−v, s)

Cn(v̄, w̄, s̄) = C−n(−w,−v, s).

15.5.5 Lower bound for the cuspidal spectrum. The singularities of Eisenstein fam-
ilies with varying character may be related to the presence of cusp forms. There
is a well known method of bounding the cuspidal spectrum, see, e.g., [21], Propo-
sition 2.1 on p. 511. We use it to obtain:

15.5.6 Proposition. If s ∈ Σ0(χv,v̄, 0), then 1
4 − s2 ≥ π2/84.

Remarks. This leaves open the existence of cuspidal exceptional eigenvalues of
continuous series type in the interval [π2/84, 1/4). For χv,v̄ �= 1, non-cuspidal ex-
ceptional eigenvalues 1

4−s2 with s ∈ Σe(χv,v̄, 0) may occur in [0, 1
4 ), corresponding

to 0 < s < 1
2 ]. One can get more information in the congruence case v ∈ Λ̂6: if one

carries out the computations alluded to in 15.4.5, one obtains Σe(1, 0) = { 1
2}, and

Σe(χv,v̄, 0) = ∅ for v ∈ Λ̂6 � Λ̂.
Proof. Take U = { gP · z : y ≥

√
3

12 , − 5
12 ≤ x ≤ 7

12 }. This set U contains the
fundamental domain Fcom in Figure 15.1 on p. 276, and is contained in 7 translates
of Fcom. Let f ∈ S0(χv,v̄, c0, s). We obtain with Lemma 6.3.7:

7
(

1
4
− s2

)
‖f‖20 ≥

∫
U

1
8

∑
±

∣∣E±f(p(z))
∣∣2 dμ(z)

=
∑
n	=0

∫
√

3/12

∣∣FP,nE±f(y)
∣∣2 dy

y2

≥
∑
n	=0

(
2π|n|

√
3

12

)2 ∫
√

3/12

|FP,nf(y)|2 dy

y2

≥ π2

12
‖f‖20.

15.5.7 Singularities of E at real points. Proposition 12.5.8 applies to the present
situation. It lists the possibilities for singularities of Eisenstein families on a re-
stricted parameter space.

a) Re s = 0. A singularity at (v, v̄, s) may occur if s ∈ Σ0(χv,v̄). If it does,
then E is of indeterminate type at (v, v̄, s), and Ė(v, v̄) is holomorphic and
non-zero at s.
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b) 0 < s ≤ 1
2

√
1− π2/21 ≈ 0.364. If a singularity at (v, v̄, s) occurs, then s ∈

Σ(χv,v̄). If s ∈ Σe(χv,v̄), then Ė(v, v̄) is singular at s, hence E is singular as
well. If s �∈ Σe(χv,v̄), then the presence of a singularity of E at (v, v̄, s) implies
that E is of indeterminate type at this point. But, even in the indeterminate
case, part ii) of Proposition 12.5.8 implies that (v, v̄, s) may be approached
by points (v1, v1, s1) for which s1 ∈ Σe(χv1,v1).

c) 1
2

√
1− π2/21 < s ≤ 1

2 . Proposition 15.5.6 implies that there are no cusp
forms with the eigenvalue 1

4
− s2. Hence the space A0(χv,v̄, c0, s) is spanned

by the value or the residue of Ė(v, v) at s, see Proposition 11.2.6. Propo-
sition 12.2.12 shows that E has determinate type at (v, v̄, s). Hence E is
singular at (v, v̄, s) if and only if its restriction Ė(v, v̄) is singular at s, and
that occurs if and only if s ∈ Σe(χv,v̄).

Suppose we have such a singularity at a point (v0, v0, s0). As Ė(v0, v0) has
a first order pole at s0, and as E has determinate type at (v0, v0, s0), there
is a holomorphic function a on a neighborhood of (v0, v0) in V such that
a(v0, v0) = 0, and (v, w, s) 	→ (s − s0 − a(v, w))E(v, w, s) is primitive at
(v0, v0, s0); compare Lemma 12.3.4.

In all cases (except s = 0) the singularity of E is of the same order as that of
the Fourier coefficient C0. This follows from the fact that if s �= 0 the sections
μ0(P, 0) and μ̃0(P, 0) constitute a suitable basis for the space of Fourier terms of
order zero.

15.5.8 Restriction of E to s = 0. We see in part iv) of Proposition 12.5.8 that
(v, w) 	→ E(v, w, 0) exists as a meromorphic family of automorphic forms. If E
would have a singularity at (0, 0), then there would be non-zero cusp forms in
S0(1, c0,

1
2 ). But this space is the direct sum

⊕
0≤r≤10, r even S0(Γmod, χr, c0,

1
2 ) of

spaces of cusp forms for the full modular group. These spaces are trivial; see the
discussion and references in 13.3.4. We conclude that E is holomorphic at (0, 0, 0),
and has determinate type at this point.

Near s = 0 a sensible description of the Fourier term of order zero is

FP,0E(v, w, s) = 2sλ0(P, 0, s) + (1 + C0(v, w, s))μ0(P, 0,−s),

see Lemma 7.6.14. In 15.4.5 we see that Ċ(0, 0; 0) = C0(0, 0, 0) = −1. The func-
tional equation C0(v, w, s)C0(v, w,−s) = 1 implies that C0(v, w, 0) = −1 on each
neighborhood of (0, 0) in C2 on which C0 is holomorphic. Hence C0(v, w, 0) = −1
as an identity between meromorphic functions. Proposition 10.2.14 shows that
E(v0, v0, 0) = 0 for all (v0, v0) at which (v, w) 	→ E(v, w, 0) is holomorphic. Hence
the family (v, w) 	→ E(v, w, 0) is the zero family.

15.5.9 Behavior of E near s = 1
2
. As Ė(0, 0) has a pole at s = 1

2
, there exists a
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holomorphic function a1/2 on a neighborhood of (0, 0) in C2 such that

Ẽ : (v, w, s) 	→
(

s− 1
2
− a1/2(v, w)

)
E(v, w, s)

is primitive at (0, 0, 1
2
). Hence for (v, v̄) near (0, 0) the one-dimensional Eisenstein

family Ė(v, v̄) is singular at s = 1
2

+ a1/2(v, v̄). In particular, a1/2(v, v̄) < 0 for
all v �= 0 in a neighborhood of 0. This is the first example we meet where the
existence of s ∈ Σe

c(χ, l) is proved.
In Section 15.6 we shall discuss the restriction to s = 1

2 .
15.5.10 Dirichlet series. The Ψ̇n defined in (15.3) have a meromorphic continua-
tion Ψn to C3, as follows from Proposition 5.2.9, Section 10.3, and the computa-
tions in 15.4.4:

Ψ0(v, w, u) =
6uΓ(u/2)

π1/2Γ((u− 1)/2)
C0(v, w, (u− 1)/2)

Ψn(v, w, u) = 6uΓ(u/2)π−u/2|n|1−u/2Cn(v, w, (u − 1)/2) if n �= 0.

We shall express the derivatives of Ψn in terms of the series

Φn(a, b, u) =
∞∑

c=1

c−u
∑

d mod6c, (d,c)=1

C(d, c)aC(d, c)beπind/3c.

