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Preface

Automorphic forms on the upper half plane have been studied for a long time.
Most attention has gone to the holomorphic automorphic forms, with numerous
applications to number theory. Maass, [34], started a systematic study of real
analytic automorphic forms. He extended Hecke’s relation between automorphic
forms and Dirichlet series to real analytic automorphic forms. The names Selberg
and Roelcke are connected to the spectral theory of real analytic automorphic
forms, see, e.g., [50], [51]. This culminates in the trace formula of Selberg, see, e.g.,
Hejhal, [21].

Automorphic forms are functions on the upper half plane with a special trans-
formation behavior under a discontinuous group of non-euclidean motions in the
upper half plane. One may ask how automorphic forms change if one perturbs
this group of motions. This question is discussed by, e.g., Hejhal, [22], and Phillips
and Sarnak, [46]. Hejhal also discusses the effect of variation of the multiplier sys-
tem (a function on the discontinuous group that occurs in the description of the
transformation behavior of automorphic forms). In [5]-[7] I considered variation
of automorphic forms for the full modular group under perturbation of the mul-
tiplier system. A method based on ideas of Colin de Verdiere, [11], [12], gave the
meromorphic continuation of Eisenstein and Poincaré series as functions of the
eigenvalue and the multiplier system jointly. The present study arose from a plan
to extend these results to much more general groups (discrete cofinite subgroups
of SLo(R)).

To carry this out I look at more general families of automorphic forms than
one usually considers. In particular, I admit singularities inside the upper half
plane, and relax the usual condition of polynomial growth at the cusps. This led
me to reconsider a fairly large part of the theory of real analytic automorphic
forms on the upper half plane.

This is done in Part I for arbitrary cofinite discrete groups. Chapters 2—6
discuss real analytic automorphic forms of a rather general type. Most results are
known, or are easy extensions of known results. Chapters 7-12 consider families
of these automorphic forms, with the eigenvalue and the multiplier system as the
parameters. The ideas of Colin de Verdiere are worked out in Chapters 8-10.
The central result is Theorem 10.2.1; it gives the meromorphic continuation of
Eisenstein and Poincaré series. The meromorphic continuation in the eigenvalue is
well known; the meromorphy in all parameters jointly is new. Chapters 11 and 12
study singularities of the resulting families of automorphic forms. In Chapter 11
the eigenvalue is the sole variable. I summarize known results, and prepare for the
study in Chapter 12 of the singularities in more than one variable. Table 1.1 on
p. 18 gives a more detailed description of Part I.

IX



X PREFACE

The treatment in Part I is complicated. This is due to the fact that I consider
general cofinite discrete groups, without restriction on the dimension of the group
of multiplier systems. Chapter 1 is meant as an introduction. It explains the main
ideas and results in the context of the full modular group. In the three chapters of
Part II I consider three examples of cofinite discrete groups. Chapter 13 extends the
discussion for the full modular group in Chapter 1. The other groups considered are
the theta group and the commutator subgroup of the modular group. Although
the first objective of Part II is to give the reader examples of the concepts, I
have included some discussions that did not fit into the general context of Part I;
see 1.7.7-1.7.10.

The reader I have had in mind has seen automorphic forms before, holomor-
phic as well as real analytic ones. For the latter I would suggest to have a look at
Chapters IV and V of Maass’s lecture notes [35], or at §3.5-7 of Terras’s book [57].
The reader should also be prepared to look up facts concerning analytic functions
in more than one complex variable, and be not afraid of a modest use of sheaf
language when dealing with this subject.

The ideas of Colin de Verdiere employed in Part I concern unbounded op-
erators in Hilbert spaces. Kato’s book, [25], is consulted for many results from
functional analysis. I restrict the discussion of the spectral theory of automorphic
forms to those results I need. In particular I do not mention the continuous part
of the spectral decomposition.

R. Matthes visited Utrecht in 1989. The discussions we had gave me the
stimulus to start this work. I am very grateful for this contribution, and also for
the many comments he gave on early versions of this book. At a later stage the
interest of D. Zagier has been a great encouragement. I also thank F. Beukers,
J. Elstrodt, and B. van Geemen for corrections, comments, and suggestions.



Chapter 1
Modular introduction

To introduce the main ideas of this book, we discuss in this chapter modular forms,
i.e., automorphic forms for the modular group SLy(Z).

First, we discuss the modular group and its action on the upper half plane.
After that, we define various types of modular forms. In Definition 1.5.6 we arrive
at real analytic modular forms of arbitrary complex weight. The central result
in this chapter is the continuation of the Eisenstein series as a family depending
meromorphically on two parameters, see 1.5.8. Section 1.6 sketches a proof. This
proof gives in a nutshell the main points of the central Chapters 8-10.

Modular forms may be seen as functions on the upper half plane, as functions
on SLs(R), or on its universal covering group. The last point of view is taken in the
later chapters of this book; in this chapter we consider modular forms as functions
on the upper half plane { z € C: Im(z) > 0}.

1.1 The modular group

The action of SLy(Z) in the upper half plane forms the geometric base of the study
of real analytic modular forms. This section gives a short discussion. Much more
information may be found in, e.g., Chapter I of [35], or §3.1 of [57].

1.1.1 Definition. The modular group T'noq = SLa(Z) consists of the matrices (i Z)
with a,...,d € Z, and determinant ad — bc = 1. It is a subgroup of

G = SLy(R) = { (‘22) ca,bye,d € R, adbc—l}.

1.1.2 Action on the upper half plane. The group G acts on the upper half plane
H={ze€C:Im(z) >0} by (‘ZZ),Z: az+b

cz+d*

As —Id = (7(1) 7(1)) acts trivially, this action factors through PSLy(R) =

SLa(R)/{#Id}. We put T'mod = [mod/{E1d}.

1.1.3 Fundamental domain. Finoa = {7 € $ : 2| > 1, |Rez| < 1/2} is the well
known standard fundamental domain for the modular group, see, e.g., [52], Ch. I,
85.1, proof of Theorem 13. It is a fundamental domain as it is a reasonable subset
of $ satisfying

1) Fmod ' Fmod = f)v
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Fmod

-1 1

Figure 1.1 The standard fundamental domain of I'noq.-

ii) If 2 € Finod, ¥ € Timod, 7+ 2 # z and also v - z € Fi04, then z and 7 - z are
boundary points of Fioq.

If we would take
1 1
Fy = zejr"):|z|21,—§§:1:<§7 if |z =1 then £ <0 ¢ C Fiods

we would have a fundamental domain meeting each I'y,oq-orbit exactly once.
1.1.4 Generators. Define U W € T'oq by U = (}[1)) and W = (7(1)5). These

two elements generate I'y04q. To see this take (‘; Z) € T'hoq with ¢ # 0. We may

arrange |a| < |c| by left multiplication by a power of U. Reverse +a and +c by left

multiplication by W. This leads eventually to (i(l) i"{) Now use W2 = (_(1) _?).

A bit more work shows that the relations are generated by (UW)? = Id,
W* =1d and W2U = UW?2. See Theorem 8 on p. 54 of [35].
1.1.5 Quotient. The generators U and W of TI'i,oq give bijective maps between
parts of the boundary of Fioq:

U {-3+y:y>35V3} —{3+y:y>3V3}
W o {e¥:3<p<ZY —{e: I <p<T)

Gluing the boundaries of the standard fundamental domain as indicated by
these maps gives a model of the topological space Yiod = I'mod \$. This space is
homeomorphic to the plane. The modular invariant gives an explicit homeomor-
phism; see [53], Theorem 2.9 for its definition. This function can be used to give
Yimod a complex structure.

Let pr be the projection map $ — Yioq. For most zg € § its restriction gives
a homeomorphism between a neighborhood of zy in $ to a neighborhood of przg
in Ymoq. For such a point Pr also carries over the complex structure. This is not
the case at the elliptic points. These are the elements of the orbits I'y0q - ¢ and
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T'od %(1 +14+/3). (An elliptic point zy € § is characterized by the property that
the group {~ € I'mod : 7+ 20 = 20 } contains more elements than Id and —Id. In
fact, i is fixed by all powers of W, and p = 1(1 + iv/3) by the powers of UW.) A

N2 3
local coordinate at pri is induced by z — (;—;j) ,and at prp by z — (jg) .

1.1.6 Cuspidal orbit. For the modular group we define $* = U QU {ico}. The

action (‘; 3) D2 ‘CIZZIS extends to an action of T'poq in H*. The set Q U {ico}

consists of one orbit, the cusp I'yoq - 100.

Put Ximod = Tmod\H* = Yimod U Timod - i00. Extend z — €2™%% by defining it
equal to 0 in 400. We use this extended function as a local coordinate at the cusp
to extend the complex structure to Xp,oq. In this way Xp,0q4 becomes a complex
Riemann surface, isomorphic to the projective line (use the obvious extension of
the modular invariant J).

1.1.7 Metric. The upper half plane $) carries the structure of a riemannian space
with metric given by (ds)? = y~2(dz)? + y~2(dy)?. (We have used the convention
x = Re(z), y = Im(z); this we shall do throughout the book.) The geodesics are
the vertical half lines in $, and the half circles with center on the real axis. The
Laplacian associated to the metric is 97 + y*0;. The metric is invariant under
the action of G, and hence carries over to Yi,04.

1.1.8 Volume. The volume form associated to the metric structure is du(z) =
dﬂ”—@dy. It induces a measure on Y;,0q for which the total volume is Z. This can be

5
computed as
1/2 oo d
/ du:/ du(z):/ / —gdxzﬁ.
Timoa\$ Fod e=—1/2 Jy=vI—a2 Y 3

1.2 Maass forms

We define real analytic modular forms, and mention their relation to the spectral
decomposition of the Laplacian. See [57], §3.5, for more information.

1.2.1 T'oq-invariant functions. Once the space Y04 has been constructed, it is
sensible to study the functions on it. Such functions are functions on ) that are
invariant under the action of I'y,0q. Especially interesting are the eigenfunctions
of the Laplacian; these are the analogues of the exponential functions on R. There
are a lot of such eigenfunctions. A growth condition at the cusp admits only those
that are related to the spectral decomposition of the Laplacian.

1.2.2 Definition. A real analytic modular form, or Maass form, is a twice differen-
tiable function f : $§ — C such that

1) (Tmod-tnvariance) f(y-z) = f(z) for all g € T'yoq.
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ii) (Eigenfunction of the Laplacian) Lof = Af for some A € C, with Ly =
—y20? — y2a§.

iii) (Polynomial growth) There is a real number @ such that f(z) = O (y*) (y —
00), uniformly for z € R.

Later on we shall call such a function a real analytic modular form of weight 0.
The name Maass form, or Maass wave form, is often attached to a wider class of
functions. This name honors H. Maass, who first studied these functions system-
atically, see [34].

All functions satisfying condition i) are determined by their values on a fun-
damental domain, for instance on F,oq. The number A in condition ii) is called
the eigenvalue of f.

1.2.3 Ezamples. Trivial example: constant functions, with eigenvalue 0.

To get less trivial examples of real analytic modular forms, consider for s € C
the function h : z — y*+1/2. It satisfies condition ii) (with eigenvalue  — s?) and
condition iii). But invariance as in condition i) holds only for 7 in the subgroup
re ={+ ((1) 5{)} of I'iuoq- So one might hope that

mod
e(s;z) = Z hs(y - 2) (1.1)
e oa \limoa

defines a modular form with eigenvalue i—sQ. Indeed, it is known that for Re s > %
the sum converges absolutely, and that Equation (1.1) defines a real analytic mod-
ular form e(s); it is called an Fisenstein series. This is a special case of Proposi-
tion 5.1.6.
1.2.4 Notation. I depart from the usual choice of the parameter: sysyal = Shere + %
Two advantages of this choice are:

e The transformation s — —s in the functional equation of the Eisenstein
family, see 1.4.4, is slightly simpler than s +— 1 — s.

e In the Fourier expansion of modular forms one needs Whittaker functions.
My normalization leads to simpler expressions for the parameters.

1.2.5 Analyticity. The differential operator L is elliptic, and has real analytic
coefficients. This implies that all its eigendistributions on $) are real analytic func-
tions (around each point zy they are given by a converging power series in z — zg
and 2z — zp). In particular all modular forms just defined are real analytic functions
on 9. (See, e.g., [29], App. 4, §5 and [3], p. 207-210, for a proof of this fundamental
analyticity result.)

1.2.6 Selfadjoint extension of the Laplacian. Put Hy = L*(Fyod,du). One may
view this as the Hilbert space of square integrable function on Yyoq. If f is a
smooth I'yogq-invariant function on $) that has compact support in Yj,0q, then
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both f and Lgf represent elements of Hy. The map f — Lof has a selfadjoint
extension Ag in Hy (this will be proved in Section 6.5). One may show that Ay has
a continuous spectrum with multiplicity one, with support [%, o0), and a discrete
spectrum consisting of a countable discrete subset of [0, 00). (Consult, e.g., [57],
§3.7. Theorem 1 on p. 254 gives the spectral decomposition; in Theorem 5 on p. 290
one sees that the discrete spectrum is indeed infinite.)
The constant functions form the one-dimensional eigenspace for the eigen-
value 0. All other eigenvalues are strictly positive, in fact, at least %712; see,
g., [57], §3.5, Theorem 3 on p. 226, and §3.7, Theorem 1 on p. 254. The corre-
sponding eigenfunctions are square integrable real analytic modular forms (Propo-
sition 6.6.2 of this book).

1.3 Holomorphic modular forms

Holomorphic modular forms are better known than the real analytic ones discussed
in the previous section. When we consider modular forms as functions on G =
SL2(R) instead of on ), it will become clear that both types are realizations of the
same idea.

1.3.1 Definition. A holomorphic modular form of weight k € 2Z is a function
f % — C for which

i) fy-2)=(cz+d)Ff(z) for all v = (ZZ) € Thod,
ii) f is a holomorphic function on ),
iii) f(z) = O(1) (y — o0), uniformly in z.

1.3.2 FExamples. We have the holomorphic Eisenstein series

’

Gr(z)= > (cz+ad)7™*

n,mez

for even k > 4. The prime indicates that (n,m) = (0,0) is to be omitted from the
sum. The sum converges absolutely, and defines a holomorphic modular form Gy
of weight k, see, e.g., [53], §2.2 (our Gy, is Shimura’s E}). We may rewrite the sum
defining G (z) as

Gu(z) = 20(k) 1+i > (ez+a)7t

c=1d€Z, (d,c)=1

= 2k > (C?;)k/27

YELa\ oa
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with ¢(-) the zeta function of Riemann. The latter sum is similar to that in Equa-
tion (1.1) on p. 4 defining the real analytic Eisenstein series.

The set of all holomorphic modular forms is closed under multiplication. This
gives a method of constructing more holomorphic modular forms. For instance

A = (2m)712 ((60G4)? — 27(140Ge)?)

defines a holomorphic modular form A of weight 12 that is not a multiple of Gys.
(Shimura’s A in [53], Theorem 2.9, is (27)'? times this A.)

1.3.3 Comparison. The three conditions above are similar to those in 1.2.2. The
factor (cz + d)* makes condition i) more complicated. The condition of being an
eigenfunction of Lg is replaced by holomorphy. If f satisfies conditions i) and ii)
here, then both conditions iii) are equivalent.

A property that both types of modular forms have in common is the possi-
bility to associate interesting Dirichlet series to them. For holomorphic modular
forms, one may consult [30], §1.5 and §2.2, or the more general discussion in §4.3
of [38]. Maass’s motivation, see [34], to consider real analytic modular forms is the
wish to get more functions to which one can associate Dirichlet series.

1.3.4 Functions on SLo(R). Another way to see that both definitions are natural,
and narrowly related, is to look at functions on G = SLa(R).

Let K = SO3(R), the group of orthogonal matrices in G. The map g — ¢ -4
gives an identification G/K = $). This means that real analytic modular forms
may be viewed as functions on G by fo(g) = f(g - 7). In this way one obtains
functions that are invariant under I'y,oq = SL2(Z) on the left, and under K on the
right.

Similarly, we may lift functions f that satisfy condition i) in 1.3.1 to G by

defining
w((2a)) =0 (552):

Again f is I'ymoq-invariant on the left, but on the right it transforms according to

the character (72‘1’22 3322) — e of K.

1.3.5 Casimir operator. The space of linear differential operators on G that are
homogeneous of order two and that commute with all left and right translations
has dimension 1. It is spanned by the Casimir operator w. In the coordinatization

(z,y,0) — (\/g%%) (_Csfsg ::)ZZ) of G it is given by

w=—y?0% — y28§ + y0,0p.

For functions that are K-invariant on the right it amounts to the operator L
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on 9. For a holomorphic modular form f of weight k we get

() ()

(—y?0% — 4202 + y0,09) €™™y*/2 f(x + iy)

(=) () (o)

Thus we see that all modular forms considered up to now correspond to eigenfunc-
tions of w on G that are I'y,q-invariant on the left, and transform on the right
according to a character of K.
1.3.6 Representations. If the function fy or fi is square integrable on I'yoq\G,
then it generates an irreducible subspace of L?(I'y0q\G) for the action of G by
right translation. If f is a holomorphic modular form, then this irreducible rep-
resentation belongs to the discrete series of representations of G. If f is a square
integrable real analytic modular form with positive eigenvalue, the function fj is
a weight zero vector in an irreducible representation of the principal series. For
more information on the representational point of view one may consult §2 of [15].
Hecke operators are not discussed in thus book. But they reveal very interest-
ing properties of modular forms. See, e.g., Chapter IT of [29] for the holomorphic
case, and Chapter V of [35] for Maass forms. The representational point of view
incorporates the Hecke operators by working with functions on the adele group of
GLs, see [15].

1.4 Fourier expansion of modular forms

Up till now we have motivated the study of modular forms from harmonic anal-
ysis: spectral decomposition of the Laplace operator, and irreducible subspaces
for the right representation of G in L?(T'0q\G). Number theoretically interesting
formulas arise as soon as one writes down the Fourier expansion of modular forms.
1.4.1 Fourier expansion. For both types of modular forms discussed thus far, the
transformation behavior implies periodicity in « = Re(z): take v = ((1) i) in con-
dition i) to conclude that f(z + 1) = f(z). Hence there is a Fourier expansion
o0
f(Z) — Z an(y)eZTrinw-
n=—oo

Condition ii) in the definitions above implies that the a,, satisfy ordinary differen-
tial equations. All Fourier terms a, (y)e?™"® inherit the growth condition iii).

We see in the holomorphic case that a,(y) is a multiple of e=2™¥  and has
to vanish for n < 0. Thus we get

1) = Y eal)emine.

n>0



8 CHAPTER 1 MODULAR INTRODUCTION

The ¢, (f) are called the Fourier coefficients of f.
In the real analytic case the differential equation is

—yPan(y) = (A — 4r*n?y?)an (y).

We write A = i — 52, s € C. For n = 0 there is a two dimensional space of
solutions, with basis y*+1/2, y=*1/2 (if 5 # 0). For n # 0 we get a variant of the
Whittaker differential equation. The growth condition restricts the possibilities
to a one dimensional space, spanned by Wy s(47|n|y); see, e.g., [56], 1.7. (The
Whittaker function Wy , decreases exponentially: Wy s(t) ~ e~t/2 (t — o0).) This
leads to

f(Z) _ bo(f)ys+1/2 +¢o fs+1/2 + ch WO . 47r|n|y) 2mina
n#0
To distinguish between the Fourier coefficients by and c¢g, a choice of s such that
A= i — 52 is necessary.

Often one uses a modified Bessel function in the terms with n # 0; the
function y — /yK(27|nly) spans the space of possible a,(y). I prefer Whittaker
functions, as they can be used in weights other than 0 as well. When comparing
the Fourier expansions below with those at other places, one should keep in mind
that Shere = Susual — 5, and that Wy s(y) = /y/mKs(y/2).

1.4.2 Holomorphic modular forms. [53}, (2.2.1)7 on p. 32, gives the Fourier expan-
sion of holomorphic Eisenstein series (k > 4 even):

Gr(2) = 2¢(k) 27m ,Z 1 (n)e2Tin?

with the divisor function ou(n) =3, d"

All coefficients in the expansion of 2C(k Gk( ) are rational numbers, even
integers if k¥ = 4 or 6. This implies (after some computations) that A(z) =
51 T(n)e?™ % with all 7(n) € Z, 7(1) = 1. In particular, co(A) = 0.

1.4.3 Definition. A cusp form is a modular form for which the Fourier term of order
zero vanishes. This means that ¢y = 0 in the holomorphic case, and by = ¢y = 0
in the real analytic case. The holomorphic modular form A is a cusp form.

1.4.4 Real analytic Fisenstein series. If the integers ¢ and d are relatively prime,

then there are a and b such that (i 3) € I'imod, and the coset 'S, ( ) depends
only on +(c,d). In this way we get for Res > 5:
1

e(s;2) = 5 Y. YT Pleztd !
c,d€Z, (c,d)=1
ys+1/2 Z/ —25—1
= 2 |mz +n| 7%
2¢(2s 4+ 1) oy
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Hence e(s; 2) = 2y t1/2¢(2s+1)71G(2, 7; s+1/2, s+1/2), with Maass’s Eisenstein
series G(-, ;a, 3) as on p. 207 of [35]. The Fourier expansion is given on p. 210 of
loc. cit., and leads to

. = 1/2 I'(s)¢(2s) —s4+1/2
e(s;z) = y'tY +\f T 1/2)C2s + 1) +/
s+1/2

oas(|n|)

I(s+1/2)¢(2s+1) Z n[s+1/2

Wo,s(4n[nly)e* ™.

Again we see that the divisor function appears in the Fourier coefficients of Eisen-
stein series.

This Fourier expansion defines the function e(s) on $ for all s € C that
satisfy s # 0, 1 and I'(s 4+ 1/2)((2s + 1) # 0. The I'y oq-invariance is preserved, as
are the other conditions in Definition 1.2.2. In this way we get e as a meromorphic
family on C of real analytic modular forms. The singularities have order one, and
the residues are again modular forms. Moreover, the functional equation of the
zeta function of Riemann implies the functional equation of e:

e(—s;2) = co(e(—s)) - e(s; 2).

1.4.5 Cuspidal Maass forms. In 1.2.6 we mentioned that there is a countable set
Yo, ¥1, ... of square integrable real analytic modular forms that constitute an
orthonormal basis of the part of L?(I'10q\$) in which the selfadjoint extension Ag
of the Laplacian has a discrete spectrum. We may arrange the 1; such that their
eigenvalues \; increase. Take 19 = 1/3/m. For j > 1 one knows that A\; > i, hence
Aj = % — s? with s; € iR. The square integrability is inherited by the Fourier
coefficients: [ lan (y)]? y~2dy < oo. Hence bo(vj) = co(p;) = 0 for 57 > 1. So
P1,19,... are cusp forms.

We can choose all 1 to be real-valued. (Use that f +— f preserves the space of
real analytic cusp forms for a real eigenvalue.) We may even arrange that each 1);
is an eigenfunction of all Hecke operators. Much more information can be found
in §3.5 of [57]. We only mention the Ramanujan-Petersson conjecture for real
analytic modular forms (not proved up till now):

en(j) =0 <|n|71/2+6) (Jn| — c0)  for each j > 1, for each ¢ > 0.

1.5 More modular forms

There are more general types of modular forms. First we consider real analytic
modular forms of even weight. Next we introduce a multiplier system to be able
to define modular forms of arbitrary complex weight. This opens the possibility to
consider families of modular forms for which the weight varies continuously.
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1.5.1 Real analytic modular forms of even weight. We have seen in 1.3.5 that the
modular forms considered up till now correspond to functions on I'yeq\G that
are eigenfunctions of the Casimir operator. These forms transform according to
a character of K. Usually, one calls all such functions modular forms, provided a
growth condition at the cusp is satisfied.

All characters of K are of the form (f;ig s:;z) — e with k € Z. But
as —Id € T'oq N K is central in G, only characters with even k admit non-zero
functions with the prescribed transformation properties.

The correspondence in 1.3.4 between holomorphic modular forms and func-
tions on G is not the most convenient one if one wants to study real analytic
modular forms. This is caused by the fact that the factor (cz + d)* in the trans-
formation behavior of holomorphic modular forms does not have absolute value 1.
We follow the convention to relate functions f on $ and functions F' on G by

ab _ —ikarg(ci+d) a’l—i—b
F((M))_e Nexa)

As k € 2Z the choice of the argument does not matter. This leads to the following
definition.

1.5.2 Definition. A real analytic modular form of even weight k € 27 with eigen-
value \ € C is a function f : $ — C that satisfies the conditions

i) f(y-2) = ekarslcztd) £(2) for all y = (Z Z) € T'hoa-
11) Lipf = \f, with Ly = —y263 — y28§ + ikyOy.

iii) There is a real number a such that f(z) = O(y*) (y — o0), uniformly
inx eR.

1.5.3 FEzamples The real analytic modular forms defined in 1.2.2 have weight 0.
If h is a holomorphic modular form of weight & € Z, then z +— y*/2h(2) is a
real analytic modular form in the sense just defined, of weight k, with eigenvalue
E1-b).

For each k € 2Z there are Eisenstein series of weight k& with eigenvalue i —s2.
They have a meromorphic extension, and satisfy a functional equation. If £ > 4,

then the value at s = 1(k — 1) corresponds to a multiple of Gj.
There are countably many cuspidal real analytic modular forms of weight k
with eigenvalues Ai, Ao, ..., obtained from the ¢; by differential operators (see

Proposition 4.5.3). Those differential operators are multiples of the operators de-
scribed on p. 177 of [35], often called Maass operators.

1.5.4 The eta function of Dedekind. If k & 27 the definition above admits only the
zero function as a modular form. But there are modular forms with other weight,
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even holomorphic ones. The best known example is the eta function of Dedekind:

_ 71'72/12 H 27r1nz

n>1

See, e.g., [30], Chapter IX, §1. It satisfies 7(7y - 2) = v1/2(7)(cz + d)'/?n(z) for all

v = (‘is) € I'moa. Here vy/5 is a multiplier system; that is a map from ['yeq

into C*. It depends on the choice of the argument in (cz + d)*/2. In this book
the argument is taken in (—m, 7] (this is the standard choice). The function 7 is
called a holomorphic modular form of weight % for the multiplier system v /5. It
is known that n?* = A.

The multiplier system v, /5 is almost a character of I'yy0q, but not completely.
It has to compensate for the fact that (c,s2z + d,yg)l/ 2 is not always equal to
(cy8 - 2+ dy) 2 (csz + ds) /2.
1.5.5 Powers of the eta function. As logn(z) is well defined for z € §, we have
a holomorphic modular form z ~— 7(z)?" for each r € C, with multiplier system
vy = 01/2 See [30], Chapter IX, §1, for an explicit description of logv; /2 in terms
of Dedekind sums. The transformation behavior under elements of the modular
group is easily written down. Note that the growth at the cusp is not polynomial
in y if Rer < 0.

Let us consider 7, : z — y"/ 2n(2)?", in the spirit of the relation between
holomorphic and real analytic modular forms in 1.5.3. This function satisfies
ir arg(cy z+d-)

777“(7 : Z) - UT("Y)G 777“(2) for all v E I‘moda

Loy = g (1 - g) with L, = —y°02 — 4?07 + iryd,.

As (2 + 1) = e™/69,.(2), there is a kind of Fourier series expansion

_ Zpy(r)yr/262ﬂ'i(u+r/12)z’

v>0

with polynomials p,, (r) defined by [T ~_, (1—¢™)*" = >_°7 , pv(r)¢q”. Hence po = 1,
and p, has degree v.

We can omit a finite number of terms from this expansion in such a way that
the remainder has polynomial growth in y. For —12 < Rer < 0 it suffices to omit
only the term with the factor e™#/6. This gives an example of the following type
of modular form:

1.5.6 Definition. Let I, A € C, let r = I mod 2 with |Rer| < 12. A real analytic
modular form of weight [, for the multiplier system v,, with eigenvalue ), is a
function f : $ — C satisfying the following conditions:

i) f(v-2z)=vp(y)et@8ler=tdy) f(2) for all y € Tmoas
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ii) Lif = Af, with Ly = —y202% — y?02 + ily0,,

iii) e‘””’w/f‘f(iy—i—x)—fol e~ /6 f(jy4ax+a') da’ = O (y*) (y — oo) uniformly
in x, for some a € R.

The modular forms defined in 1.5.2 all come under this definition, with [ = &
and r = 0. For these examples it is not necessary to subtract the ‘constant term’ in
the Fourier expansion before stating the growth condition. The same holds for the
modular forms obtained by applying Roelcke’s definition, see [50], Definition 1.1,
to the modular case.

We have already seen the example 7),, with —12 < Rer < 12; take | = r. For
—12 < Rer < 0 we need to subtract the ‘constant Fourier term’ before applying
the growth condition.

This definition can be made more general by omitting more terms from the
Fourier expansion before imposing the growth condition. The present definition
suffices in this introductory chapter. We restrict ourselves to the case [ = r in the
sequel.

1.5.7 Selfadjoint extension of L,. We take —12 < r < 12. Let H, be the Hilbert
space of (classes of) functions that satisfy the transformation behavior in condi-
tion i), with [ = r, and that are square integrable on Fi,oq. Note that n, € H,. for
0 < r < 12. The differential operator L, has a selfadjoint extension A, in H.,, see,
e.g., [50], Satz 3.2.

If r € (—12,12) {0} there is no continuous spectrum, see, e.g., [51], Satz 8.2.
This is due to the fact that vr(é 1) # 1if r # 0. For these r there is an orthonormal
Hilbert basis of H,. of eigenfunctions of A,.. These eigenfunctions are modular forms
in the sense of Definition 1.5.6, and moreover, are square integrable. The lowest
eigenvalue ILQ‘ (1 — %) has multiplicity one.

r

Let r run through (0, 12). The lowest eigenvalue 7 (1 - %) depends on r in
a real analytic way, and the corresponding eigenfunctions are given by the family
r +— 1, of modular forms. Propositions 2.14 and 2.15 in [7] show that the other
eigenvalues A are also real analytic in r € (0,12), satisfy A(r) > i, and that each
eigenvalue A : (0,12) — R has an eigenfamily of square integrable modular forms
that is unique up to multiples. In this way the spectral theory of A, leads to
families of modular forms.
1.5.8 Eaxtension of the Fisenstein series. The Eisenstein series discussed in 1.2.3
gives another example of a family of modular forms. The parameter of this family
is not the weight, but the spectral parameter s.

Proposition 2.19 in [6] states that there is a meromorphic family E of func-
tions on § with the following properties:

i) Eis defined on U x C C C?, with U an open neighborhood of (—12,12) in C.
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ii) For each z € § the function (r,s) — E(r,s) is meromorphic on U x C, with
singularities contained in a fixed analytic set of codimension 1.

iii) At each (r, s) outside this singular set, the function z +— E(r, s; z) is a real an-
alytic modular form of weight r, for the multiplier system v,., with eigenvalue

i — 52, as defined in 1.5.6.

iv) There is a Fourier expansion

E(r,s;2) = pp(r, s:2) + C(r, s)p)(r, )+ Cr(r, 8wl (r, 55 2),
v £0
with
PE(r,s;2) = e2miAr/12)ayst1/2,=2m(v+r/12)y
Wl (r, s z) = eXATDTyy ) (dme(v +1r/12)y)

(e = signv).
The family F is the unique family of modular forms with a Fourier expansion
of this type.

v) The uniqueness implies the functional equations

E(r,—s;z) = C(r,—s)E(r,s;z),
E(r,s;—2) = E(-r,s;2).

vi) The restriction s — E(0, s) exists, and coincides with the Eisenstein family
s+ e(s) discussed in 1.4.4. The existence of this restriction is not trivial: E
might have had a singularity along the complex line {0} x C.

These properties suggest to call E the Fisenstein family for T'yoq.

The multiples of w} are the only possibilities for quickly decreasing Fourier
terms; w,’ is not defined for v + {5 = 0. There we need another description. The
p2(r, s) and pl(r, —s) form a basis of the space of functions that may occur in the
Fourier term with e™"#/6 In general these functions are exponentially increasing
in y. The restriction of (r,s) +— p2(r,s) along the line {0} x C is given by the
function s — y**1/2) which we have seen in the Fourier expansion of e(s).