From the logarithmic growth of the C-symbol, see Proposition 15.3.8, it follows
that the series for Φn converge absolutely for Reu > 2. The relation C(d + c, c) =
ρC(d, c) implies that Φn(a, b) is zero if a− b + n �≡ 0 mod 6.
15.5.11 Differentiation. We differentiate the series for Ψ̇n(x + iy, u) in (15.3) on
p. 285 with respect to the real variables x and y. The logarithmic growth of the
C-symbol implies that this can be done term by term. The effect is that the term
of order (c, d) is multiplied by a factor:

differentiation factor

∂x −2iω Re C(d, c)

∂y −2iω ImC(d, c)
1
2(∂x − i∂y) −iωC(d, c)
1
2
(∂x + i∂y) −iωC(d, c)

But the function Ψn is holomorphic at points (x + iy, x− iy, u), hence

1
2
(∂x − i∂y)Ψ̇n(x + iy, u) = ∂vΨn(x + iy, x − iy, u)

1
2
(∂x + i∂y)Ψ̇n(x + iy, u) = ∂wΨn(x + iy, x − iy, u),
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where ∂v and ∂w denote differentiation with respect to the complex variables. This
differentiation may be carried out repeatedly; ∂b

v∂
a
w corresponds to multiplication

by (−iω)a+bC(d, c)aC(d, c)b in the term of order (d, c). If we apply this at x+ iy =
0, then we obtain

Φn(a, b, u) = (−iω)−a−b∂b
v∂

a
wΨn(0, 0, u).

This gives the meromorphic continuation to C of u 	→ Φn(a, b, u) for all integral
a, b ≥ 0, and also functional equations, that get more and more complicated as
a + b increases.

The right-most pole of Φn(a, b) may occur at u = 2, or more to the left.
See 15.6.23 for the behavior at u = 2.
15.5.12 No distribution results. In [8] I obtained distribution results for Dedekind
sums from the Dirichlet series for the full modular group that are analogous to
to the series Φn(a, b) here; compare Section 13.6. Here we work on a restricted
parameter space. This implies that the position of the right-most pole of Φn(a, b)
does not move to the right with increasing a + b. Moreover, the order of that pole
gets higher than one. I cannot obtain distribution results for the C-symbol by the
method shown in Section 13.6.

15.6 Harmonic automorphic forms

The Eisenstein family E in weight zero has a well defined restriction to s = 1
2 .

This restriction can be viewed as a meromorphic family in (v, w) of functions on H
that transform according to the character χv,w of Γ̄com. As the eigenvalue is 0, the
functions in this family are harmonic. We shall construct this family in terms of
Jacobi theta functions. D. Zagier helped to obtain very explicit formulas.

The description in this section is in a sense orthogonal to what has been done
in the previous sections. The family (v, w) 	→ E(v, w, 1

2 ) has been obtained rather
indirectly, by meromorphic continuation of a family that has a series representation
for other values of the parameters. Here it is described independently.
15.6.1 Parameter space. We use the parameter space W = C2 with χ : (v, w) 	→
χv,w and s : (v, w) 	→ 1

2 . On W we have wt = 2Z ⊂ O(W ); we shall work in
weight 0. We use P = {P} with P = Γcom · i∞. Hence CP = Z ⊂ O(W ). The
growth condition is c0, given by c0(P ) = {0}.
15.6.2 Harmonic forms on H. Any section f ∈ A0(c0; Ω), with Ω ⊂ W , corresponds
to a function f̃ ∈ C∞(Ω× H) that satisfies

i) f̃(v, w, γ · z) = χv,w(γ)f̃ (v, w, z) for all γ ∈ Γ̄com.

ii) (v, w) 	→ f̃(v, w, z) is holomorphic on Ω for each z ∈ H.

iii) −y2(∂2
x + ∂2

y)f̃(v, w, z) = 0.
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iv) The function z 	→ f̃(v, w, z) − ∫ 6

0
f̃(v, w, z + x′) dx′ is in L2(SP,2, dμ), and

depends holomorphically on (v, w) in L2-sense. (SP,2 = { z ∈ H : 0 ≤ x ≤ 6,
y ≥ 2 }.)

This is a straightforward consequence of the definitions in 7.3.1 and 7.5.1.
15.6.3 Reformulation in terms of a coordinate at the cusp. Condition iii) implies
that f̃ is harmonic as a function of z, i.e., ∂z̄∂zf̃ = 0. As χv,w(πP ) = 1 for all
(v, w), we may view f̃ on SP,2 as a function of t = eπiz/3 on 0 < |t| < e−2π/3; we
use the same symbol f̃ for this function. In this coordinate ∂t̄∂tf̃ = 0.

The scalar product in L2(SP,2) is given by

(g1, g2) =
∫

SP,2

g1(z)g2(z)
dz ∧ dz̄

−2iy2

=
∫

0<|t|<e−2π/3
g1(t)g2(t) (|t| log |t|)−2 dt ∧ dt̄

−2i
.

Let g be harmonic on 0 < |t| < e−2π/3, and square integrable on SP,2. Let
0 < |t0| < 1

2e−2π/3. By the mean value theorem for harmonic functions we have
g(t0) = 1

2π

∫ 2π

0
g(t0 + δeiϕ) dϕ for each δ < |t0|. Integration gives 1

8
|t0|2g(t0) =

1
2π

∫
|t−t0|<|t0|/2

g(t)dt∧dt̄
−2i . Hence g(t0) = O (|t0|−2‖g‖2‖ϕ‖2

)
, with ϕ the function

equal to (|t| log |t|)2 if |t− t0| < 1
2
|t0|, and zero elsewhere.

‖ϕ‖22 ≤
∫
|t0|/2<|t|<3|t0|/2

(|t| log |t|)4−2 dt ∧ dt̄

−2i

= 2π

∫ 3|t0|/2

|t0|/2

x3(log x)2 dx

= O (|t0|4(log |t0|)2
)
.

This implies that |g(t0)| = O (‖g‖2 · ∣∣log |t0|
∣∣ ).

As ∂tg is holomorphic, it has a Laurent series in t on the annulus 0 < |t| <
e−2π/3. Similarly, ∂t̄g has a Laurent series in t̄. Integration of these series gives
a representation g(t) = c0 log |t| + ∑∞

n=−∞ antn +
∑∞

n=−∞ bnt̄n, that converges
absolutely on compact subsets of the annulus. (The terms with log t and log t̄
have the same factor, as g is continuous on the whole annulus.) The estimate
g(t0) = O(log |t0|) rules out the terms with negative powers of t or t̄. The sums
with tn and t̄n give square integrable functions. So the square integrability of g
implies c0 = 0.

In this way we conclude that a harmonic function g which is square integrable
on SP,2 has a harmonic extension to |t| < e−2π/3. So, for harmonic functions,
regularity at P implies the existence of a harmonic extension to P (with respect
to the coordinate t). So condition iv) is equivalent to
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iv)′ The function z 	→ f̃(v, w, z)− ∫ 6

0
f̃(v, w, z + x′) dx′ extends to Ω× { t ∈ C :

|t| < e−2π/3 } as a C∞-function in (v, w, t), that is harmonic in t = eπiz/3

and holomorphic in (v, w).