We have seen in 1.4.4 that s — FE(0,s) and s — C(0, s) are holomorphic at
all points of ¢R. This does not exclude the possibility that £ and C' may have
singularities at points (0,4t), t € R. If C' is singular at such a point, then its zero
set and its polar set intersect at such a point, otherwise the restriction s — C(0, s)
would be singular at it. Proposition 2.19 in [7] states that C is singular at (0, it),
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t € R, if and only if the space of Maass forms of weight 0 with eigenvalue i +12is
not spanned by the values at r = 0 of families of square integrable modular forms
depending analytically on the weight r € (—12,12).

1.5.9 Poincaré series. Fix r € (—12,12), r # 0. The restriction s — E(r,s) is a
family of modular forms of weight r. It can be related to a Poincaré series. That
are modular forms constructed in the same way as Eisenstein series. For instance,
the series

T et i
YEL RS\ oa

can be shown to converge absolutely for Res > %, and to define a real analytic
modular form P(r,s) for v, of weight r with eigenvalue i — s2. There is a mero-
morphic function 1 on a neighborhood of (0,12) x C in C? such that v (r, s)E(r, s)
is equal to P(r,s) for all (r,s) with r € (0,12) and Res > 1 at which ¢ - E is
holomorphic. The function 1 cannot be extended meromorphically to U x C, it
behaves badly along the line {0} x C; see 13.5.7 for more explicit formulas.

The Fourier coefficients of P(r,s) can be expressed in terms of Dirichlet
series with coefficients containing Dedekind sums. This gives expressions for the
Fourier coefficients C¥(r, s) of the Eisenstein family, valid for 0 < r < 12 and
Re s large. This suffices to get information on the singularities of the derivatives
o C¥(r,s)|,—o- In [8] we expressed these derivatives in terms of the Dirichlet series
S e hede S(d )Fe?mind/e for k€ N, n € Z, with Dedekind sums S(d, ¢).

d S(d,c)
c

This led to two distribution results for (;, ) The same method can be used

to get distribution results for other quantities, see Section 13.6 of this book.

1.6 Truncation and perturbation

We indicate how to prove the results on the Eisenstein family F. discussed in the
previous section, by applying ideas of Colin de Verdiére, [12]. The main purpose
of Part I of this book is to give a generalization of this proof. The present section
sketches the main ideas in the context of the modular group.

Here we look at a neighborhood of » = 0 only; we shall be content to get the
family F on a set U x C, where U is a small neighborhood of 0 in C.

1.6.1 Transformation. We shall apply analytic perturbation theory for linear op-
erators, as discussed in Chapter VII of Kato’s book [25]; see especially §4. This
theory studies families of operators in a fixed Hilbert space. Here we have not one
Hilbert space, but infinitely many: the H, for r running from —12 to 12. The first
step is to transform everything to H = Hy. Of course all H, are isomorphic to
L?(Finod, dp), but we need a more explicit isomorphism, under which differential
operators correspond to differential operators, and that behaves very nicely near
the cusp.
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In Lemma 3.2 of [5] we used the logarithm of the eta function of Dedekind
to construct a real valued function ¢ € C*°($)) with the properties

i) t(z) = gma for all y > 5.
ii) t(y-2) = aly) + arg(cyz + dy) + t(z) for each v € I'nyoa.

The function a : I' — 7 satisfies v,(y) = e Tt can be expressed in terms of
Dedekind sums. Lemma 8.2.1 will give a construction of such a function ¢ that is
not based on logn.

Condition ii) implies that e"* has the transformation behavior of elements
of H,. The transformation f + e~ f gives a unitary isomorphism H, — H. Con-
dition i) implies that near the cusp the Fourier series expansion is transformed term
by term, and that the term with a special status in condition iii) in Definition 1.5.6
is mapped to the constant term of e~ f.

This transformation makes sense for r € C \ R as well. For all » € C it
maps functions transforming under I';,,0q as in condition i) of Definition 1.5.6 onto
I'noa-invariant functions.

Under this transformation, the differential operator L, corresponds to the
differential operator L(r) = e~ "t o L, o ¢t on the I'yoq-invariant functions. Of
course, one can express L(r) in terms of ¢ and its derivatives. A reader who carries
out the computation will find differential operators L(*) and L such that L(r) =
Lo+ rLM 4213,

As L(r) corresponds to L,, it has a selfadjoint extension in H. But the family
of selfadjoint operators thus obtained has properties that are not as nice as one
would want. The idea in [12] is to work in a subspace of H.

1.6.2 Truncation. Let ¢ > 0. Each f e Ho has a Fourier coefficient Fyf €
L? ((¢,00),y~2dy) given by Fyf(y fo x + iy) dz. (Section 6.3 gives a more
careful definition of Fyf.)

We fix a real number a > 5. Define “H as the Hilbert subspace of H char-
acterized by the condition that Fyf vanishes on (a,00). The differential operators
L(r) act in the space C2°(I'moa\$H) N*H of smooth compactly supported functions
on I'yoa\9 for which the zero order Fourier term vanishes above a.

The great advantage of this ‘truncated’ setup is that for r near 0 the differen-
tial operators L(r) have selfadjoint extensions “A(r) in “H with compact resolvent,
and, moreover, that there is a neighborhood U of 0 in C on which r — “A(r) is a
selfadjoint holomorphic family of operators of type (B) in the sense of Kato, [25],
Chapter VII, §4.2. Proposition 9.2.2 gives the compactness of the resolvent. We
shall give in Section 9.1 all ingredients needed to see that %A is a family of type (B)
in Kato’s sense. (In the general treatment in Chapter 9 we may have more than one
parameter; hence the family A discussed there does not come completely under
Kato’s type (B).)

We may draw strong conclusions concerning the holomorphy of the eigenval-
ues of the family “A; see [25], Chapter VII, Theorem 3.9 and Remark 4.22. The
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eigenvalues and eigenfunctions are not considered in this book; I do not know how
to extend those results to the situation of more than one complex parameter.
1.6.3 Relation to modular forms. The eigenfunctions of *A(r) are related to mod-
ular forms in the sense of Definition 1.5.6. We define the truncation (YF of a
smooth I'og-invariant function F' on § to be the I',oq-invariant function on )
that satisfies

(a)F( ) F(z) if z€ Fpoa and y < a
2= F(z)—folF(z+:r’)dx’ if z € Finoa and y > a.

Proposition 9.2.6 states that ker(?4(r)— 1 +s2) consists of the functions (e~ f),
where f runs trough the space of all modular forms for v, of weight r with eigen-
value 1 — s? that satisfy fol e~ ™/ f(ja + ) dax = 0.

In particular, the cuspidal Maass forms of weight zero are eigenfunctions

of %A(0). Moreover, (Ye(s) is an eigenfunction of “A(0) for those values of s that
satisfy a®* 4+ A(2s)/A(2s + 1) = 0, with A(u) = 7=%“/2T(u/2)¢(u).
1.6.4 The resolvent of ®A. Proving the existence of the Eisenstein family E amounts
to solving (L, — i + 5%)f = 0 with a family f that depends meromorphically on
(r,s), and has a Fourier expansion of a prescribed form. This is difficult. Let us
look at the transformed differential equation

<L(1") — i + 52> B(r,s) = 0.

We try to solve this equation with a meromorphic family 9E of T'yoeq-invariant
functions. We further impose the condition that Fo®E(r,s;a) = 1.
Consider a I'joq-invariant function h that satisfies for z € Finoq:

h(z) =0 fory <5
h(z) = ho(y) fory>5,

for hyg € C(5,00) of the following form: on the interval ((5+ a)/2,00) we take
ho(y) equal to a linear combination of ul(r,s;iy) and ul(r, —s;iy), such that
ho(a) = 1. This can be arranged with coefficients meromorphic in (r,s) € U.
(Holomorphic coefficients would be more difficult, as the u® do not behave nicely
at the lines C x {s} with s € 2Z.) On (5, (5 +a)/2) we let ho go to zero smoothly.
We define k = (L(r) —  +s?)h. Hence k € C2°(I'oq\$) with support in Fyoq be-
low a. Moreover, k is meromorphic in (r, s). Its polar set does not contain vertical
lines {r} x C. We may view k as a meromorphic family of elements of “H.

In this way we have one solution h of (L(r) — 1 + s®)h = k. If we find
another solution of this equation, then their difference solves the homogeneous
equation. We use the resolvent R(r, s) = (“A(r) — 1 +s?)~! to get another solution.
This is a meromorphic family of bounded operators in *H, see [25], Chapter 1V,
Theorem 3.12. So G(r, s) = R(r, s)k(r, s) defines a meromorphic family of elements
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of “H, without singularities along vertical lines, and (“A(r)—1+s?)G(r, s) = k(r, s).
The fact that G(r,s) € dom(°A(r)) implies that FyG(r, s;a) has a meaning, and
moreover, that FyG(r, s;a) = 0 as identity between meromorphic functions. This
in turn implies that (L(r)—+5s*)G(r,s) = k(r, s). See Propositions 8.4.5 and 9.2.5
for a proof.

Thus we have obtained “E(r, s) = h(r, s) — G(r, s), with the desired proper-

ties. Moreover, these properties determine “E uniquely. The difference of two such
families would be an eigenfunction of “A(r) for all (r, s) at which it is holomorphic
(look at the Fourier expansion to see the square integrability). The compactness
of the resolvent implies that “A(r) has a discrete spectrum. We conclude that the
difference vanishes.
1.6.5 Construction of E. Now E(r,s) = " %E(r, s) is a meromorphic family of
modular forms of the right type, but condition iv) in 1.5.8 is replaced by the
condition that the Fourier coefficient with e™*/6 is equal to 1 at y = a. The
square integrability of G(r,s) implies that all other Fourier coefficients of E are
square integrable, hence multiples of w¥(r, s).

The Fourier term with e™"#/6 is of the form

p(r, 8)/1'8 (7, S) +q(r, S)Mg(rv —s),

with p and ¢ meromorphic on U without singularities along vertical lines. Suppose
that the restriction s — p(0,s) is the zero meromorphic function. Then E(0, s)
would be a square integrable modular form for many non-real s with Re s > 0. This
contradicts the fact that the extension Ag of Ly is selfadjoint. Hence s — p(0, s) is
non-zero, and E(r,s) =

@E (r,s) is a meromorphic family with the properties
discussed in 1.5.8. The difference s — FE(0,s) — e(s) has to vanish, again by the
selfadjointness of Ag.

1.6.6 Remark. This completes the sketch of a proof of the meromorphic continu-
ation of the Eisenstein series jointly in weight and spectral parameter. I want to
emphasize that the method comes from [12]. Colin de Verdiere proves the contin-

uation with s as the only parameter, but the method is the same.

1.6.7 Overview of Part I. At this point the reader may appreciate a look at Ta-
ble 1.1. Except for the use of the term automorphic form instead of modular form,
I have tried to stay close to the terminology of this section in the description of
the contents of the chapters, and have ignored many generalizations. In particular,
Part I considers a general type of Poincaré series, of which the Eisenstein series
in the table are only a very special case. Chapters 11 and 12 have a much wider
scope than indicated here. The partition in known and new is rough. The concept
of automorphic form defined in Chapter 4 is wider than is usual in, e.g., [50, 51]
and [21]. The chapters called new contain many ideas that are present in the lit-
erature. The systematic study of meromorphic families of automorphic forms of
this general type is new, as far as I know.
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Chapter indication of the contents

2 known  Automorphic forms on the universal covering
group of SLy(R)
3 known  Discrete subgroups of SLa(R)

known  Automorphic forms and Fourier expansions

5 known  Eisenstein series in the domain of absolute con-
vergence

6 known  Spectral theory; automorphic forms as eigenfunc-
tions of a selfadjoint operator

7 new Families of automorphic forms; various types of
holomorphy and meromorphy

8 new Transformation and truncation

9 new Families of automorphic forms and eigenfunctions

of a selfadjoint family of operators in the Hilbert
space of truncated functions

10 new Eisenstein family, meromorphic dependence on
multiplier system and spectral parameter jointly

11 known  Singularities of the restriction s +— E(0, s)

12 new Singularities of (r, s) — FE(r,s) at points (0, s)

Table 1.1 Overview of Part I of this book.

1.7 Further remarks

1.7.1 Modular functions. The modular invariant J is a I'yoqg-invariant function
on $ with an expansion of the form

[e'S)
6—27rzz 4 E CneZTrznz'
n=0

It satisfies all properties in 1.5.6, except condition iii). If we ignore the Fourier
term with e~ 2™ in the formulation of the growth condition, we can call it a
holomorphic modular form of weight 0 for the trivial multiplier system. That is
what we shall do in Definition 4.3.4. Usually, J is called a modular function, as
are all rational functions in .J. These need not be defined on the whole of §), for
instance, % has a pole at each point of the orbit I'jq - sz/g We shall allow in
Definition 4.3.4 automorphic forms to have singularities in a discrete subset of .
At each of these exceptional points we impose some growth condition that amounts
to meromorphy in the complex analytic case. This generalized growth condition
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admits all modular forms we shall need, but saves us from studying I';,,oq-invariant
functions such as /7.

1.7.2 Poincaré series have already been discussed in 1.5.9. We may as well use pu”
instead of u°. See, e.g., Niebur, [41], or Hejhal, [21], Theorem 4.1 on p. 254. The
resulting Poincaré series P¥(r, s) have a meromorphic continuation. The modular
invariant J can be expressed in the value at s = % of the family s — P‘l(O7 s).
1.7.3 Resolvent kernel. The selfadjoint extension Ay of the Laplacian, discussed
in 1.2.6, has a resolvent R(s) = (Ao — § + 52)71. The resolvent R(0,s) of the
pseudolaplacian “A(0), as used in 1.6.4, is a compact operator. The resolvent R(s)
of Ay is not. But it has a kernel k(s; z, w), given by a series converging absolutely
for Res > 3; see, e.g., [29], Chapter XIV, §5. If we keep fixed w € ), this kernel
satisfies Lok(s; -, w) = (1 — s?)k(s;-,w) on $ \ T'moa - w. We view it as a Poincaré
series; it has a logarithmic singularity at the points of I',oq-w. It is known that this
kernel has a meromorphic continuation in s. Definition 4.3.4 of automorphic forms
includes the resolvent kernel. We shall see that this kernel has a meromorphic
continuation in (r, s).
1.7.4 Other weights. The Eisenstein series in 1.5.8 has weight equal to the parame-
ter r determining the multiplier system. We could have used any weight r — r+v
with v € 2Z. The family of multiplier systems r +— wv, is the only one for the
modular group. The results on Eisenstein families with more general weights are
almost the same as those discussed above.

The map r — v, has period 12, but the Eisenstein families are definitely not
periodic in r.
1.7.5 Other discrete subgroups of SLo(R). The modular group is only one example
of the groups with which we shall work: discrete subgroups of SLz(R) containing

(_(1) 7(1))7 with finite covolume. These groups are discussed in Chapter 3. They
may have more than one cusp. That does not matter much. But, in general, the
multiplier systems form a complex variety of dimension larger than 1. This makes
application of perturbation theory more complicated than in the one-dimensional

case.

1.7.6 FEisenstein series. In general, there is an Eisenstein series at each cusp for
which the multiplier system is ‘singular’, i.e., the multiplier system equals 1 on
the matrices fixing that cusp. The meromorphic continuation in s is known; see,
e.g., [21], Theorem 11.6 on p. 128, and Theorem 11.8 on p. 130. In general, this
continuation cannot be obtained by looking at the Fourier expansion. One needs
the resolvent of the selfadjoint extension of the Laplacian, or the Casimir operator.

The unique cusp of the modular group is singular for v, if and only if r =
0 mod 12. Hence for r € (—12,12)~.{0} the restriction s — E(r, s) is not described
by Eisenstein series on the region Res > %

1.7.7 Part II discusses three example groups. Part I refers for most examples to
either this chapter, or to Part II.
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Chapter 13  Modular group
13.1-13.4  examples
13.5 singularities of
13.6 distribution results

Chapter 14  Theta group, examples

Chapter 15 Commutator subgroup
15.1-15.5  examples
15.6 harmonic automorphic forms
15.7 perturbation of cusp forms

Table 1.2 Overview of Part II.

We also use Part II to explain some ideas that go further than Part I.

1.7.8 Distribution results. We have mentioned in 1.5.9 that the meromorphic con-
tinuation of the Eisenstein family, jointly in weight and spectral parameter, can
be used to get distribution results for Dedekind sums. In Section 13.6 we use the
same method to get distribution results for another quantity. The method is based
on the fact that the Eisenstein family in two variables has rather unexpected sin-
gularities at the points (0, %l)7 with [ = 2,3,4,.... We study these singularities in
Section 13.5.

1.7.9 Harmonic automorphic forms. The multiplier systems suitable for weight 0
form a group, i.e., the character group of the discrete subgroup I'. For the com-
mutator subgroup of the modular group this character group has dimension 2.
The theory in Part I gives a meromorphic Eisenstein family depending on the
character and the spectral parameter. On the region Re s > %, and for all unitary
characters, this Eisenstein family is given by (absolutely converging) Eisenstein
series. On the two-dimensional complex variety given by s = %, the family is not
given by Eisenstein series. But the restriction of the family to this complex plane
is a meromorphic family of automorphic forms that can be related to Jacobi theta
functions. With the help of D. Zagier I could get a rather explicit description. See
Section 15.6.

1.7.10 Perturbation of square integrable automorphic forms. In the modular case,
there are results on the global behavior of eigenvalues of the selfadjoint operators A,
and the corresponding families of square integrable modular forms; see Proposi-
tion 2.8 in [5], and Theorem 2.21 in [7]. By global I mean here ‘holomorphic on
a neighborhood of (—12,12) or (0,12)’. This is equivalent to real analyticity on
the real interval. I have refrained from trying to generalize those results in this
book. Of course, once one has the results in Chapter 9, one may work on a one-

dimensional subspace of the variety of multiplier systems, and try to generalize
[5]-[7].
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The local behavior of square integrable automorphic forms under variation
of the discrete group or the multiplier system has been studied, see Hejhal, [22],
or Venkov, [59], Ch. 7. (Venkov’s nice survey [60] has the same title, but is not
identical to [59].) Analytic variation is hinted at in §10, (iii) of [22].

Analytic variation of the Riemannian metric is considered by Colin de Ver-
diére, [12], and Phillips and Sarnak, [46]. In [46] the non-vanishing of certain L-
series at a point determined by the eigenvalue is shown to imply the ‘annihilation’
of the corresponding cusp form under variation of the group. We do not go deeply
into this type of question for perturbation of the multiplier system. In Section 15.7
we mention one result, for the commutator subgroup of the modular group. This
shows that ‘annihilation’ of cusp forms is related to the presence of singularities
of the Eisenstein family.



Part 1

General theory



Chapter 2
Automorphic forms on the universal
covering group

One may view automorphic forms with general complex weight as functions on
the upper half plane, or as functions on the universal covering group of SLy(R).
In this book the latter point of view is taken.

This chapter discusses the universal covering group, and defines automorphic
forms on it. Sections 2.1 and 2.3 discuss automorphic forms. The universal covering
group is introduced in Section 2.2.

2.1 Automorphic forms on the upper half plane

This section recalls some definitions already given in Chapter 1 for the modular
case. It discusses the transformation behavior and differential equation for auto-
morphic forms considered as functions on the upper half plane. We ignore growth
conditions for the moment.

2.1.1 Notations. We denote the upper half plane {z € C:Imz > 0} by $. We use
x = Rez, y = Im z, for the coordinate z on $).

The group G = SLy(R) = { (‘ig) ta,b,c,d € R, ad —bc =1} acts in §) by

. . . az+b
fractional linear transformations (a 3) 12—
¢ cz +

. This action factors through

the center -
vz£ld, hence it is an action of G = PSLy(R) = SLo(R)/{+Id}.

2.1.2 Discontinuous group. We consider a subgroup I' of G that acts discontinu-
ously in ), i.e., each z € § has a neighborhood U such that v-z € U for only finitely
many v € I'. The modular group I'yoqg = SLa(Z) is an example. Other examples
are the theta group Iy, see Section 14.1, and the commutator subgroup Tcom
of I'yod, see Section 15.1. Chapter 3 gives a discussion of the class of subgroups
to be used in this book.

We denote the quotient I'/{4Id} by I'. The central element —Id = (_01 91)

acts trivially in $. The group I is isomorphic to the group of transformations in $
determined by T'.

2.1.3 Definition. We define an automorphic form on $ for the group I' with weight
l € C, multiplier system v : I' — C*, and eigenvalue A\ € C, as a function f €
C($) satisfying

25
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i) f(7-2) = v()el 8D f(2) forall y = (2]) €T
ii) Lif = Mf, with Ly = (—y?0} — 4?92 + ilyd,).

Throughout we use the argument convention —m < arg(u) < 7 for all u € C*. The
multiplier system v is a function v : I' — C*. It has to satisfy a relation expressing
v(76) in terms of v(y) and v(d) for all 4,6 € T'; otherwise i) would allow the
zero solution only. The relation is best understood after reformulation in terms of
functions on the universal covering group, see 2.3.6.

This definition of automorphic form is very wide. Usually one imposes growth
conditions at the cusps. We introduce our concept of growth condition in 4.3.4.
That definition includes the usual automorphic forms. It will also allow automor-
phic forms to have singularities at points of a discrete subset of ). The more strict
the growth condition, the less automorphic forms satisfying it exist. The rarest are
the cusp forms, which decrease exponentially at all cusps (see Definition 4.3.9).

Examples of modular forms, i.e., automorphic forms for I';,4q, occur in 1.2.3
and 1.5.5. Even unusual functions like e”, with J the modular invariant, come
under this definition. In fact, e’ is an automorphic form for I'y,q, with weight 0,
trivial multiplier system, and eigenvalue 0.

2.1.4 Analyticity. Condition ii) imposes an elliptic differential equation with ana-
lytic coefficients. Thus all automorphic forms are real analytic functions on $), and
in the definition we could have replaced f € C*°($) by the condition that f is a
distribution on £); see, e.g., [29], App. 4, §5 and [3], p. 207-210.

2.1.5 Holomorphic automorphic forms. The well known holomorphic automorphic
forms on $) of weight [, with multiplier system v satisfy

i) F(y-2)=v(y)(cz +d)'F(z) for all vy = (‘Z 2) eT;
i) 9,F = 0.

The differential operator d; = (0, + id,) is simpler than the the differential
operator L; above. Condition ii)’ states that F' is holomorphic on $).

If F satisfies these conditions, then z +— y!/2F(z) is an automorphic form of

weight [, with multiplier system v and eigenvalue %l (1- %l) On the other hand,
condition ii) with A = 1{(1 — 3{) need not imply condition ii)’.
2.1.6 Examples. In 1.3.2 we have seen the holomorphic Eisenstein series G. As we
do not impose a growth condition here, the modular invariant J, and also e”, fall
under this definition. Usually a function like J is called an automorphic function,
and e’ is not mentioned at all.

See 14.3.3 for an example of a non-holomorphic form of weight 0 with eigen-
value 0 = 3 -0(1— 3 - 0).

2.1.7 Maass’s definition. If we take an automorphic form F of type {T', o, 3,v} in
the sense of Maass, [35], p. 185 (so o, § € C, a — 8 € R, v a multiplier system for
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I), then z — y@+9/2F(2) is an automorphic form for I' as defined in 2.1.3. The
weight is a— 3, the multiplier system is v, and the eigenvalue equals a+ﬂ (1- “T'w)
2.1.8 Line bundle. In particular in the holomorphic case it may be useful to consider
automorphic forms as sections of a suitable line bundle on the quotient space I'\ ).
This has the advantage of working on a smaller space. The disadvantage is that
we no longer study functions.

In this book we make the opposite choice. We prefer to view automorphic
forms as functions on the universal covering group of SLy(R). In that way, the
description of multiplier systems becomes simpler; the same holds for certain co-
ordinate systems. We pay for it by working on a larger space.

2.2 The universal covering group

In 1.3.4 we have considered modular forms of even weight as functions on G =
SLa(R), left-invariant under T'y,0q4, transforming on the right according to a char-

acter of the maximal compact subgroup K = SO3(R) = { ( cos 6 Sine) 0 eR}

—sin 6 cos 6
of orthogonal matrices in G. This has the advantage that condition i) in Defini-
tion 2.1.3 becomes the simpler condition of left-invariance. This can be done for
modular forms of odd weight as well. Then the multiplier system has to satisfy
v(—Id) = —1. But for other weights there is no corresponding character of K. This

is due to the fact that ( cos Sine) has period 27 in . We avoid this problem by

—sin 6 cos O
using the universal covering group.

In this section, we construct the universal covering group of SLy(R). It is a Lie

group, and as such it has a Lie algebra. We describe the corresponding differential
operators. From 2.2.4 on, one finds some technicalities to be used later on. The
reader may want to skip these at first reading.
2.2.1 Universal covering group. The universal covering group of G = SLy(R) is
a simply connected Lie group G together with a surjective continuous homomor-
phism G — SLy(R) : g — ¢ that is locally a homeomorphism; the kernel of the
homomorphism is discrete and central in G. This universal covering group is unique
up to isomorphism. We shall give an explicit construction.

We use the [wasawa decomposition of G to construct the universal covering
group. Each element of SLy(R) has a unique decomposition

Co ()

with z 4+ iy € § and 6 € R mod 27Z. This Iwasawa decomposition shows that G =
$ x (R mod 27) as analytic varieties. To make G simply connected, we define the
underlying analytic variety of G to be HxR. The projection G—G: g — §is given
by (z,0) — (2,0 mod 2r). We define p(z)k(f) € G as the element corresponding
to (z,0) € H x R.



28 CHAPTER 2 UNIVERSAL COVERING GROUP

We write, for z = x4 iy € $, p(z) = n(z)a(y). So every element of G can be
written in exactly one way as n(z)a(y)k(f), with » € R, y > 0, and 6 € R. The
projection G — G is given by

i@ = (1), = (5, ). = (e,

We define the group structure on G by the following multiplication rules:

n(zi)n(ze) = n(x1+ )
a(yi)a(y2) = a(yry2)
k(01)k(02) = k(61 + 02)
a(y)n(z) = n(yz)aly)
k(@)p(z) = ( 2cosf +sinf > k(0 — arg (e"(—2sin6 + cos0))) .

—zsinf + cos 0

As mentioned before, the argument is taken in (—, 7).

This amounts to the following: The compact subgroup K of G is covered by
the subgroup K of G, isomorphic to the additive group R. The kernel of K- K
is a subgroup Z of K, corresponding to 7Z. The subgroup P = { (g 11/’(1) ca>0}
of G has an isomorphic copy P = {p(z) : z € $ } in G. This group P is a semidirect
product of the subgroups A = {a(y) 1y > 0} = R:; and N =
vzmn(z)r € R 2 R. This leaves only the definition of the multiplication of k(6)
and p(z). The definition above lifts the product of p( ) and k( ) to G. T invite the
reader to check that we now have a Lie group G, and that g — § gives a surjective
homomorphism G— G, with kernel central in G.

The group Z is the center of G. It is generated by ¢ = k(m). We denote
the quotient G/Z = G/{£Id} by G. If we use § as a model of hyperbolic plane
geometry, then G is the group of motions. The group G acts in § via G.

We refer to [4], 2.2, for more information. The notation there is a bit different.
G,K,N,... here correspond to Go, Ko, N, ... in loc. cit.

2.2.2 Standard section. In (2.2.12) of [4] a section (‘Z 3) — (‘Z Z) of the projection
G — @ is given. Tt is determined by

(ig)p(z) —p (“Z“’) k(- arg(cz + d)). (2.1)

cz+d

This section, restricted to P, gives an isomorphism P — P.Ifc # 0 or d > 0, then

T = (‘z Z) satisfies 21 = #~1. Note that k(6) = k(0) for —7 < 0 < .



2.2 UNIVERSAL COVERING GROUP 29

2.2.3 Invariant differential operators. The Lie algebra g, of G is the same as the
Lie algebra of G. It has the R-basis

x=(00) w=(00) 1=(5)
with n(z) = exp(zX), k(0) = exp(OW) and a(y) = exp(} log(y)H). See, e.g., [29],

Ch. VI, §1.
For f € C®(G) and Z € g, we have the right differentiation

Zf(9) = & flgexp(2)

t=0

This can be extended C-linearly to give an action of the complexified Lie algebra
g=C®rg,in C* (G’) by left invariant differential operators of first order. All
left invariant differential operators are obtained from these first order operators.
So one obtains an action of the enveloping algebra U(g) of g, see, e.g., [29], Ch. X.

The center of U(g) is the polynomial ring Cw] generated by the Casimir operator

1 1 1
w= —ZHQ - X2 4 5(Xw+wx) = —1E+E— +

1 )

W2 - W

4 2

with E- = H—2iX+iW, and E* = H+2:X—iW. As [E",E*] = E"ET—E*tE™~ =
4iW, the enveloping algebra U(g) is generated by ET and E™.

2.2.4 ITwasawa coordinates. The isomorphisrzl of §n~al~ytic varieties G = H xR

corresponds to the Iwasawa decomposition G = NAK. It leads to the Iwasawa
coordinates on G:

p(2)k(0) = (,9,0).

In these coordinates

W = &
EY = 2 (+2iyd, + 290, F i0p)
w = —y°0; -y + y0,0y.

2.2.5 Polar coordinates. The polar decomposition G = KAK leads to the polar
coordinates on G\ K:

k(n)a(tu)k@) — (u,n,v)
with n, ¥ € R, n + ¢ mod 7Z, u € (0,00) and

—1)2
ty =14+2u+2vVu2+u>1, u:%>0.
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We have W = 0y,. To express H and X in these coordinates, we use

L F (km)a(t) exp(HIKW))| = 2000 (w7, ),

=0
k() "H - k(1)) = cos 2¢) - H + sin 2¢)(2X — W).

Hence cos 210 - H+ sin 2¢)(2X — W) = 2t0;, which may be expressed in 9,. Proceed-
ing in a similar way for 0, from exp(aW)a(t,)k(v), and inverting the resulting
relations, one finds the following description of the action of U(g) in polar coordi-
nates:

W = 0y
; i 1 v 14 2u
Ef = eﬂw(%/?ﬂ—&-uau S ) i—ia)
¢2vw+u" 2vﬁ+uw
1 1
2 2 2
w = —(u —l—u)@u—(Qu—i—l)au—EuQ_’_u )
2u+1 1 1 9

8wz +u) "V 16w +u ¥

2.2.6 Coordinate transformations. The relations between polar and Iwasawa coor-
dinates are

ity cosn+sing i —2vu? 4 usin2y
—ttysinn+cosn 1+ 2u— 2vu? 4+ ucos2n

z=x4+ 1y =

) u

0 = — 1 — %

v +n arg( e ]
_|z—i|2

= m

1 zZ—1

= —ar
=T

Y =0— Jarg(—1—2?).

In the latter transformation, the argument gives rise to a discontinuity. But n+1¢ =
0 — arg(1 — iz) is continuous in (z, 6).
2.2.7 Left invariance. Let go be a fixed element of G. We can apply the left transla-
tion G — G : g — gog, before taking the coordinates. As the differential operators
in U(g) are all left invariant, the operators W, E* and w are still described by the
formulas given above.
2.2.8 Haar measure. The group G, being unimodular, carries a measure invariant
under left and right translations. This Haar measure is unique up to a constant
factor. We fix it by

dy

de
dg = dxAN— A— inlwasawa coordinates,
Yy ™
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d d
= dmwdu N il A _1/) in polar coordinates.
T 7r

_ daxNdy
= pi

We decompose the Haar measure on G = § x K as the product of du(z) m

on $, and %d@ on K. The latter measure gives volume 1 to f(/Z

2.3 Automorphic forms on G

We transform Definition 2.1.3 into a definition of automorphic form on the uni-
versal covering group G in exactly the same way as in 1.3.4. In some sense this is
the opposite of the procedure followed by Maass; see [35], Ch. IV, §1.

2.3.1 Discrete group. We consider a discrete subgroup I of G such that Z c T
and such that T = {4 : v € f‘} acts discontinuously on §). This also gives an
action of I on $). The actual group of transformations in $) corresponding to I is
[ =T/Z~T/{«£ld}.

To discrete subgroups I' of G = SLy(R) acting discontinuously in $), we may
associate the full original I under g — § in G. There is a bijective correspondence
between the groups I indicated above, and those groups I considered in 2.1.2 that
contain —Id.

The full original [imoa C G of the modular group I'yoq = SLo(Z) is discussed
in Section 13.1. Chapters 14 and 15 give other examples. In the next chapter we
shall be more precise concerning the conditions on T.