The coefficient of order zero has the form∫ 6

0

f̃(v, w, z + x′) dx′ = c1μ0(P, 0, 1
2 ; p(z/6)) + c2μ0(P, 0,− 1

2 ; p(z/6))

= c1 (y/6)1 + c2 (y/6)0 = − 1
2π

c1 log |t|+ c2,

with c1 and c2 holomorphic on Ω.
15.6.4 Harmonic forms on C � Λ. We use the holomorphic map H : H → C � Λ
defined in 15.2.2 by integration of the holomorphic cusp form η4. As H(γ · z) =
H(z) + λ(γ) and χv,w(γ) = eivλ(γ)+iwλ(γ), each function f satisfying f(γ · z) =
χv,w(γ)f(z) for all γ ∈ Γ̄com is invariant under ker(λ), and corresponds uniquely
to a function h : C � Λ → C, by the equation f(z) = h(H(z)). In this way every
section f ∈ A0(c0; Ω) may be written in the form f(v, w, p(z)) = h(v, w;H(z)),
where h ∈ C∞(Ω× (C � Λ)) satisfies

i)′′ h(v, w;u + λ) = eivλ+iwλ̄h(v, w;u) for all λ ∈ Λ.

ii)′′ (v, w) 	→ h(v, w;u) is holomorphic on Ω for each u ∈ C � Λ.

iii)′′ ∂ū∂uh(v, w;u) = 0.

iv)′′ There exists a ∈ O(W ) such that h(v, w;u) − a(v, w) log |u| has a C∞-
extension to Ω× {u ∈ C : |u| < ω }.
Condition iv)′′ needs some explanation: ω has been introduced in Section 15.3,

it is the positive number such that Λ = ω(Z + eπi/3Z). Invert u = H(z) =∑∞
k=0

−6c(k)
6k+1 t6k+1 = −6t + . . ., see 15.2.1, to obtain t = − 1

6u + . . ., and hence

− 1
2π

c2 log |t| = − 1
2π

c2

(
log

∣∣∣u
6

∣∣∣+ (harmonic in u)
)

.

15.6.5 Uniqueness. Let us suppose that h is such a family on a non-empty open
set Ω ⊂ W , for which a as in condition iv)′′ is identically zero. Then ∂uh and
∂ūh satisfy conditions i)′′ and ii)′′, and u 	→ ∂uh(v, w;u) is holomorphic, whereas
u 	→ ∂ūh(v, w;u) is antiholomorphic. This implies that we have obtained a theta
function and the complex conjugate of a theta function; see, e.g., [28], Ch. 18,
§1. For each (v, w) ∈ Ω consider f(u) = ei(w̄−v)u∂uh(v, w;u). Then f(u + λ) =
eiw̄λ+iwλ̄f(u) for λ ∈ Λ. As |eiw̄λ+iwλ̄| = 1, the holomorphic function f is bounded,
hence constant. It can be non-zero only if λ 	→ eiw̄λ+iwλ̄ is trivial, or, equivalently,
if w ∈ Λ̂. This implies that ∂uh(v, w) is zero for almost all (v, w) ∈ Ω, hence it
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vanishes completely. In the same way we obtain ∂ūh = 0. Thus we are left with a
constant function u 	→ h(v, w;u) for each (v, w) ∈ Ω. Condition i)′′ implies that
h = 0.

This means that for any non-trivial family h satisfying the conditions i)′′–
iv)′′, the function a in iv)′′ does not vanish, and determines h. Any other family h1

on the same Ω is related to h by a1h = ah1. Note that this is a special case of the
Maass-Selberg relation.
15.6.6 Construction. We start the construction of a family of this type. The method
works for any cofinite group Γ̄ with one cusp and genus 1. Here we can use the
fact that the lattice is invariant under complex conjugation.
15.6.7 Jacobi theta functions. Consider for u ∈ C, and τ ∈ H, the theta function

θ(u, τ) = q1/8
(
eu/2 − e−u/2

) ∏
n≥1

(
(1− qn)(1− qneu)(1− qne−u)

)
,

with q = e2πiτ . As a function of u it is an odd holomorphic function, with
first order zeros at the points of 2πi(Z + Zτ), and no other zeros. It satisfies
θ(u + 2πi, τ) = −θ(u, τ), and θ(u + 2πiτ, τ) = −e−πiτ e−uθ(u, τ). The theta func-
tion θ in Section 14.1 is given by θ(τ) = −ieπiτ/4θ(πi(τ + 1), τ).

Here we are interested in the lattice Z + Zρ, with ρ = eπi/3 = 1
2

+ i
2

√
3. We

put θρ(u) = θ(u, ρ), and use throughout this section q = e2πiρ = −e−π
√

3, and
qα = e2πiρα for all α ∈ C.
15.6.8. In [61], §3, Zagier uses the theta function θρ to build

Fρ(u, v) =
θ′ρ(0)θρ(u + v)

θρ(u)θρ(v)
.

Fρ is meromorphic in (u, v), and satisfies (among other relations)

Fρ(u, v) = −Fρ(−u,−v) = Fρ(v, u),
Fρ(u + 2πi, v) = Fρ(u, v),

Fρ(u + 2πiρ, v) = e−vFρ(u, v).

We define
h+(v, w;u) =

2πi

ω
ei(v+w)uFρ(2πiu/ω,−wω

√
3).

This function is meromorphic in (v, w, u), and satisfies

i) h+(v, w;u + λ) = eivλ+iwλ̄h+(v, w;u) for all λ ∈ Λ.

ii) h+(v + μ,w + μ̄;u) = h+(v, w;u) for all μ ∈ 2πi
ω2

√
3
Λ = Λ̂.

iii) It has singularities along the planes u = λ, with λ ∈ Λ, and the planes w = μ,
with μ ∈ Λ̂.

iv) (v, w, u) 	→ h+(v, w;u)− 1
u

is holomorphic at (v0, w0, 0) if w0 �∈ Λ̂.
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So the function u 	→ h+(v, w;u) (with w �∈ Λ̂) satisfies some of the conditions
i)′′–iv)′′. It turns out to be a useful ingredient in constructing families of functions
completely satisfying those conditions.
15.6.9 An equivariant 1-form. θρ(ū) = e−πi/4θρ(u), and

h−(v, w;u) = h+(−w̄,−v̄;u) =
2πi

ω
ei(v+w)ūFρ(2πiū/ω,−vω

√
3)

is meromorphic in (v, w, ū). We define a closed 1-form κ(v, w) on C � Λ by

κ(v, w;u) = h+(v, w;u) du + h−(v, w;u) dū.

It satisfies κ(v, w;u + λ) = eivλ+iwλ̄κ(v, w;u) for all λ ∈ Λ, and the difference
κ(v, w;u) − u−1du − ū−1dū has an extension to a neighborhood of u = 0 as a
closed 1-form for v, w �∈ Λ̂. As d 2 log |u| = u−1du + ū−1dū, the 1-form κ(v, w)
on C � Λ is exact. Each potential is annihilated by ∂u∂ū on C � Λ. Hence, if we
can pick the constant of integration in such a way that the potential transforms
according to λ 	→ eivλ+iwλ̄ under u 	→ u + λ, we have obtained a meromorphic
family of functions satisfying the conditions in i)′′–iv)′′.