2.3.2 Definition. A function f on an open subset U of G has weight | € C if
f(gk(0)) = f(g9)e? for all g € U and all § € R. The domain U of f should satisfy
UK =U.

A function f on G with weight [ is fully determined by the function f; :
$H — C:zw— f(p(2)); similarly if the domain of f is a subset of G.

2.3.3 Notations. The character group X = X(f‘) of T'is the group of characters of I.
Its elements are the group homomorphisms [ — C*. We denote by X, = Xu(f‘) the
subgroup of unitary characters, i.e., characters with values in {t € C* : |t| =1}.

We say that a character xy € X belongs to the weight 1 if x(¢) = ™. The set
of weights to which a given character belongs has the form [y + 2Z.

We discuss the character group of f‘mod in 13.1.3.

2.3.4 Definition. An automorphic form for the group I is a function f € Coo(é)
satisfying

i) f(vg) = x(7)f(g) for all g € G, v € T, for some y € X.
ii) f has weight [, for some [ € C.

iii) wf = Af for some A\ € C.



32 CHAPTER 2 UNIVERSAL COVERING GROUP

We call f an automorphic form of weight [, for the character x, with eigenvalue A.

We also apply this definition to f € C°°(U) if U is a dense subset of G
satisfying TUK = U.

Even when the character, weight, and eigenvalue are fixed, the space of au-
tomorphic forms is huge. In Chapter 4 we shall impose a growth condition to get
finite dimensional spaces.

In 13.1.7 we discuss the modular forms (i.e., automorphic forms for the mod-
ular group) on G corresponding to powers of the eta function of Dedekind. For
another example see 14.2.3.

2.3.5 Action of the center. We have assumed Z < T. Hence 0 is the only auto-
morphic form, unless the character belongs to the weight. We shall always assume
that this condition is fulfilled.

If we consider a discrete subgroup A of G that does not contain —Id, then its
full original A in G contains only { k(2mm) :m € Z} C Z. Let T = AU (-Id)A.
The automorphic forms for A with weight [ for the character x of A correspond to
the automorphic forms for I’ of the same weight and eigenvalue, for the character
X1 : k(mm)d — e x(8) of T. So the condition —Id € T'is not really a restriction.
2.3.6 Relation to functions on . Let [ be the weight of the function f on G. Then
condition i) above is equivalent to condition i) in 2.1.3 on f; for the multiplier

ab ab

system (Cd) — (cd). As a multiplier system is a map I' — C* for which i)

in 2.1.3 has non-zero solutions, all multiplier systems for I" come from characters
of T in this way.

If the character belongs to an integral weight, then { k(2m=n):m e Z} C Z
is contained in its kernel. In that case multiplier systems are characters of I' &
L/{k(2rm) : m € Z}. In the case of an even weight, multiplier systems are
characters of I' = I'/{£Id}.

If condition ii) holds, condition iii) is equivalent to condition ii) in 2.1.3 for f;
with the same .

In this way we can go easily from automorphic forms on G to automorphic
forms on $).

2.3.7 Holomorphic automorphic forms. A function f of weight [ corresponds to
a holomorphic automorphic form (of weight ) if condition i) above holds, and
E~f = 0. The corresponding holomorphic automorphic form is given by z +—

y 2 f(p(2)).



Chapter 3
Discrete subgroups

This chapter describes the class of discrete subgroups of the universal covering
group that we shall consider: the cofinite discrete subgroups. The covering T'mod of
the modular group and all its subgroups of finite index belong to this class. This
includes the groups f‘g and f‘com considered in the Chapters 14 and 15. There are
many more cofinite discrete groups; most of them have nothing to do with the
modular group.

There is a well-developed spectral theory of automorphic forms for cofinite
discrete groups, see, e.g., Roelcke, [50], [51], or Hejhal, [21].

We discuss the group of characters of a cofinite discrete group I' in Section 3.4.
As we prefer simply connected spaces, we describe the character group with help
of its Lie algebra, the vector space of group homomorphisms I — C. We use
canonical generators, discussed in Section 3.3, to give that description in a unified
way. Petersson, [42], has done this in the language of multiplier systems. We include
the computations to give a feeling of how things look when one works on the
universal covering group G.

The geometrical object underlying automorphic forms is the quotient f\ﬁ =
I'\G/K. We discuss this quotient in Sections 3.2 and 3.5. Section 3.5 serves mainly
to fix some notations to be used in the sequel.

I thank J. Elstrodt for several remarks on an earlier version of this chapter.
He also pointed out pitfalls in the terminology concerning Fuchsian group.

3.1 Cofinite groups

3.1.1 Conditions. In Part I of this book I stands for a subgroup of G such that
i) T is discrete in G,

i) ZcCT,

iii) ff\é dg < co.
Conditions i) and iii) determine the cofinite discrete subgroups of G. Condition ii)
is not essential. It serves to avoid some complications.

An example is the covering I'yoq of the modular group, see Section 13.1. In

Chapters 14 and 15 we consider two other examples.

The Haar measure dg on G gives a quotient measure on f‘\é7 also denoted
by dg.

33
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3.1.2 Fundamental domain. The action of SL3(R) in § factors through the quotient
group G = PSLy(R) = SLy(R)/{#Id} = G/Z. So G acts in H, and T =T'/Z is a
group of transformations in $).

A fundamental domain F for I is a reasonable set in 9 such that

)T -F=#9,
i) fze F,ye r satisfy z # vz € F, then z and yz are boundary points of F.

All fundamental domains we shall use are very reasonable: they will be connected
and the boundary will be the union of finitely many smooth curves. But one could
allow more complicated sets. At least F' should be the closure of an open set.

In Figure 1.1 on p. 2 we have seen a fundamental domain for the modular
group. For other examples see 14.1.4 and 15.1.1.

3.1.3 Finite volume. Let du(z) = y~2dx A dy. This gives a measure on § that is
invariant under the action of G. ~

Consider a fundamental domain F for I'. The quantity [}.du(z) does not
change if we replace F' by another fundamental domain for T'. Moreover, G =
I - (p(F)k(][0,7))) and except for a set of boundary points, this decomposition is

unique. We have seen in 2.2.8 that dg = du(z) A &

<> in Iwasawa coordinates, and
we get
T do
/ ~dg:/du(z)/ —=/du(z)
\G F o T F

Condition iii) is equivalent to [, du(z) < oo for some fundamental domain F of T,
if this can be found.

3.1.4 Existence of fundamental domains. For groups rcda containing Z, dis-
creteness of T' in G is equivalent to discreteness of I' in G = SLy(R), and hence to
= f‘/Z acting discontinuously in $); see Maass, [35], Ch. I, Theorem 1 on p. 8.
The construction in loc. cit., Ch. I, §3, shows that I has a fundamental domain
with a boundary consisting of, possibly countably many, hyperbolic lines or line
segments. The finiteness of the volume of such a fundamental domain implies that
its boundary consists of finitely many hyperbolic line segments. This follows from
the proof of Theorem 5 in Siegel, [54]. So our T is finitely generated. (See also
Lehner, [32], Ch. IV, 5.D, p. 135.) As { = k(=) generates Z, the group I is finitely
generated as well.

3.1.5 Puchsian groups. Now we know that r / Z satisfies the condition on p- 25 in
Maass, [35]. The reasoning on p. 29-30 of loc. cit. shows that it is a principal circle
group, or Fuchsian group of the first kind.

The group I' = F/ Z is a Fuchsian group if it is a discontinuous group of
fractional linear transformations leaving ) invariant. T is of the first kind if it is
not discontinuous at any point of the boundary R U {oo} of $ in CU {o0}.

Condition iii) in 3.1.1 gives the additional property of having finite covolume.
Soour I' = T'/{k(2rm) : m € Z} C SLy(R) is a finitely generated Fuchsian group
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of the first kind. Miyake, [38], §1.7, p. 28, calls this a Fuchsian group of the first
kind; Shimura does the same, see [53], §1.5, p. 19.

3.1.6 Elliptic points for I are points in § which are fixed by an element of " that
is not in Z.

Each element v € T, v ¢ Z, that fixes z € § is of the form p(z)k(p)p(z)~!
with ¢ € 7Q, ¢ & 7Z. Such elements are called elliptic. The subgroup of T fixing
an elliptic point z is of the form {p(2)k(ir/v)p(z)~t : | € Z} for some v € N,
v > 2. We call v the order of the elliptic point z. The order is the same for all
points in the [-orbit of an elliptic point.

Elliptic elements v € T' are characterized by the condition |trace(3)| < 2 on

4 € SLa(R); see, e.g., Shimura, [53], §1.2. For examples see 13.1.10.
3.1.7 Cuspidal points of T are elements of the boundary R U {oc} of $ which
are fixed by parabolic transformations in I'. An element v € T is parabolic if
|trace(§)| = 2 and ¢ Z. Parabolic elements are of the form m = gn(z)g~ k(Ir)
with x #2 0,1 € Z, and g € G such that g - co is the cuspidal point that 7 leaves
fixed.

The subgroup of r fixing a cuspidal point g - co may be written in the form
{gn(r)g~'k(lx) : r, | € Z}. It may be necessary to replace g € G by ga(t) with
t > 0 suitable to get Z as the set of values of r in that representation.

The presence of parabolic elements in I is visible in each fundamental do-
main F for T. If g - o0 is a cuspidal point for f‘, then there is a v € I such that
vg- oo is an end point of two boundary segments of F. See, e.g., Maass, [35], Ch. I,
Theorems 3 and 4, on p. 15 and p. 24.

3.2 The quotient

We mention some facts concerning f‘\j’) and the compact Riemann surface obtained
from it. One finds a more complete discussion in, e.g., §1.7-9 in Miyake, [38], or
the first chapter of Shimura, [53].
3.2.1 Quotient and fundamental domain. As I acts discontinuously in $, the quo-
tient F\S’J '\$ is a Hausdorff topological space.

Let F be a fundamental domain for I". We may use it as a model for I'\ §), if we
pairwise identify the boundary segments of F' by transformations in I'. Connected
neighborhoods in f\b of boundary points of F' look a bit unconnected in this way.

3.2.2 Cusps. One may also consider the action of T in
N =HU {cuspidal points for f‘} .
Each T-orbit of cuspidal points corresponds to at least two boundary segments of

a given fundamental domain, hence the number of [-orbits in the cuspidal points
is finite. We call such a I'-orbit a cusp.
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Figure 3.1 Connected neighborhoods of Timod - (% +2i) and TCiod - (% + %\/5) in f’mod\f),
as represented in the standard fundamental domain.

Miyake, [38], §1.7, describes how to put a topology on $* such that I\H*
is a Hausdorff topological space. f\f)* is compact, as one sees in Theorem 1.9.1
in [38]. (Miyake calls a cofinite discrete group a Fuchsian group of the first kind.)
3.2.3 Notation. Y =T\$ = T\G/K and X =T'\$H*.

X is a compact space, Y an open subspace. X \Y is finite; we denote it
by X°°. It is the set of cusps.

pr: G —Y and pr: H* — X denote the projection maps.
3.2.4 oo or ico. Up till here we have considered I' as a group of fractional linear
transformations acting on the projective line over C leaving $) invariant. From this
point of view it is natural to use co. If one works in the upper half plane, one
usually writes 200. This I shall do in the sequel.

3.2.5 Complex structure. X may be given a complex structure. Then it becomes
a compact Riemann surface. See, e.g., Miyake, [38], §1.8. Most points of X are of
the form I'- zg with 29 € $ not an elliptic point for I'. Then z¢ has a neighborhood
U in $ on which pr is a homeomorphism. On prU we use I' - z — z — 2z as a local
~ v

coordinate. If zg is an elliptic point of order v we use I' - z — (%) as a local
coordinate at Pr(zo). }

If g - ico is a cuspidal point of I' with { gn(k)g~'k(nl) : k,l € Z} as its fix-
group in I, then £ = T'g - ioo € X has a neighborhood U such that U = U ~ {¢}

is covered by z — T'g-e2™* with pr(z) = pr(z) if and only if z = z; mod Z. Then

& = 0
{ f‘g RPN e27riz
is a local coordinate on U.

In §1.8 of [38] the map z +— e2™*/" defines a local coordinate at a cusp.
This h € Z gives more freedom in normalizing the fix-group. That is an advantage
when one compares automorphic forms for T’ with those for a subgroup of finite
index. I prefer to give all cusps ‘width 1’ in the context of this book.
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The Riemann surface X is the natural space to work on when one considers
holomorphic automorphic forms.

3.2.6 Metric structure. § is also a riemannian space with metric given by (ds)? =
y~2(dx)? + y~2(dy)?. This metric is invariant under the action of G, and hence
carries over to Y, except at the elliptic orbits, where it degenerates. So from the
point of view of differential geometry, Y is a riemannian surface with singularities
at the elliptic points. The cusps are infinitely far away, so there is no reason to
consider the compactification X. If there are cusps, the surface Y has ‘tentacles’
with infinite length but finite area.

3.2.7 Compact quotient. There are groups I without cusps. For example the tri-
angle groups; see, e.g., Lehner, [32], Ch. VII, 1.G, p. 227. Other examples are
the unit groups of norm 1 in indefinite division quaternion algebras over Q; see,
e.g., Miyake, [38], Chapter 5, especially Theorem 5.2.13.

For such groups Y = X, and Y itself is compact.

3.3 Canonical generators

When we shall study the group of characters, it will be convenient to have a
description of a general discrete subgroup I in terms of generators and relations.
Such a description is available; we discuss it in this section.

3.3.1 Canonical fundamental domain. In Lehner, [32], Ch. VIL4, p. 241, or Peters-
son, [42], §3, one finds a canonical fundamental domain F for " with the following
properties:

i) The boundary OF of F consists of finitely many oriented smooth arcs,
near their end points given by non-euclidean geodesics. We enumerate these
boundary arcs in counterclockwise succession (g, p,q > 0):

/ / I

1al17123127"~7lp7lp,

/ li li

b b, ha, B B,

! b b/ !/ b b/ !/ b b/
ay,01,0a1,07,0Q9, 02,042, 27"‘70497 g7aga g

ii) For 1 < j < p there exists m; = gjn(l)gjl e T such that I is m;l; with

opposite orientation; g; - 700 is the initial point of I;, and g; € G.

iii) For 1 < j < ¢ there exists e; = p(z;)k(7/vj)p(z;)~" € T, with v; > 1
integral, such that h; is €;h; with opposite orientation.

iv) For 1 < j < g there are ;, n; € T’ with traces satisfying |trace(7;)| > 2,
|trace(rj;)| > 2, such that @ is v;a; and b} is 7;b;, both with opposite
orientation. The ¥; and 7; are hyperbolic matrices.
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Figure 3.2 The part of the boundary corresponding to ; and ;.

g1+ 100, ..., gp - too are cuspidal fixed points of [, and z,..., zq are elliptic fixed
points. These points represent the cuspidal and the elliptic orbits of I'. The num-
ber g is the genus of T'.

3.3.2 Ezamples. 13.1.8 gives a canonical fundamental domain for f‘mod. The stan-
dard fundamental domain of the modular group in Figure 1.1 on p. 2 is not canon-
ical. See 14.2.4 and 15.1.8 for other examples.
3.3.3 Generators and relations. The advantage of canonical fundamental domains
is the resulting uniform description of all cofinite discrete groups.

We see in Lehner, [32], Ch. VIL2, p. 230, or Petersson, [42], §3, that T is
generated by T; (1 < j < p), & (1 < j <gq), and 7;,7; (1 < j < g), with explicitly

given relations. These relations imply that as an abstract group I' is generated by

{mi:1<j<piu{e:1<j<q}
Uy :1<i<glu{n:1<j<g}uU{¢}

with ¢ = k(7). The relations are

C is central ,

E;jz for1 <j<gq,

Ty TpEL - EgNTYE I V22 Ys M Vallg Yy Ty
_ C2g—2+P+q.

The relations in G immediately imply those in G, except for the exponents of ¢. In
the second relation the exponent 1 follows from the definition of €;. The exponent
2g — 2 + p + q in the last relation requires more work. Petersson discusses it in
terms of multiplier systems, see [42], p. 64, and [43], p. 192, Satz 8. Here we shall
relate it to the formula

dx N\ dy 1
— =2 29—2+p+q—Z; : (3.1)

j=1"7

vol(T\§) = /

F Y

which can be proved by considering divisors of automorphic forms on the compact
Riemann surface related to T'\$). See, e.g., Shimura, [53], Thm. 2.20, p. 42.
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We discuss in 13.1.9 a choice of canonical generators for the modular group:
¢, n(1), k(n/2), and k(7w/2)n(—1). But 13.1.2 shows that n(1) and k(xw/2) already
generate I'moa. This is a general phenomenon: I can be generated with less gen-
erators, but with canonical generators one gets a uniform description.

3.3.4 Proof of the main relation. In the remainder of this section we check the
relation

Ty TpEL - EgNTYT T V2Tl Ys My Yallg Yy My T = CPOTEIPR
The idea is to lift a walk around the canonical fundamental domain F'. In ) the
completion of such a walk brings us back to the point of departure. This need not
be the case if we lift this walk to G. Of course, the discrepancy depends on the
way in which the boundary curves in § are lifted to G.
3.3.5 Choice of reference points. Actually, we do not walk around the canonical
fundamental domain F itself, but along the boundary of

F(a)zF\U{gj~z€,‘6:y>a}.

j=1

So we truncate F' at the cusps. If a is large enough, then the truncation involves
only the boundary components l; and I; for 1 < j <p.
We define on dF(a) the points w1, ..., Uptg+q DY

b if1<j<p
u; is the initial point of h;-_p ifp+1<j<p+gq
a fp+g+1<j<p+q+g.

~.

Jj—p—q

Put up4gt+g+1 = u1. The conditions in 3.3.1 imply

L if1<j<p
uj41 is the end point of ¢ hj_p ifp+1<j<p+gq
Vi pq ptag+l<j<p+q+ty,
and u; = pj - ujy1, where p1, ..., pprqrg € I are defined by
) if1<j<p
pi =1 Ei-» ifp+l<j<p+tgq

Vicp-aMi—p-aY; gl pg HPFa+1<j<p+q+g.
The relation to be proved holds after projection to G. So p; - - Pptgtg = k(mm)
for some m € Z. We want to show that m =29 —2+p+q.
We need not lift the whole curve 9F (a) to G, but only the u;. We define
ﬁ17~~-aﬁp+q+g+1 S G, by ’[7,1 = p(ul) and ﬂjJrl = pj_lﬂj fOf 1 S j S p+ q +g
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Then @; is a lift of u;, and in general @y yqyg+1 7 1. Define 61, ...,0p 144941 by
ﬂj = p(uj)k(ﬁj) This giVQS —TTm = 0p+q+g+1 — 01 = Up+tq+g+1-

Equation (3.1) relates 2g — 2 + p + ¢ to the volume of F. We consider
dx N\ dy dx

5 = lim —.
4= JoF(a) Y

vol(T\§) = lim
a—00 Jp(q) Y

Let Bj(a) be the part of OF (a) between u; and u;q1. If j > p, then B;(a) = B;
does not depend on a. It suffices to show that
p 20]‘ — 29j+1 + 0(1) (a — OO) if1<;<p
T
/ ?: 20j—29j+1—27T/1}j_p ifp+1§j§p+q
Bj(a)
' 20; — 20,41 ifp+q+1<j<p+q+g.

We shall use the relation

d_a:o (aﬂ) :d—$+2darg(7z+5) for (aﬁ) € SLy(R).
Y v Yy )

3.3.6 Cuspidal pieces. Let 1 < j < p. Put v = gj_1 CUj, W = gj_1 - Uj41. Then
w=v—1, and Bj(a) = g{l - Bj(a) consist of three pieces: from v via ia + & + 1
and ia + £ to w. The point g; - (ia + §) is the intersection of I; with the line that
truncates F'.

ta+€ ia+&+1

Figure 3.3 The path Bj(a). The vertical lines need not be straight in reality, but they
are related by a horizontal translation over 1.

Multiplying g; by an element of the center does not change the action in $

or the relation 7; = gjn(l)gj_l. So we assume g; = (f‘/@) and gj_1 = (_j _5)
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Now

/ @:/ d_xo(aﬁ):/ ﬁ+2arg(q/z+6)
Bj(a) Y Bj(a) Y v 6 Bj(a) Y

ia+§€ dr ia+§+1 "
= - — +o(1)+ ”m + 2arg(yw + J) — 2arg(yv + 0)

w

v

w Y
_ Yw + &
= 2arg(7v+5) +0o(1) (a— o0).

When combining the arguments, we note that yw + § and yv + § are either both
in the upper half plane, or both in the lower half plane. So we do not need a
correction term =£27.

On the other hand m;p(u;11)k(0;41) = p(u;)k(6;), hence n(l)gj_lp(gj - w)
k(Oj41) = g;lp(uj)k((‘)j). We use Equation (2.1) on p. 28 to obtain

+0
+0

+
—arg <_7aw 64—04) +0j41 = —arg (—v(w +a) +0;.
Yw + 0 v

Again, combining the arguments poses no problem. We arrive at

0 — 0. — 1 1 B Yw + &
g Vi = A Y+ yw+46 =18 yo+d6 )"

So fBj(a) df =260; — 20,11+ o(1), as we set out to show.

3.3.7 Elliptic pieces. Let 1 < j < ¢, and put | = p + j. Equation (2.1) implies

e = plz)k(n/v)p(z) ™"

= plej-i)k (— arg (xj —sin = + cos ﬁ)) .
Yj vy vj

Hence ¢, is of the form (ﬂj g), and yz; +0 = e—mi/v;

/@ = /(ﬁ—@ogj):—Qarg(72+5)
B; Y h; \Y Y

J

Ur4+1

zj
1
= —2arg(yui+1 +96) — 2r—.
vj
We finish this case by noting that ;41 = @; implies ;41 — 6; = arg (yui+1 + 9).
3.3.8 Hyperbolic pieces. Let 1 < j < g, and put [ = p+ g+ j. As 4; and ); are
hyperbolic elements of G, we call the remaining pieces of 9F (a) hyperbolic.

Now we have the situation of Figure 3.2 on p. 38. Let v be the end point of
b;, then we have the following scheme:
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boundary part initial point end point
a; Vv = w Vv
b; Y5 v
(Lj v njU
b ;v MYV = U1

For the relation it does not matter whether we multiply «; or n; by an element

of Z. We assume - -
1 f(ap 1 (€0
() ()

The equality v; 'n; ' p(n;7;0)k(0141) = n; *v; 'p(y;m;0)k(6;) implies

—arg (v(v; - v) +9) —arg (k(n;v; - v) + A) + i1
= —arg(k(n; -v) + ) —arg (y(v;n; - v) +9) + 0.

So the contribution to the integral has the right value:

dx de der 4 dr dr _4
— = ———o'yj + ———onj
B; Y at \ Y Y v, \ Y Y

J

= —2arg(yz+9)|, —2arg(kz+N)|, = 20 —0141) .

3.4 Characters

We want to study families of automorphic forms depending on the spectral pa-
rameter and the character. (Characters of T' are in bijective correspondence to
multiplier systems for I'; see 2.3.6.) So we need to understand the group of char-
acters of I'. This is no problem, as we have available the canonical generators,
and the relations between them. We shall describe the characters with help of the
vector space of group homomorphisms I —C.

3.4.1 Notation. X =hom(I',C*) is the group of characters of T'. So a character is
a group homomorphism from T to the multiplicative group of C.

We denote the subgroup of unitary characters (i.e., |[x(v)| = 1 for all v € f‘)
by X,. This is a (real) compact subgroup of the (complex) abelian Lie group X.

3.4.2 Modular group. In 13.1.3 we give an explicit description for the modular
case: X(f‘mod) =~ C mod 12Z. It is convenient to use r — x, = €™ to parametrize
X(f‘mod), see 13.1.7. The « in the exponent is a group homomorphism f‘mod — R.
This indicates that it might be useful to consider the homomorphisms into the

additive group of C:
3.4.3 Notation. V = hom(T',C), V, = hom(T', R).
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V is a vector space over C, and V, a vector space over R. They are related
by V = C ®g V.. The space V is the Lie algebra of the Lie group X. As X is an
abelian group, all Lie brackets in V are zero.

In the modular case, the element « discussed in 13.1.7 is an element of
V,(Timod). From the relations in 13.1.2 it is easily seen that a spans V(Tmoq)r
over R, and V(f‘mod) over C. These facts also follow from the next result:

3.4.4 Lemma. dimc V = dimgr V, = 29 + p.
@ €V is determined by its values on y;, n; and m, with1 <5 <g,1<1<p.
The values on the other generators are

27 1 .
O = gy P #le) = w0 frisisa

Jj=1

Proof. See the relations in 3.3.3 and Equation 3.1.

3.4.5 Notation. exp : V — X : ¢ — e'® is a group homomorphism. It sends V, to
X,; its kernel is hom(T, 27Z) C V.

3.4.6 Remarks. In the modular case this amounts to exp : ra +— e In 14.2.5
and 15.1.9 we discuss the space V for two other example groups.

It may happen that V = {0}. This is, for example, the case for those triangle
groups that are generated by elliptic elements. See, e.g., Lehner, [32], Ch. VII, 1.G,
p. 228. For these groups, one even has X = {1}. This means that these groups are
not interesting in the study of families of automorphic forms that depend on the
character in a holomorphic way.

For I'moq we have seen that X = exp (V). For the two other example groups
(discussed in the final chapters of this book) one has the same equality. We give
an example of groups for which this is not the case:

3.4.7 Hecke groups. In §5 of [20] Hecke discusses a family of cofinite groups, indexed

by ¢ € N, ¢ > 3. Define I'; as the group generated by ((1) 2“’51”/‘7) and (7(1) (1)) For
g = 3 one obtains I'0q.

This leads to Ty, the subgroup of G generated by m; = n(2cos(r/q)) and
w = k(7/2). One may check that ¢ = 0, p = 1 and that there are two elliptic
orbits. Canonical generators are w1, e = w and g3 = p(22)k(7/q)p(22)~ " with
2y = €™/4, The character xo, determined by yo(m1) = 1 and yo(w) = €27/ (4=2) ig
not in exp (V) if ¢ is even.

3.4.8 Notation. Xy is the subgroup of X, of characters with value 1 on

'Yla-~-7'-)/_(];771’-”7779777'17-”771';0

and with x(¢) a root of unity.

For x € A all x(e;) are roots of unity as well.

The character xo of f‘q is an element of Xy. This shows that Xy need not be
trivial, and that it need not be contained in exp V.
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3.49 Lemma. X is a finite group; X = X - exp V.

Remark. This shows that to study the holomorphic dependence of a family of
automorphic forms on the character it suffices to work on components y - exp (V)
of X, with xg € Ap.

Proof. Let x € X be given. Choose p; € C such that e®?7 = x(;), r € C such that
e = x(¢) and b; € 2Z such that e!("*7)/% = y(g;). Then

r 1 b, 1 r
—Zf+zi+—zpj =(29—2+p+q)—mod 2

We may arrange equality if we choose p; or by suitably. If p = ¢ = 0, then g > 1
by Equation (3.1) on p. 38, and hence ¢(¢) = 0. So

—Dri=|2 pra= |7
Jj=1 j=1
with £ € Q.
Define ¢ € V such that e?(3) = x(v;), €M) = y(n;) for 1 < j < g and

@(mj) = p; for 1 < j < p. Then exp ¢ and x coincide on the generators ~;, n; and
m;. Further

q q
1 1
2g72+p+qu o () = 2972+p+q*5 o r+&m.

j=1 J j=1 7

So ¢(¢) € 7+ mQ. So x(¢).(exp ¢)~1(¢) is a root of unity, and x - (exp )t € Xp.

Let x € Ap. In the computations above we have p; = 0 for 1 < j < p. We
can impose the restrictions 0 < b; < 2v; for 1 < j < ¢, and 0 < 7 < 27. The
computation shows that

T b, 1)
Z—JE 29—2+p+q—2— — mod 2.
j:lvj V5 ™

j=1 7

This has only finitely many solutions that satisfy the restrictions.

3.5 Notations

We consider automorphic forms as functions on G. But we have to keep in mind
that their transformation behavior implies that they are determined by their values
on p(z), where z runs through a fundamental domain. So in a sense we work above
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the quotient Y = f\sﬁ. In this section we fix some conventions that will be useful
in the sequel. The choices are based on a fixed canonical fundamental domain.

3.5.1 Ezxceptional points. We choose a finite set P C X containing at least the
cusps. We call it the set of exceptional points, above which we shall allow auto-
morphic forms to have singularities; see also 1.7.1. In the context of meromorphic
automorphic forms, the set P indicates where we allow poles. We leave P fixed in
Part 1.

We put Py = PNY, and call it the set of interior exceptional points. Thus P
is the disjoint union of two finite — possibly empty — subsets of X: the set X*°
of cusps, and the set Py.

3.5.2 Notation. We fix a canonical fundamental domain F', and corresponding
canonical generators.

For each cusp P € X there is a unique representative g; - oo in the closure
of F in $*. We put gp = g; and 7p = 7; = gpn(1)gp' € T. We arrange gp to
have the form gp = (’; 3)7 gp' = ( d _b), for some (Z Z) € G. This is convenient

—C a
when we want to view automorphic forms as functions on $).
Next consider P € Py. We choose zp € F such that P =T - zp. (If zp is a
boundary point of F, but not an elliptic point, we have some freedom of choice.)
We put gp = p(zp). This implies that again gp = (’ZZ), g;l = (f _2>, with

C

ab) _ Vip T /\/y . e L T ) .
(cd) = ( oe 1P/\/y:) € G. If P is an elliptic orbit I' - z;, we take vp = v; and

ep = gpk(m/vp)gp'. Otherwise we put ep = ¢ = k(r) and vp = 1. In both cases
ep = gpk(m/vp)gp'.

Thus we have selected for each P € P an element gp € G such that either
gp - 100 or gp - ¢ corresponds to P under pr, and we have chosen 7p, respectively
ep, in the subgroup of T that leaves gp - ic0, respectively gp - 4, invariant.

3.5.3 Standard neighborhoods of exceptional points are obtained from simple neigh-
borhoods of ‘0o and 7 in H UR U {ico} by projection. For o > 0 we put

pr{gpz€H:y>c}U{P} if Pe X
Up(o) = z—1 o

pr : if P

pr{gpzeﬁ ‘Zﬂ. <,/0+1} if P € Py

—1

with o € (0, 00). If we take u = % (see 2.2.6), then the condition |£7;

is equivalent to u < o.
We put Up(o) = Up(o) ~ {P}.
3.5.4 Coordinates. On

/| _o
< o+1

pr Y (Up(0)) Np(F)K = pr Y (Up(0)) N {p(2)k(d) : z€ F, 0 € R}
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we may use the following coordinates:

Pe X gpp(2)k(0) +— (z,y,0) (Iwasawa coordinates)
PePy gpk(na(ty)k() +— (u,n,9) (polar coordinates),

provided o is suitably chosen. Suitably means large enough for P € X°°, and small
enough for P € Py.

If P € Py and o is small enough, the set pr‘lUp(a) consists of infinitely
many connected components. Let us consider the component C of gpa(t,/2). The
polar coordinates may be used to map C bijectively onto { (u,n,%) : 0 < u < o,
n € R,0 < ¢ < w}. Left translation by ep maps C into itself, and amounts to
(u,m,%) — (u,n + 7/vp,¥). As a set of points, pr—'Up (o) is isomorphic to C
modulo the action of €p, provided ¢ is small enough.

For P € X°° and o large enough, the Iwasawa coordinates map the connected

component C of gpa(20) onto { (z,y,0) : * € R,y > 0,0 € R}. Left translation
by mp and by ¢ both leave C invariant; mp corresponds to (z,y,0) — (x +1,y,6),
and ¢ to (z,y,0) — (z,y,0+7). If o is large enough, then pr~'Up (o) is isomorphic
to C' modulo the group generated by the actions of 7p and (.
3.5.5 Choice of the Ap. We choose Ap € (0,00) suitable in the sense just men-
tioned, such that in addition all Up(Ap) for P € P are pairwise disjoint. To see
that this is possible, note that the set P is finite, and that the Up (o) are a basis
for the neighborhoods of P in the Hausdorff space X.

The set Y N\ Upep Up (Ap) is compact.