The following computations give an explicit expression for a potential. This
approach was shown to me by D. Zagier. I am grateful for his permission to use it
here. (I am responsible for the way the compuations are worked out here.)

15.6.10 A primitive of h+. In the sequel we use ξ = e2πiu/ω, η = e−wω
√

3. Non-
integral powers of ξ are defined by ξμ = e2πiμu/ω.

In [61], §3, at the start of the proof of the theorem, we find the expressions

Fρ(2πiu/ω,−wω
√

3) =
ξη − 1

(ξ − 1)(η − 1)
−

∑
m,n≥1

(
ξmηn − ξ−mη−n

)
qmn

=
∞∑

m=−∞

ξm

ηqm − 1
,

valid for |q| < |ξ| < 1, |q| < |η| < |q|−1, η �= 1. The latter expression con-
verges for |q| < |ξ| < 1, η �∈ qZ. Hence it represents the function (v, w, u) 	→
Fρ(2πiu/ω,−wω

√
3) on a larger region. For all u, v, w satisfying 0 < Im u < 1

2

√
3ω,

w �∈ Λ̂:

h+(v, w;u) du =
∞∑

m=−∞

ξμ+m−1

ηqm − 1
dξ

with μ = (v + w)ω/2π.
For μ �∈ Z a potential of h+(v, w;u) du on the region 0 < Im u < 1

2ω
√

3 is
given by

Gμ(u,w) =
∞∑

m=−∞

1
μ + m

ξμ+m

ηqm − 1
.
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It satisfies the relations

Gμ(u,w) = Gμ̄(−ū, w̄)
Gμ(u + ω,w) = e2πiμGμ(u,w)

Gμ(u,w + 2πi(n + mρ)/ω
√

3) = Gμ+m(u,w) for n,m ∈ Z.

15.6.11 A potential. h(v, w;u) = G(v+w)ω/2π(u,w) + G−(w+v)ω/2π(−ū,−v) gives
a potential of κ(v, w;u) on the region 0 < Imu < 1

2
ω
√

3, for v, w �∈ Λ̂ and
(v + w)ω/2π �∈ Z. It satisfies h(v, w;u + ω) = ei(v+w)ωh(v, w;u). Any poten-
tial of κ(v, w;u) extends as a function on C � Λ. We need to check the property
h(v, w;u+ρω) = eivωρ+iwωρ̄h(v, w;u) on a non-empty open region containing both
u and u + ρω.

15.6.12 Extension of Gμ. We rewrite the series for Gμ:

Gμ(u,w) = Aμ(ξ, η) + Bμ(ξ, η)− Cμ(ξ)

Aμ(ξ, η) =
0∑

m=−∞

1
m + μ

ξm+μ

ηqm − 1

Bμ(ξ, η) =
∞∑

m=1

1
m + μ

ξm+μηqm

ηqm − 1

Cμ(ξ, η) =
∞∑

m=1

ξm+μ

m + μ

=
∞∑

m=1

(
1

m + μ
− 1

m
+

ξm

m
+
∫ 2πiu/ω

0

emx(eμx − 1) dx

)

= −γ − Γ′(1 + μ)
Γ(1 + μ)

− log(1− ξ) +
∫ 2πiu/ω

0

1− eμx

1− e−x
dx.

To get the last step one uses
∑N

m=1
1

m+μ = Γ′(μ+1+N)
Γ(μ+1+N) − Γ′(μ+1)

Γ(μ+1) = log(μ+1+N )−
Γ′(μ+1)
Γ(μ+1) +O

(
1

μ+1+N

)
= log N− Γ′(μ+1)

Γ(μ+1) +O ( 1
N

)
, and the fact that Euler’s constant

is given by γ = limN→∞
(∑N

m=1
1
m − log N

)
.

This new expression has the advantage of representing Gμ on a larger region.
In fact, Aμ(ξ, η) converges for |ξ| > |q|, η �∈ qZ, μ �∈ Z, and defines Aμ(ξ, η) as a
holomorphic function in (v, w, u) on this region. For Bμ(ξ, η) the same holds, with
the condition on ξ replaced by |ξ| < |q|−1. In the last expression for Cμ we see
that it is holomorphic on the region μ �∈ −N, ξ ∈ C � [1,∞), |q| < |ξ| < |q|−1.
In this way we have obtained the holomorphic extension of u 	→ Gμ(u,w) to the
region
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� � � � �

�ρω

−2ω −ω 0 ω 2ω

{
u ∈ C : | Im u| < 1

2
ω
√

3, and if Imu ≤ 0 then Reu �∈ ωZ

}
.

Note that Aμ(ξ, η) and Bμ(ξ, η) are single-valued in u, but not in ξ, due to the
factor ξμ. The term Cμ(ξ) is even multivalued in u, as the path of integration
influences the outcome. But on the simply connected region just described the
three terms are single-valued in u. All terms except log(1− ξ) = log(1 − e2πiu/ω)
are holomorphic in u in a neighborhood of 0. We take the logarithm with −π <
arg ≤ π.

To obtain the behavior of Gμ(u,w) under u 	→ u + ρω we take 0 < ±Reu <
1
2ω, − 1

2ω
√

3 < Im u < 0.

Gμ(u + ρω,w) =
∞∑

m=−∞

1
m + μ

(qξ)m+μ

ηqm − 1

= η−1qμ

(
0∑

m=−∞

ξm+μ

m + μ
+ Aμ(ξ, η) + Bξ(ξ, η)

)

= η−1qμ

(
Aμ(ξ, η) + Bμ(ξ, η) +

ξμ

μ
− C−μ(ξ−1)

)
.

As eivρω+iwρ̄ω = η−1qμ, we obtain

Gμ(u + ρω,w)− eivρω+iwρ̄ωGμ(u,w) = η−1qμ

(
ξμ

μ
− C−μ(ξ−1) + Cμ(ξ)

)
.

We check that this is equal to πeivρω+iwρ̄ω (− cot((v + w)ω/2)∓ i) by considering
the terms in ξμ

μ −C−μ(ξ−1)+Cμ(ξ) = Γ′(1−μ)
Γ(1−μ) − Γ′(1+μ)

Γ(1+μ) +log(1−ξ−1)−log(1−ξ)+∫ 2πiu/ω

0
1−eμx

1−e−x dx− ∫ −2πiu/ω

0
1−e−μx

1−e−x dx + ξμ

μ separately.
Γ′(1−μ)
Γ(1−μ)

− Γ′(1+μ)
Γ(1+μ)

= − 1
μ

+ π cot πμ follows easily from Γ(1 + a)Γ(1 − a) =
πa/ sin πa. On the regions to which we have restricted u the quantity log(1−ξ−1)−
log(1−ξ) is holomorphic, and turns out to be equal to log(−ξ−1) = ±πi−2πi u

ω . The

two integrals give
∫ 2πiu/ω

0

(
1−eμx

1−e−x + 1−eμx

1−ex

)
dx =

∫ 2πiu/ω

0
(1 − eμx) dx = 2πi u

ω −
ξμ

μ
+ 1

μ
. Together these results yield the quantity we have indicated.
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Now we turn to Gμ(−ū,−v). We obtain the equality of G−μ(−(u + ρω),−v)
and e2πiμG−μ(−ū +ρω,−v) from −ρ̄ = ρ− 1. We apply the result obtained above
to get

G−μ

(
−(u + ρω),−v

)
− eivρω+iwρ̄ωG−μ(−ū,−v)

= ei(v+w)ω
(
G−μ(−ū + ρω,−v)− e−iwρω−ivρ̄ωG−μ(−ū,−v)

)
= πeivρω+iwρ̄ω (− cot((v + w)ω/2)∓ i) .