To have some freedom in the construction of a transformation function in
Section 8.2, we take Ap = Ap+1if P € X and Ap = %AP if P € Py. The
Up ({1 p) are strictly smaller than the U, p(fl p). We shall glue functions on the sets
UP(AP) AN UP(AP). 5

If we consider P = {P}, P = I'y0d-900, in the modular case, then any positive
Ap < 2 is right. If we take P larger, other choices of the A, should be made. For
instance, if P = {P,Q;}, with P as before, and @Q; = Lmod - i, we need to be more
careful; see 13.1.12. For other examples see 14.2.7, and 15.1.11.

3.5.6 Notations. Yp =Y ~ P, Gp = pr~*(Yp). We also define



Chapter 4
Automorphic forms

Definition 2.3.4 allows too huge a space of automorphic forms to be convenient. In
this chapter we formulate our concept of ‘automorphic form with growth condi-
tion’. In 1.7.1 we have already indicated that we want to allow singularities above
a finite set in Y = f‘\j’). In 3.5.1 we have fixed this set as Py, the set of ‘interior
exceptional points’. Moreover, we want to impose growth conditions at all points
of P =Py U {cusps}.

In the cuspidal case, P € X*° = {cusps}, condition iii) in 1.5.2 imposes
the usual condition of polynomial growth near the cusp. But it is better to allow
exponential growth to have for instance the Poincaré series in 1.5.9 and 1.7.2
come under our definition. The idea is present in 1.5.6: disregard a finite number
of terms in the Fourier expansion, and impose a growth condition on the remaining
sum. The condition of square integrability turns out to be more convenient in the
context of this book than that of polynomial growth. That is the regularity defined
in 4.1.8.

For interior points P € Py we proceed in an analogous way. The Fourier
expansion is formed with respect to 7 in the polar coordinates (u,n,%) at P. Here
we define regularity as smoothness.

We use the term ‘growth condition’ to denote a rule that gives for each P € P
a finite number of Fourier terms to be left free.

To carry this out, we consider in Section 4.1 the Fourier expansion at each
P € P, and define regularity. Section 4.3 discusses the definition of ‘automorphic
form with growth condition’. The Maass-Selberg relation in Section 4.6 gives a
condition that is automatically satisfied by the Fourier terms of automorphic forms.

In 1.4.4 and 1.5.8 we have seen that Whittaker functions and confluent hy-
pergeometric functions turn up in the explicit description of Fourier terms at a
cusp. In Section 4.2 we discuss special functions needed to describe the Fourier
terms.

Maass, see [35], Chapter IV, (12) and (13) on p. 177, introduces differen-
tial operators that map automorphic forms to automorphic forms, and shift the
weight over 2. This can be seen as the action of elements of the Lie algebra g on
automorphic forms, see Section 4.5. In Section 4.4 we consider the action of these
differential operators on the Fourier terms.

The ideas we follow in this chapter may be found in Chapter IV of [35], except
that Maass allows no singularities in $), and less growth at the cusps.

47
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4.1 Fourier expansion

In Section 3.5 we have fixed a finite set P C X = f‘\sﬁ* of exceptional points,
containing at least the cusps. We have called the elements of P exceptional points.
We consider in this section the Fourier expansion of an automorphic form at an
exceptional point P € P, and we define the condition ‘regular at P’. Actually,
we do this for a wider class of functions, although we shall mainly use it for
automorphic forms.

We fix a character x of the cofinite discrete group I' and a weight [ satisfying
e = x(¢).
4.1.1 Definition. Let U C G satisfy TUK = U. For example, U = Gp, or U is the
full original U = pr='Up(o) in G of the open set Up(c) C Y for some P € P and
some o > 0. A function f: U — C is called x-I-equivariant if it satisfies

F(ygk(0)) = x(7) f(g)e"® forally €T, geU, 0 €R.

The assumption e™ = y(¢) is necessary if we want to have non-zero equivariant
functions. The property of x-l-equivariance combines conditions i) an ii) in the
definition of automorphic form in 2.3.4.

In 4.1.2 and 4.1.3 we consider a x-l-equivariant function f € C°°(U) with
TUK =U.

4.1.2 Fourier expansion at a_cusp. Let P € X°°, and assume that Up(a) is con-
tained in prU for some o > Ap. The element 7p of I' maps pr=1Up (o) into itself,
see 3.5.4. As f(mpg) = x(7p)f(g), we have the following Fourier series expansion

in z, valid on pr=!Up(o):

Flapp(2)k(0)) = €™ Fp, f(y)e'’,

where n runs over the set Cp(x) = {n € C: e*™ = x(np) }, and where Fp,,f €
C*(0,00) is given by

1 .
Fpnf(y) = /0 Flgpp(a +iy))e 2" da.

The n € Cp(x) need not be integers.
Fp,f is a function of one variable, with domain (o, 00). It determines a term
in the Fourier expansion. We call

Fpuf :prtUp(0) — C: gpp(2)k(0) — 2™ Fp, f(y)e'"?

the Fourier term of order (P,n) of f.
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Automorphic forms are eigenfunctions of the Casimir operator w. Let us
consider the action of w on Fourier terms. In the integral

1
Fraf(g) = /0 2T fgpn(e)gptg) de,

we differentiate under the integral sign; this gives wF pnf = F powf. (Here we
use the invariance of w under left translations.) The description of w in Iwasawa
coordinates, obtained in 2.2.4, gives Fp wf = lp,(I)Fp, f with

lpn(l) = fy23§ + 4m2n%y? — 27nly.

4.1.3 Fourier expansion at interior exceptional points. Let P € Py, and assume
that Up(o) C U for some o € (0,Ap]. As f(epg) = x(ep)f(g), we have the

following Fourier series expansion in 7, valid on pr=Up(o):

Flgpk(na(tu)k(@)) =Y €™ Fpnf(u)e™,

where n runs over Cp(x) = {n € C : e"/? = y(ep)}, and where Fp,, f €
C>(0, Ap) is given by

Fonf() = [ flark(mattye L
The Fourier term of order (P,n) is Fp,.f(gpk(n)a(t,)k(®)) = ™ Fp,, f(u)e?,
for 0 < u < o, n,9 € R. Again wl:“p,nf = FP’an, and Fpa,wf = lpn()Fp.f,
with
(n —1)2 nl
16(u2 +u) 4u+1)

lpn(l) = —(u® + u)@i — (2u+1)0, +

4.1.4 Differential equation. The domain of Fp,, f is a subset of (0, 00), depending
on the domain of f. It always contains an interval (o,00) if P € X°°, and an
interval (0,0) if P € Py.

If f satisfies wf = Af on U, all Fip, f are solutions of the second order linear

differential equation {p,,(I)F = AF'. This differential equation is regular on (0, co)
with analytic coefficients. We shall discuss its 2-dimensional space of solutions in
Section 4.2.
4.1.5 Ezamples. In Section 1.4, and also in 1.5.5, we have seen Fourier expansions
at the cusp of several modular forms. (Note that gp = 1 in these examples.) One
finds explicit Fourier expansions of automorphic forms for other groups in Sections
14.3 and 15.2.

Fourier expansions at interior points generalize the concept of power series
expansion; see 13.2.4 for an example.
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4.1.6 Dependence on the group. Our choice of the gp has the disadvantage that
if a modular form is considered as an automorphic form for a subgroup of finite
index, the Fourier expansions are written down in a different way; see 14.3.2.

4.1.7 Domain of convergence. the Fourier series expansion at each P € P of a
x-l-equivariant f € C°°(G) converges on G. But if f has singularities on pr—' Py,
the series at P converges on a smaller set, containing prlU p(flp), whereas the
individual Fourier terms may be extended to G, respectively G ~ (p(zp)K). But
whatever the domain of a given automorphic form is, we may extend its Fourier
terms at P as real analytic functions on G if P € X°°, and on G ~ pr—*{P} if
P e Py.
4.1.8 Regularity. Let P € Py. If an automorphic form f is in C'* (é), then each
Fourier term F pnf is a C°°-function on G (as is seen from the integral repre-
sentation). But if f is singular at the points of pr='{P}, then its Fourier terms
may have a singularity at the points of pr=!{P} as well. See for instance 13.2.4. It
seems natural to single out those Fourier terms that correspond to C°°-functions
at points of pr~1{P}. We shall call them regular.

For P € X°° it is less clear when a Fourier term at P should be considered
regular. In this book square integrability will turn out to be a useful criterion.

We give the definition of regularity for more general functions than just
Fourier terms. In particular, we define it for automorphic forms as well.
4.1.9 Definition. Let P € P, and let f be defined on a set pr’lUp(U), and suppose
that it satisfies on this set

flgk(9)) = f(g)eim forall d € R
f(rpg) = x(mp)f(g) ifPe X
flerg) = x(ep)f(g) if P€Py.

If P € Py we call f regular at P, if it is the restriction of a function in
C>(pr~—tUp(a)).

If P € X choose v € Cp(x). We call f regular at P, if it is an element of
C>(pr~'Up(c)) and

// eI L (gp ())|2dz‘;%/<oo.

If the conditions are met on some set pr‘lUp(a), they are met on smaller
sets of this form as well. For P € X the choice of v in its class in C mod Z
does not influence the condition. If |x(7wp)| = 1, which is the case if x is unitary,
then we do not need the factor e=2™#? in the integral; but otherwise this factor
is really necessary to obtain a function z — |e’2’”” flgpp(2) | that is invariant
under z +— z + 1 for y > o.

The condition of polynomial growth at the cusp in Definitions 1.2.2 and 1.5.2
does not imply regularity at that cusp. Lemma 4.3.7 will imply that modular cusp
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forms like A (see 1.3.2 and 1.4.2), and the cuspidal Maass forms (see 1.4.5) are

regular at I'oq - 00.

4.1.10 Lemma. If f is reqular at P € P, then all its Fourier terms at P are reqular
as well.

Proof. Let n € Cp(x). For P € Py we conclude that Fp,, f is regular by differen-
tiation under the integral sign. For P € X*° we take v = n.

—ﬂtn‘L d
[7 [ JemmEasoent ))\ dr
y=o Jx=0

_ /y:g

Remark. The lemma states that taking a Fourier term does not destroy regularity.
On the other hand, it is in general not clear that the sum of a converging series of
regular Fourier terms is regular. In Lemma 4.3.7 we shall see that this is almost
always true for eigenfunctions of w.

d
Frattarat| 2 < [ [ 1 sttt ao 2 < o
y=0o

4.2 Spaces of Fourier terms

In this section we discuss the spaces of functions that can occur as Fourier terms
of automorphic forms. These spaces have dimension 2. We shall give a basis for
most values of the parameters.

We have collected the explicit formulas used in the sequel. That makes

this section rather technical. The main points are the definitions of the spaces
Wi(P,n,s) and the Wronskian below, the definitions of the standard elements
wi(P,n,s) and w;(P,n,s) in 4.2.5, 4.2.6, 4.2.8 and 4.2.9, and Proposition 4.2.11.
The reader may prefer to skip the rest now, and refer to it when needed.
4.2.1 Definition. Let I,n,s € C, and P € P. If P € Py, then we suppose n =
I mod 2 throughout this section. We define Wi (P,n, s) as the space of functions
F on G if P e X, respectively on G pr P} if P € Py, that satisfy wF =
(i — 52) F, and

F(gpn(z)gp'gk(d)) = e>™m*F(g)e™  if Pe X

F(gpk(n)gp'gk(v)) = e"F(g)e™ if P € Py.

If f is an automorphic form of weight [, with character y and eigenvalue i—sQ,
and n € Cp, then Fp’nf is a function on pr—1Up (Ap) that is the restriction of an
element of W;(P,n,s).

In this definition of W;, we do not use the eigenvalue A as a parameter, but
a complex number s such that A\ = i — 52. We have seen already in 1.2.3 that this
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parameter is more convenient than A\. We often call s the spectral parameter. Note
that Wi(P,n,s) = W;(P,n, —s).

In the literature one often meets the parametrization A = s(1—s). In compar-
ing results one then needs to make the translation s — s+ % Our parametrization
has the advantage that principal series representations of g and G correspond to
purely imaginary numbers; see also the discussion in 1.2.3. The choice A = s(1—s)
has the advantage of placing the critical line at Res = %, which reminds us of the
Riemann zeta function.

Maass, [35], uses another parametrization, in which the spectral parameter
and the weight occur in a mixed way; see 2.1.7.

4.2.2 Differential equation. A function F as in 4.2.1 is determined by a function f
of one variable:

F(gpp(z)k(@)) — e27rinrf(y)eil9 ifPe X
F(gpk(n)a(t,)k(®)) = ™ f(u)e'” if P e Py.
The condition wF = (i - 52) F amounts to lp,f = (i — 32) f, with lp, as

in 4.1.2-4.1.3. This second order linear differential operator {p , has real analytic
coefficients, so any function f corresponding to an element of W;(P,n, s) is a real
analytic function on (0, c0). Moreover, dim W;(P,n, s) = 2.

4.2.3 Definition. The Wronskian of Fy, Fy € Wi(P,n,s) is given by

F1w) f2(y) = fr(y) f5(y) if Pe X

WI'(Fl, FQ) = 5 , , .
—(u® +u) (fi(uw) f2(u) = fi(u)fi(uw))  if P € Py,
where f; € C°°(0, 00) corresponds to Fj as indicated above.
One easily checks that Wr(f, g) does not depend on y, respectively u. So

Wr : Wi(P,n,s) x Wi (P,n,s) — C

is a skew symmetric bilinear form. Wr(Fy, F5) = 0 if and only if F} and F» are
linearly dependent. So the form Wr is non-degenerate.

4.2.4 Choice of a basis. We shall give various pairs of elements of W;(P,n, s) that
form a basis for general values of the parameters. The Wronskian of such a pair will
be a non-zero meromorphic function of [ and s. By ‘general case’ we mean those
values of the parameters at which both elements are holomorphic, and moreover
the Wronskian is non-zero. In the Lemmas 7.6.13-7.6.15, we shall consider how to
obtain a suitable basis in the special cases.

Elements of W;(P,n,s) may be singled out either by their asymptotic be-
havior near P, or by their behavior far away from P. The concept of regularity,
defined in 4.1.9, is based on the behavior near P. Here we select first elements of
Wi (P,n, s) by their behavior far away from P.
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4.2.5 Cuspidal case. Let P € X*>°. If n = 0 the functions f corresponding to
F € Wi(P,0,s) satisfy —y*f"(y) = (3 — s?)f(y). One solution of this differential

equation is given by y — y*t1/2. We put
w(P,0,s; gpp(2)k(0)) = y* /%,

wi(P,0,s) and u(P,0,—s) form a basis of W;(P,0,s) if s # 0. The asymptotic
behavior of y;(P,0,s) is simple far away from P (i.e., as y | 0), and also near P
(i.e., as y — 00).

For general n, there is an element of W;(P,n,s) with the same asymptotic
behavior far away from P. We write f corresponding to F € W;(P,n,s) in the
form f(y) = y*t'/2e=2™¥h(47ny). Then h satisfies

1 1
th"(t) + (1 +2s —t)h'(t) — (5 +s— 51) h(t) = 0.
This is the confluent hypergeometric differential equation. In [33], 7.4, we find a
solution for s ¢ f%N; this leads to

%Jrs:F%l

uMRm&mw@W@DZWHﬂﬁ%WHMMJH[ 1425

+ 47my] el

This extends the definition of y;(P,0, s) given above, and preserves the behavior
asy | 0. In [33], 7.4 (8), one sees that the choice of £ does not matter.

w1 (Pym, s) and p; (P, n, —s) are elements of W;(P,n, s). One easily checks that
their Wronskian is given by

Wr (i (P, n,s), p(P,n,—s)) = 2s for £s¢ %N.

Hence they form a basis if s ¢ %Z.
4.2.6 Interior case. Let P € Py. Write f corresponding to F' € Wi(P,n, s) in the
form

1
— ,,(n=0)/4 1 7(n7l)/47571/2h )
Flu) = =D/ 1) (57)

The differential equation for A is

t(1—t)h"(t) + (25 +1-— (7121 + 25+ 2)) R (t)

1 1 1 1
- (§+s+§n> <§+s—§l) h(t) = 0.
This is the hypergeometric differential equation. For s ¢ féN it leads to the

following solution:

Ml(Pa n, S;gpa(tu))

(n=1)/4 1 n 1 l
u —s— sts+5,5+ts—35
= ( (w+1)"* 1/221?1{ 2 202 2

u+1)
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see [33], 6.3 (1) and (5). The asymptotic behavior far from P is
u(Pyn, s;gpa(ty)) ~ (u+1)""12 (u— o).