This implies that the extension of u 	→ h(v, w;u) to C � Λ has the transfor-
mation behavior

h(v, w;u + λ) = eivλ+iwλ̄h(v, w;u) for all λ ∈ Λ.

For u satisfying | Im u| < 1
2ω
√

3, and if Im u ≤ 0 then Reu �∈ ωZ, we have obtained
a rather explicit description of h(v, w;u). This region contains a fundamental do-
main for the action of Λ in C. Hence we have an explicit description everywhere.

The relation Gμ(u,w + 2πi(n + mρ)/ω
√

3) = Gμ+m(u,w) implies that

h(v + ν, w + ν̄;u) = h(v, w;u) for all ν ∈ Λ̂.

15.6.13 Singularities. This construction gives h(v, w;u) for (v, w) satisfying v, w �∈
Λ̂ and μ = (v + w)ω/2π �∈ Z. The singularities along v = v0 ∈ Λ̂ and along
w = w0 ∈ Λ̂ are already present in the 1-form κ. We shall show that h has no
singularity along v + w = 2πl

ω , with l ∈ Z. This cannot be trivially concluded
from the behavior of κ. The choice of a potential implies choosing a constant of
integration, which depends on (v, w), and might produce additional singularities.

15.6.14 Singularities in (v, w). Fix u ∈ C with | Im u| < 1
2ω
√

3, |Reu| < ω,
such that ξ = e2πiu/ω �∈ [1,∞). As we already have obtained the transformation
behavior of h under Λ, it suffices to study the singularities in (v, w) for such u.
Consider v, w �∈ Λ̂, μ = (v + w)ω/2π �∈ Z; put η1 = e−wω

√
3, η2 = evω

√
3. From the

expression for Gμ in 15.6.12 we obtain

h(v, w;u) = h0(u)− h1(v, w;u) + h2(v, w;u)

h0(u) = log
(
1− e2πiu/ω

)
+ log

(
1− e−2πiū/ω

)
h1(v, w;u) =

∫ 2πiu/ω

0

1− eμx

1− e−x
dx +

∫ −2πiū/ω

0

1− e−μx

1− e−x
dx

h2(v, w;u) = −
∞∑

m=1

(
1

m + μ
+

1
m− μ

− 2
m

)
+ Aμ(ξ, η1) + Bμ(ξ, η1) + A−μ(ξ̄, η2) + B−μ(ξ̄, η2).
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The term h0(u) is the only one that is not harmonic in u in a neighborhood of 0.
The contribution of h1 is C∞ in (v, w, u), holomorphic in (v, w) ∈ C2, and harmonic
in u for |Reu| < ω. For singularities in (v, w) we have to turn to h2(v, w;u).

The idea is simple: fix (v0, w0), and consider the series expansions of A and B,
together with the additional sum in the expression for h2. If we take away the
terms with a singularity at (v0, w0), the remainder represents a harmless function.
Here harmless means smooth in (v, w, u), holomorphic in (v, w) at (v0, w0), and
harmonic in u on | Im u| < 1

2
ω
√

3, |Re u| < ω.

15.6.15 No singularities at μ ∈ Z. Let v0, w0 �∈ Λ̂, v0 + w0 = 2πl/ω, l ∈ Z. For
l = 0 we obtain

h2(v, w;u) =
1
μ

(
e2πiuμ/ω

η1 − 1
− e2πiūμ/ω

η2 − 1

)
+ (harmless)

=
1
μ

(
1

η1 − 1
− 1

η2 − 1

)
+ (harmless)

=
2η1(e2πμ

√
3 − 1)

μ(η1 − 1)(η2 − 1)
+ (harmless) = (harmless).

We have used that η1, η2 �∈ qZ for (v, w) near (v0, w0), and that η2η
−1
1 = e2πμ

√
3.

The cases l > 0 and l < 0 are left to the reader. Thus h(v, w;u) is holomorphic
in (v, w) on C2 �

(
(Λ̂× C) ∪ (C× Λ̂)

)
.

15.6.16 Singularities along lines given by Λ̂. Let v0 �∈ Λ̂, λ = 2πi
ω
√

3
(n+ lρ). We show

that (v, w) 	→ (w−λ)h(v, w;u) is holomorphic at (v0, λ) with a non-zero value. At
(v, w) = (v0, λ) we have μ �∈ Z, η2 �∈ qZ, but η1 = q−l. Near (v0, λ) we obtain

h2(v, w;u) =
1

μ + l
· e2πiu(μ+l)/ω

η1ql − 1

{
1 if l ≤ 0
η1q

l if l ≥ 1

}
+ (harmless)

=
2π

e−(w−λ)ω
√

3 − 1
· ei((v+w)ω+2πl)u/ω

(v + w)ω + 2πl

·
{

1 if l ≤ 0
e−(w−λ)

√
3 if l ≥ 1

}
+ (harmless)

=
2π

e−(w−λ)ω
√

3 − 1
· ei(v−λ̄)u

(v − λ̄)ω
+ (harmless)

= − 2π

ω2
√

3
· ei(v−λ̄)u

v − λ̄
· 1
w − λ

+ (harmless).

Hence (v, w) 	→ (w − λ)h(v, w;u) is holomorphic at (v0, λ) with value

− 2π

ω2
√

3
· ei(v0−λ̄)u

v0 − λ̄
.
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Similarly the function (v, w) 	→ (v − λ)h(v, w;u) is holomorphic at (λ,w0),
for λ ∈ Λ̂ and w0 �∈ Λ̂, with value

− 2π

ω2
√

3
· ei(w0−λ̄)ū

w0 − λ̄
.

15.6.17 The singularities at intersection points. The most interesting points are
(v0, w0) = (λ, ν) ∈ Λ̂2. Working as in the previous case leads to a complicated
computation. The answer can be obtained more easily from the previous cases.

Let (λ, ν) ∈ Λ̂. We transfer the concepts of Section 12.2 to this situation.
There is a function ψ, holomorphic near (λ, ν), such that ψ · h is a primitive germ
at (λ, ν). This function ψ is well defined up to a unit inO(λ,ν). Remark 12.2.6 shows
that the germ of N (ψ) at (λ, ν) is the germ of the zero set of (v, w) 	→ (v−λ)(w−ν).
We conclude from Lemma 12.2.5 that we can take ψ(v, w) = (v− λ)(w− ν). Near
(λ, ν) we write

(ψ · h)(v, w, u)
= A(u) + (v − λ)B(v, u)

+ (w − ν)C(w, u) + (v − λ)(w − ν)D(v, w, u).

Along the lines w = ν, respectively v = λ, we obtain

A(u) + (v − λ)B(v, u) =
−2π

ω2
√

3
v − λ

v − ν̄
ei(v−ν̄)u

A(u) + (w − ν)C(w, u) =
−2π

ω2
√

3
w − ν

w − λ̄
ei(w−λ̄)ū.

For ν = λ̄ we conclude that h has determinate type at (λ, ν), and (ψ ·h)(λ, ν, u) =

−2π
ω2

√
3
. For ν �= λ̄ we obtain A(u) = 0, B(v, u) =

−2π

ω2
√

3
ei(v−ν̄)u

v − ν̄
, and C(w, u) =

−2π

ω2
√

3
ei(w−λ̄)ū

w − λ̄
. Now h is of indeterminate type at (λ, ν).

15.6.18. We have shown that conditions i)′′–iii)′′ in 15.6.4 hold for h on C2 away
from (Λ̂×C) ∪ (C× Λ̂), and also for suitable multiples of h at the singularities in
(Λ̂× C) ∪ (C× Λ̂).

As log(1 − e2πiu/ω) + log(1 − e−2πiū/ω) − 2 log |u| is harmonic at u = 0, the
computations we have performed show that h satisfies condition iv)′′ as well. The
same holds for the multiples of h near the points where h has a singularity in
(v, w).
15.6.19 Constant term. Before formulating the results of the computations in terms
of functions on the upper half plane, we compute the constant term in the u-
expression of h(v, w;u)− 2 log |u| at u = 0.
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Put γ0(v, w) = limu→0 h2(v, w;u). For v, w �∈ Λ̂, and μ = (v + w)ω/2π,
q = −e−π

√
3, η1 = e−wω

√
3, η2 = evω

√
3:

γ0(v, w) (15.4)

= −
∞∑

m=1

(
1

m + μ
+

1
m− μ

− 2
m

)
+

1
μ

(
1

η1 − 1
− 1

η2 − 1

)

+
∞∑

m=1

(
1

m + μ
· η1q

m

η1qm − 1
− 1

m + μ
· 1
η2q−m − 1

+
1

μ−m
· 1
η1q−m − 1

− 1
μ−m

· η2q
m

η2qm − 1

)
=

∞∑
m=−∞

(
1

μ + m
· 1
η1qm − 1

− 1
μ + m

· 1
η2q−m − 1

+ α(m)
)

,

with α(0) = 0, α(m) = 1
|m| if m ∈ Z � {0}.

lim
u→0

(
log

1− e2πiu/ω

u
+ log

1− e−2πiū/ω

ū

)
= 2 log(2π)− 2 log ω,

lim
u→0

h1(v, w;u) = 0.

The constant term at u = 0 is equal to

2 log(2π)− 2 log ω + γ0(v, w) for v, w �∈ Λ̂.

15.6.20 Restriction of the Eisenstein family. (v, w, z) 	→ − 1
4π

h(v, w;H(z)) de-
fines a meromorphic family in (M⊗O A0(c0))(C2) that is holomorphic on C2 �(
(Λ̂× C) ∪ (C× Λ̂)

)
. For each point in its polar set we have found a holomor-

phic ψ such that multiplication by ψ gives a primitive multiple ẽ. In the table we
denote by v0 and w0 elements of C � Λ̂, and by λ and ν elements of Λ̂.

(ṽ, w̃) ψ(v, w) ẽ(ṽ, w̃; z)

(λ,w0) v − λ 1
2ω2

√
3
· ei(w0−λ)H(z)(w0 − λ)−1

(v0, ν) w − ν 1
2ω2

√
3
· ei(v0−ν)H(z)(v0 − ν)−1

(λ, ν) λ �= ν (v − λ)(w − ν) 0

(λ, ν) λ = ν (v − λ)(w − ν) 1
2ω2

√
3

To see that this family is the restriction (v, w) 	→ E(v, w, 1
2) of the Eisenstein

family in weight zero, we have to show that its zero order Fourier term at P is
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given by μ0(P, 0, 1
2
)+(something)·μ0(P, 0,− 1

2
). For (v, w) ∈ (C � Λ̂)2:

− 1
4π

h(v, w;H(6z))

= − 1
4π

(
2 log |H(6z)| + 2 log(2π)− 2 log ω + γ0(v, w) +H(H(6z))

)
= − 1

2π

(
log 6− 2πy +H(e2πiz)

)
+

1
2π

log
ω

2π
− 1

4π
γ0(v, w) +H(e2πiz)

= y +
1
2π

log
ω

12π
− 1

4π
γ0(v, w) +H(e2πiz),

where H(t) denotes ‘harmonic in t on a neighborhood of 0, with value 0 at t = 0’.
This gives the desired identification, and also the conclusion that the restric-

tion (v, w) 	→ C0(v, w, 1
2 ) is given by (v, w) 	→ 1

2π log ω
12π − 1

4π γ0(v, w).

15.6.21 Primitive multiples. If we consider the definitions in Section 12.2, we con-
clude that the table above gives primitive multiples of (v, w) 	→ E(v, w, 1

2 ) at
various points. This family of automorphic forms is of indeterminate type at the
points (λ, ν) ∈ Λ̂2 with λ �= ν, and has determinate type elsewhere.

Consider, in the indeterminate case, the local curves j1 and j2 given by j1 :
b 	→ (λ + b, ν) and j2 : b 	→ (λ, ν + b). Denote the primitive multiple by f(v, w) =
(v − λ)(w − ν)E(v, w, 1

2 ). We find

f ◦ j1(b; z) =
1

2ω2
√

3
b
ei(b+λ−ν)H(z)

b + λ− ν

f [j1] =
1

2ω2
√

3
1

λ− ν
ei(λ−ν)H(z),

and similarly

f [j2] =
1

2ω2
√

3
1

ν − λ
ei(ν−λ)H(z).

One may check that the value set s{(λ, ν)} consists of all non-zero linear com-
binations of f [j1] and f [j2]. In particular, this value set contains the cusp form
(λ− ν)f [j1]− (ν − λ)f [j2].

15.6.22 Singularity of E at (0, 0, 1
2
). In 15.5.9 we defined the function a1/2 such

that Ẽ : (v, w, s) 	→ (s− 1
2
−a1/2(v, w))E(v, w, s) gives a primitive germ at (0, 0, 1

2
).

This function describes non-cuspidal exceptional eigenvalues of continuous series
type.

From 11.2.7 it follows that Ẽ(0, 0, 1
2 ) = lims→1/2(s − 1

2 )E(0, 0, s) = 1
2π . The

equality Ẽ(0, 0, 1
2) = 1

4π lim(v,w)→(0,0) a1/2(v, w)h(v, w,H(z)) implies a1/2(v, w) =
−ω2√3

π vw
∑

p,q≥0 Bp,qv
pwq, with B0,0 = 1. As a1/2(v, v̄) ≤ 0 for v near 0, we have

Bp,q = Bq,p.
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We shall show that B1,0 = B0,1 = 0. We have, modulo quadratic terms in v
and w:

Ẽ(v, w,
1
2
; z)

≡ ω2
√

3
π

(B0,0 + vB1,0 + wB0,1)
1

2ω2
√

3

(
1 + eivH(z) + eiwH(z)

)
≡ 1

2π

(
1 + v(B1,0 + i H(z)) + w(B0,1 + i H(z))

)
.

Let us denote by C̃n the Fourier coefficients of Ẽ.

C̃n(v, w,
1
2
) ≡

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
2π (1 + vB1,0 + wB0,1) if n = 0

v−3ic(k)
πn

if n = 6k + 1, k ≥ 0

w 3ic(k)
πn if n = −(6k + 1), k ≥ 0

0 in all other cases.

15.6.23 Dirichlet series with the C-symbol. Use

C̃n(v, w,
1
2
) ≡ lim

s→1/2
C̃n(0, 0, s) + v lim

s→1/2
∂vC̃

n(0, 0, s) + w lim
s→1/2

∂wC̃n(0, 0, s).

With 15.5.10 and 15.5.11, this gives

C̃n(v, w,
1
2
) ≡ π

72
lim
u→2

(u− 2)
(
Φn(0, 0, u)− iωvΦn(0, 1, u)− iωwΦn(1, 0, u)

)
.

As Φn(a, b) = 0 unless a − b + n ≡ 0 mod 6, we obtain B1,0 = B0,1 = 0 from the
case n = 0. For n �= 0, the Φn(1, 0) and Φn(0, 1) are holomorphic at u = 2, except
in the cases n = ±(6k+1) with k ≥ 0; the + is for Φn(1, 0), and the − for Φn(0, 1).
In these cases the order of the pole is one, and the residue equals ±216c(k)/π2ωn;
the c(k) are the Fourier coefficients of η4, see 15.2.1.

It may be interesting to consider higher expansions for the case n = 0. Then
we need to expand γ0(v, w). But there is no hope to obtain a1/2 completely in this
way.

15.7 Maass forms and singularities of the Eisenstein family

Finally we consider perturbation of cusp forms in weight zero. We discuss the
relation with singularities of the Eisenstein family; for the modular case this has
been discussed in Proposition 2.19 of [7].

Phillips and Sarnak, [45], have studied the persistence of cusp forms under
perturbation of the group, and have given a criterion in terms of values of L-
functions. We do not pursue this question for perturbation of the multiplier system.
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15.7.1 Maass forms of weight zero. Here we mean by a Maass form a non-zero
element of the space S0(χv,v̄, c0, s), for some v, s ∈ C, with c0(P ) = {0}, P = {P}.

We have seen in Proposition 15.5.6 that this can occur only if 1
4−s2 ≥ π2/84.

For the congruence case v ∈ Λ̂6, see 15.4.5, the trace formula of Selberg shows that
there are lots of Maass forms. For χv,v̄ = 1 this follows from the modular case,
see [21], formula (2.11) on p. 511.

For general v there is no explicit knowledge of the scattering matrix that
allows us to separate the cuspidal contribution to the spectral density from the
contribution of the continuous spectrum; see [21], Proposition 13.7 on p. 207. As
far as I know, nothing has been proved for general v.

15.7.2 Families of cusp forms. One may ask whether all, or some, Maass forms
are obtained as linear combinations of values of families of cusp forms. If f ∈
S0(χv0,v0 , c0, s0) then f might be a linear combination of values g(v0, v0, 0) of
g ∈ Sl(c0,Ω), with Ω a neighborhood of (v0, v0, 0) in C3. We consider C3 as a
parameter space with χ(v, w, r) = χv,w ·χr and s some holomorphic function on Ω
with s(v0, v0, 0) = s0; we take l(v, w, r) = r and c0(P ) = {l}.

There is evidence that Maass forms are very special objects, bound to arith-
metical situations; see, e.g., [46] and [13]. For the trivial character, this would
imply that Sl(c0,Ω) is the zero sheaf for all parameter spaces Ω through the point
(0, 0, 0, s0) ∈ V × C with dimension larger than zero. If this is true, Proposi-
tion 15.7.9 below would suggest that all Maass forms for the trivial character are
due to singularities of the Eisenstein family.

15.7.3 One-dimensional perturbation. Consideration of higher dimensional param-
eter spaces seems much too difficult. We restrict ourselves in this section to a
one-dimensional situation.

We choose ϕ0 ∈ Vr, and apply Chapters 8 and 9 with χ0 = χv0,v0 and
Vr = R · ϕ0, V = C · ϕ0. We suppose that S0(χ0, c0, s0) �= {0}. To avoid technical
complications we assume that s0 ∈ iR, s0 �= 0.

15.7.4 Remark. For ϕ0 = α and v0 = 0, we know that there are cusp forms
that occur in families. Indeed, in [7], Proposition 2.14, it is shown that each of
the spaces S0(Γ̃mod, χm, c0, s0), with m = 2, 4, 6, 8, 10, has an orthonormal basis
consisting of the values at 0 of families of cusp forms depending on the weight.
Moreover, for each of these m there are infinitely many s0 for which this space is
non-zero (see Theorem 6.5.5). As these spaces S0(Γ̃mod, χm, c0, s0) are contained
in S0(Γ̃com, 1, c0, s0), this gives examples for Γ̃com.

15.7.5 Pseudo Casimir operator. In Lemma 9.1.6 and Remark 9.1.7 we have seen
that there is an open neighborhood of 0 in V = C ·ϕ0, such that on V0 the family s
of sesquilinear forms in aH satisfies the conditions for a holomorphic family of forms
of type (a) in the sense of [25], Ch. VII, §4.2. As dim V = 1, we may apply the
theory in §4.2 of loc. cit. to see that ϕ 	→ aA(ϕ) is a selfadjoint holomorphic family
of operators in aH, defined on V0. It has compact resolvent, see Proposition 9.2.2.
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Let J be an open interval containing 0 such that rϕ0 ∈ Vr for all r ∈
J . Theorem 3.9 and Remark 4.22 in Ch. VII of [25] show that all eigenval-
ues and eigenvectors of aA(ϕ) with ϕ ∈ J · ϕ0 occur in real analytic families.
This implies that there is a finite number of holomorphic functions λ1, . . . , λm

on a neighborhood Ω of J , with real values on J and with λk(0) = 1
4 − s2

0,
and for each k a finite number of L2-holomorphic maps pk,1, . . . , pk,nm

: Ω →
aH, such that aA(rϕ0)pk,l(r) = λk(r)pk,l(r) for all r ∈ Ω, k = 1, . . . , nm, and
such that p1,1(0), . . . , p1,n1(0), p2,1(0), . . . , pm,nm

(0) form an orthonormal basis of
ker(aA(0) − 1

4 + s2
0). Moreover, all eigenvalues 1

4 − s2 of aA(rϕ0) with (r, s) near
(0, s0) are obtained in this way.

The λk and pk,l need not be holomorphic on the whole of { r ∈ C : rϕ0 ∈ V0 }.
As we consider a neighborhood of the eigenvalue 1

4 − s2
0 only, there is a common

domain Ω. If we would take a more global point of view, the intersection of the
domains on which the various eigenfamilies are holomorphic would not necessarily
be open.

The λk may be supposed to be different holomorphic functions, with different
values at all points except 0. The eigenvectors pk,l may be chosen to be orthonormal
at each real point r ∈ J .

15.7.6 Families of automorphic forms. To obtain a relation with automorphic

forms, we like to use s =
√

1
4 − λ as the spectral parameter. This is no problem:

we have assumed s0 �= 0.

We choose roots sk =
√

1
4 − λk for k = 1, . . . ,m. Take χk(r) = χ0 · exp (rϕ0)

to obtain parameter spaces Ωk = (Ω, χk, sk) for k = 1, . . . ,m. We work with the
weight l : w 	→ 1

π rϕ0(ζ) and with c0(P ) = {l} (note that CP = wt for Γ̃com).
Proposition 8.3.6 and the Lemmas 8.5.2, 8.5.4, and 9.2.3 show that the pk,l are
also holomorphic as maps Ω → aD, and that there are fk,l ∈ Al(c0,Ωk) such that
pk,l(r) = (a)(e−irtϕ0 fk,l(r)).

15.7.7 Arranging the Fourier coefficients. The FP,lfk,l are multiples of βP,l. (Con-
sult 7.6.2 for the definition of βP,l. Lemma 8.5.2 explains why αP,l does not occur.)
If FP,lfk,l �= 0 for some l, then we perform a linear transformation of the fk,l with k
fixed and l = 1, . . . , nk, such that FP,lfk,l = 0 for l = 2, . . . , nk. The coefficients
of this transformation may be chosen holomorphic in r on a neighborhood of 0,
and for r = 0 the transformation may be assumed to be unitary. See, e.g., [5],
Lemma 7.14, for a proof of this fact based on results in Chapter II of [25].

After that transformation, and after going over to a smaller Ω, we renumber
the λk and fk,l to obtain:

• hk ∈ Al(c0,Ωk) for k = 1, . . . , m̃ ≤ m with FP,lhk not the zero function,

• gk,l ∈ Sl(c0,Ωk) for k = 1, . . . ,m, l = 1, . . . , ñk,
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such that the (a)hk(0) and the gk,l(0) form an orthonormal basis of ker(aA(0) −
1
4 + s2

0). (Truncation has no effect on the cusp forms gk,l(0).)
Here one sees an advantage of working with one cusp. With more than one

cusp this step causes complications.
The hk and their number m̃ depend on the truncation data. But the families

of cusp forms gk,l are independent of the choice of a(P ) and of the transformation
function tϕ0 . The gk,l might be absent, whereas the family aA is bound to have
holomorphic families of eigenfunctions.
15.7.8 Decomposition of the space of cusp forms. We define Sf

0 (χ0, c0, s0 |ϕ0) as the
linear subspace of S0(χ0, c0, s0) spanned by the gk,l(0); its orthogonal complement
we call Se

0(χ0, c0, s0 |ϕ0).
The space Sf

0 (χ0, c0, s0 |ϕ0) is the space of Maass forms that are gener-
ated by families of cusp forms along χ0 · exp (Cϕ0). The orthogonal complement
Se

0(χ0, c0, s0 |ϕ0) is a subspace of the kernel of aA(0)− 1
4 +s2

0; hence it is contained
in the space spanned by the hk(0).

This decomposition may be different for various directions ϕ0 of the param-
eter space.

15.7.9 Proposition. Let E : (r, s) 	→ El(J(0), P ; 2 Re(v0λ)+rϕ0, s) be the restriction
of the Eisenstein family to Ω×C.

The space Se
0(χ0, c0, s0 |ϕ0) is non-zero if and only if E is not holomorphic

at (0, s0).

Remarks. This result generalizes Proposition 2.19 in [7]. It means that the occur-
rence of cusp forms that are not values of families of cusp forms along the line
2 Re(v0λ) + C ·ϕ0 is equivalent to the occurrence of singularities of the Eisenstein
family along (2 Re(v0λ) + C · ϕ0)× C.
Proof. We start with the easy implication. Suppose that E is holomorphic at
(0, s0). Then FP,lE is holomorphic at (0, s0) as well. The value E(0, s0) is equal
to Ėl(J(0), P ; 2 Re(v0λ); s0). As E(0, s0) �= 0, it has a non-zero Fourier coefficient
of order zero, and we may choose a(P ) such that FP,lE(0, s0; a(P )) �= 0. Suppose
that m̃ > 0 for this choice of a(P ). Let 1 ≤ q ≤ m̃. The Maass-Selberg rela-
tion implies that hq(0) = cE(0, s0) + g with c ∈ C and g ∈ S0(χ0, c0, s0). This
gives FP,lhq(0)(a(P )) �= 0, in contradiction to (a)hq(0) ∈ aD. We conclude that
ker(aA(0)− 1

4 +s2
0) is spanned by the gk,l(0), hence it is equal to Sf

0 (χ0, c0, s0 |ϕ0).
Suppose that E has a singularity at (0, s0). As Ė(0) is holomorphic at s0,

the family E is of indeterminate type at (0, s0). Again we choose a(P ) such that
FP,lĖ(0; s0; a(P )) �= 0. Take ψ ∈ O(0,s0) such that ψE is a primitive multiple
of E. There are A,B ∈ O(0,s0) such that FP,l(ψE) = AαP,l + BβP,l. As E is of
indeterminate type, we have A(0, s0) = B(0, s0) = 0. From Proposition 10.2.14 we
conclude that A and B have no common factor in O(0,s0). Consider an irreducible
factor A1 of A. Lemma 9.4.13 shows that B(r, s) �= 0 for many (r, s) ∈ N (A1) ∩
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(R × C), with r �= 0 and (r, s) near (0, s0). For these (r, s) we have ψE(r, s) �=
0, and (a)

(
e−irtϕ0ψE(r, s)

) ∈ ker(aA(rϕ0) − 1
4 + s2). This shows that A1 is of

real type at (0, s0), see 12.1.9. Lemma 12.1.10 shows that there is a linear local
curve r 	→ (r, η(r)) through N (A1). Now r 	→ (a)(e−irtϕ0 ψE)(r, η(r)) is a family
of eigenfunctions of aA, hence up to a sign the function η is equal to one of the
sk, and the family r 	→ (a)(ψE)(r, η(r)) may be expressed as a holomorphic linear
combination of the corresponding (a)hk and gk,l. As it is not a cuspidal eigenfamily,
we have 1 ≤ k ≤ m̃, and the coefficient of hk in the linear combination does not
vanish identically. The Maass-Selberg relation implies that hk(0) is equal to a
multiple of Ė(0; s0) plus a cusp form. As (a)hk(0) ∈ aD, the coefficient of Ė(0; s0)
is zero (here we use that FP,lĖ(0; s0; a(P )) �= 0). Hence hk(0) is a (non-zero)
element of Se

0(χ0, c0, s0 |ϕ0). This completes the proof.
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[47] H.Poincaré: Mémoire sur les Fonctions Fuchsiennes, Acta Math. 1 (1882)
193–294
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IP , ĨP 46
aIP , aÎP 138
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