Wr(u(Pyn,s), w(P,n,—s)) = 2s for £s ¢ %N, so we have a basis (P, n, s),
i (P,n, —s) of Wi(P,n,s) for s ¢ 17.

4.2.7 Another basis. Next we look for elements of W;(P,n,s) with a simple be-
havior near P. With the exception of the case P € X*°, Ren = 0, we shall find
a solution w;(P,n,s) that is ‘small’ near P, and may be expressed in the form
wi(P,yn,s) =3, v(P,n,xs)u (P,n,+s), with v;(P,n, s) an explicitly given func-
tion. We shall also define a solution w;(P,n,s) =3, v;(P,n,+s)u (P, n,+s) that
is not a multiple of w;(P,n,s), and has a larger growth than w;(P,n,s) near P.
For @&; there is no canonical choice. In the cuspidal case one choice will do; in the
interior case we choose two possibilities.
In all cases, we choose elements that are invariant under s — —s.
4.2.8 Cuspidal case. Let P € X*°, and suppose that Ren # 0. Put ¢ = sign(Ren).
If we write f corresponding to F' € Wi(P,n,s) in the form f(y) = h(4dmeny), we
obtain for A the Whittaker differential equation
. 1 11 1
h (t)+< 4+2€lt+(4 s%) )h(t)—O.
It has solutions ¢ +— Wey/o 4(t) and t +— W_ /5 s(—1), see [56], 1.7. We take the
branch of the Whittaker function W, 4(z) with —F < arg(z) < 2. We define w;
and @; by

1
t2

wl(P7na S,gPa(y)) = WEZ/2,5(47rEny)7 CD[(P,TL, S7gPa(y)) = W*El/Q,S(_47T8ny)'

The choice of @ is not very canonical, we could have taken the argument in another
way as well.
The relation with p;(P,n,£s) is given by

1 1
v(Pmn,s = (47r5n)s+1/2f(—23)1"(§ —5— 551)_1
) 1 1
o(P,n,s) = z'ems(47r5n)s+1/2F(—28)F(§ —s+ 551)—1
wl(Pv n, 8) = Z UZ(P7 n, :l:S),Ul (P7 n, :l:S)
+
w(Pn,s) = Z O (Pyn, £s)u (P, n, £s).
+

In [56], 4.1.3, we find the asymptotic behavior near P:

w[(P7’I’L,8;gp(l(y)) ~ (47T€ny)81/2€_27"5”3/

77r7i€l/2(

Yy — 0

47r€ny) —el/2 e2meny

wi(P,n,s;gpaly)) ~ e y — oo.
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The Wronskians are

Wr(wi (P, n,s),&1(Pyn, s))
= Z +250,(P,n, s)01(P,n, —s) = —4men e ™¢/?
+

Wr(p (P, s), wi(P;n, s))
I'(2 1
= 2sy(Pn,—s) = (47r5n)75+1/2—1( st 1) .
F(§ + s — 551)

4.2.9 Interior case. Let P € Py. We put p = ‘"Z”, and take ¢ = %1 such that
4ep = n — . Inspection of the differential equation shows that there is a solution
f(u) ~uP as p | 0, and also solutions f(u) ~ u™P if p # 0, and f(u) ~ logw if
p = 0. The first case leads to

Cdl(P, n,s; gPa‘(tU))

u Lysyen lys—g
_ 1)—s—1/2 2 2'" 2 2
(u+1> (u+1) 2f 14+ 2p

u
u+1

Z v (P,yn, £s)u (Pyn, £s; gpa(ty,)),
+

B (2p)'T(—2s)
P ) = T e (L s 50)

We use [33], 6.4 (9), 6.5 (5) if e = 1, and 6.4 (14), 6.5 (6) if ¢ = —1. Note that

wi(P,n,s) is well defined for all s € C. Often u(P,n,s), wi(P,n,s) may be used
as a basis:

Wr(pi (P, n, s),w(P,n,s))

2sv(P,n,—s)
(2p)'T'(1 + 2s)
F(A+s+5n)l(5+s—50)

It is not obvious what is the right choice of &;(P,n, s). We shall use two ver-
sions, depending on a parameter ¢ € {1, —1}. For a given ¢ we put ¢ = {(n+1)/4,
and define

‘;}l(Pv n, C7 S5 gPa(tu))

—4q 1 1
Tis u —s—1/2 gt+s+q+p, 5+s+qg—p 1
o2 2 14 =
e (u—i—l) U 21{ 142¢ ‘ Jru )

provided ¢ ¢ —3N. We choose the branch of oFy[., .;.|2] that is holomorphic in z
for arg(1l — z) € [0, 7]. To see that this indeed defines an element of Wi (P, n, s), we
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express it in the (P, n, £s). Remark first that {p+q,p—q} = {§n, —5{}. In [33],
6.5 (7), 6.4 (11) and (16) we find

[(=25)I'(1 + 2¢) <u + 1>—1/2—s—q—p
P(z—s+q-pT(z-s+q+p) \ u

1 1
sts+atp st+s—q+p
. 2 2
2k { 1+ 2s
[(25)T(1 + 2¢)u!/?*state
F(3+s+q+pl(3+s+q—p)

1 1
.62m'52F1[ 5—85+q—p 3—5—q—p

1
u—+1

(u+ 1)*1/2+S*q*p
1—2s

1
T(—2s)T(1 + 2q)
I(z—s+q—pD(z—s+q+p)
3+s+5n 5+s— 5l
2s+1

— eﬂisup(u+1)—1/2—s—p

'2F1|:

1
u+ 1}
T'(2s)T'(1 + 2q)
F(A+s+q+p)T(3+s+q—p)

+e—wisup(u+ 1)—1/2+s—p

NI REES S B
21 1—2s w1

Use [33] 6.4 (2) to see that this equals >, 0;(P,n,(,£s)w (P, n,£s), with

I(—2s)T'(1+ 2q)
T3 —s+ 5§ —s+50)

0 (Pyn,(,s) = e

The Wronskian is

Wr(@ (P, n, ¢, s),wi (P,n,s))
= Z:I:?s@l(P,n,(,:I:s)vl(P,n7:|:s)
+

(2p)!IT(1 + 2q)
FG+s+p+gl(A—s+p+q)

—  _jemilr—a)

4.2.10 Regular elements. We define WZO(P, n,s) as the subspace of those elements
of Wi (P, n,s) that are regular at P.
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4.2.11 Proposition. Let [, n, s € C.
i) Suppose P € X*°.

a) If s € iR and n =0, then WP (P, n,s) = {0}.

b) If £Res > 0, n = 0, then dimc W?(P,0,s) = 1. A basis element is
wi(P,0,Fs).

¢) If Ren # 0, then dimg WP(P,n,s) = 1. A basis element is w;(P,n,s).

ii) Suppose P € Py, and n = lmod 2. Then dimc W2(P,n,s) = 1. A basis
element is wi(P,n, s).

Remark. From this explicit form of the basis elements, we see that regular Fourier
terms of automorphic forms are in general bounded on a neighborhood of the
point P at which the Fourier expansion is centered. The exception occurs for
P € X* and Ren = 0. Of course, if n or [ is not real, then boundedness should
be understood for (z,0), respectively (n,), in compact sets.
Proof. The statements in part i) are clear from the explicitly given elements in
Wi(P,n,s); see 4.2.5 and 4.2.8.

We have seen that in the case P € Py the differential equation in u deter-
mining W;(P,n, s) has solutions of the form

uPhy(u) + u Pho(u) ifp=1=1n—1]#0
hi(u) 4+ ho(u)lnu ifp=1n—1/=0,

with h; and ho holomorphic on a neighborhood of v = 0 and either h; = 0 or
hj(0) # 0. The regularity condition at points of pr—'{P} is not easy to check
in polar coordinates at P. Regularity is equivalent to smoothness at z = i of
z+— F(gpp(z)). We obtain for f corresponding to F' (use 2.2.6):

P
F(gpp(z)) _ e%inarg((z—i)/(z-{-i))f <Z — Z| ) e—%il arg(—1—z2)
4y

:12
— <|z — 1 ) e%i(n—l) arg(—1—iz)—3i(n+l) arg(l—iz)
4y

The discontinuity of arg(—1 — iz) does not give any problem, as n = [ mod 2.

Hence
Iz — 2\ [ —1—iz \"TD/2 /1y T2
F = _— .

The only smooth possibilities in the case n = [ are of the form

n |Z—i|2 ].—ZZ —(n+l)/2-
4y |1 —iz|
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We obtain for n # 1

F(ELE) =il (1 =iz () >

F(grp(z)) = :
f (%) Iz —i|"22(=1+i5)% - (x)  ifn<l

where () is a smooth factor without zeros. Ounly if f is of the form uPh;(u), we

obtain a smooth function at z = i. So the one-dimensionality of W (P, n,s) is

clear, and w;(P,n, s) is a non-zero element in it, see 4.2.9.

4.2.12 Isomorphism. The differential equation in y, respectively u, defining the
space Wi (P, n, s) is invariant under (n,[) — (—n, —I). So we have a linear bijection

v Wi(Pyn,s) — W_;(P,—n,s).

This isomorphism is not very canonical. Its definition depends on our choice of
coordinates.
In all cases:

[’.u“l(Pa n, S) = :u—l(P7 —-n, S)
wi(Pyn,s) = w_i(P,—n,s).

Note that «WP(P,n,s) = W, (P, —n,s).

4.3 Automorphic forms with growth condition

We are ready to define ‘automorphic forms satisfying a growth condition’. The idea
is to replace the condition of polynomial growth in the definitions in Chapter 1
by regularity, and to apply this condition to the function minus a finite number of
Fourier terms. The property of being an eigenfunction of the Casimir operator is
strong enough to make this amount to a condition on the growth of the function.

Let P C X as before.

4.3.1 Definition. A growth condition c for I, P and y, is a map ¢ assigning a finite
subset ¢(P) of Cp(x) to each P € P, with the additional condition that for each
P € X the set Cp(x) N iR is contained in c(P).

The set Cp(x) specifies which terms occur in the Fourier expansion at P,
see 4.1.2 and 4.1.3. The additional condition ensures that for all € Cp(x) \ ¢(P)
the spaces VVZO(P,n,s) of regular Fourier terms are spanned by w;(P,n,s); see
Proposition 4.2.11.

The minimal growth condition for a given character y is ¢X), determined by
cX(P) = {0} if P € X*° and x(7p) = 1, and cX)(P) = () otherwise. By ¢y we
denote the growth condition co(P) = {0} if P € X, and co(P) =0 if P € Py.
Hence ¢g = ¢!, the minimal growth condition for the trivial character.
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By |c(P)| we denote the number of elements of ¢(P), and by |c| the number
> pep [C(P)].
4.3.2 Comment. We shall employ a growth condition ¢ to indicate which Fourier
terms to ignore in the regularity condition, when defining automorphic forms with
growth condition. If we deal with eigenfunctions of w, this implies a condition
on the growth of the function at P. For general functions in Coo(é’p), the term
growth condition is misleading. Nevertheless, as this book deals with automorphic
forms, I feel justified to use it.

4.3.3 Definition. Consider a growth condition ¢, and a x-l-equivariant function
f € C=(U), with U satistying TUK = U. If P € P satisfies Up(c) C prU for some
o, we define its c-remainder f[c, P] at P to be the function in C°°(pr—1Up(c))
given by fle,P] = f =3, ccp) Fp..f. We shall apply this with U = Gp; then
fle, P] is well defined for all P € P.

4.3.4 Definition. Let T, y, s and [ be as before. An automorphic form of weight [,
with character y and eigenvalue % — 52 for the growth condition ¢ is a function

f € C=(Gp) such that
i) f is x-l-equivariant.
i) wf=(5—5%fon Gp.
iii) f[c, P] is regular at P for each P € P.

We denote the space of all such automorphic forms by A;(x,¢, s).

4.3.5 Comments. As before, we parametrize the eigenvalue by s +— i — 52

All Fourier terms of f € A;(x,c,s) with n € Cp(x) \ ¢(P) are regular at P,
and are hence at least bounded (boundedness understood as in the remark to
Proposition 4.2.11). So the growth of f near P is determined by the growth of
the Fourier terms at P with n € ¢(P). As ¢(P) is finite, the growth is at most
exponential in y at P € X, and at most polynomial in u at P € Py — hence
the name growth condition. One may view growth conditions as a generalization of
divisors on X, as used in the study of meromorphic automorphic forms, see, e.g.,
2.4 in [53].

In the case P € X*°, n € Cp(x) with Ren = 0, the space W?(P,n, s) may
be zero. By stipulating that such n are always an element of ¢(P), we ensure that
the space of possible Fp,, f has exactly dimension 1 for all n € Cp(x) \ c(P).

4.3.6 Comparison. The Definitions 1.2.2 and 1.5.2 of modular forms concern the
case I' = I'inoq, x = 1, and | € 27Z, with the minimal growth condition ¢y. Those
definitions are the usual ones, see for instance Maass, [35], p. 185. It takes a bit of
work to see that the present definition defines the same concept:

Consider the function f on G corresponding to a modular form f on §,
as defined in 1.5.2 (this includes Definition 1.2.2). Put P = [mod - 00, and take
A= i — 52, As the co-remainder f[cg, P] is smooth on pr=Up(o) for each o > 0,
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it has an absolutely converging Fourier expansion. All terms in it have polynomial
growth, so are multiples of some w;(P,n, s). Lemma 4.3.7 below shows that f[co, P
is quickly decreasing, hence regular.

For the converse, use Lemma 4.1.10 and Proposition 4.2.11 to obtain a Fourier
expansion of f[cg, P] to which we can apply Lemma 4.3.7. Together with the known
structure of Fpg f , this leads to polynomial growth of f near P.

Definition 1.5.6 corresponds to the case x = x, (the character ., is described
in 13.1.3), and ¢(T'moq - i00) = {%}.

We have indeed extended the definitions in Chapter 1. If we transform the ex-
amples of modular forms in that chapter into functions on Gp, we obtain examples
of automorphic forms as defined above.

43.7 Lemma. Let P € X*°, v € C, 0 > 0, N > 0. Suppose the following series
converges absolutely for y > o:

F(z) =Y enwi(P,n, s;9pp(2))

with n = v mod 1 and |[Ren| > N. Then
‘F(Z)| < y|Rel|/26727rNy6727rIm(u)x fO?” y — o0,
with the implied constant depending on v, s, I, o, and F'.

Proof. Use the asymptotic estimate, see 4.2.8,

el/26—27reny

wi(Pn, s;gpa(y)) ~ (4meny) as y — oo,

with € = sign Ren. Take t > o; the convergence of the series at z = it gives
en =0 (|n|—sl/2627r|Ren|t) )
So fory >t +1:

IF(2)] < Zy‘Re”/ze—QﬂRenl(y—t)e—lemn
n

| Rel\/2e—27rw Imv _ —27N(y—t)

< vy e

4.3.8 Further remarks. If ¢ and ¢; are growth conditions and ¢(P) C ¢;(P) for all
P € P, then A;(x,¢,s) C Ai(x,c1,9).

If f € Ai(x,¢c,8) and n € Cp(x) ~ ¢(P), then Fp,f € W2(P,n,s), see
Lemma 4.1.10.

The criterion in 1.4.3 when to call a modular form a cusp form, is the van-
ishing of the term of order zero in the Fourier expansion at the cusp. This is a
special case of the following definition.
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4.3.9 Definition. f € Ai(x,¢,s) is called a cusp form for the growth condition ¢, if
prnf =0 for all P € P and all n € ¢(P). We denote the corresponding subspace
of A;(x,¢,s) by Si(x,c, s).
4.3.10 Remarks. Take ¢ = ¢g to get the usual definition of cusp form.

We have seen an example of a cusp form (for the growth condition ¢g) in 1.4.2.
The cuspidal Maass forms, see 1.4.5, are cusp forms as well. See 15.2.3 for an
unusual example.

If ¢(P) C ci(P) for all P € P, then Si(x,¢,s) D Si(x,¢1,5).

Fix Py € P and define dy(Py) = {n € Cp,(x) : In| < N}, dn(P) fixed for
all P e P, P+# Py. Then

m SZ(X7dN70) = {0}

N>1

Indeed, if f is an element of this intersection, it vanishes on prtUp(Ap). As f is
a real analytic function on the connected set Gp, it vanishes everywhere.

4.3.11A Holomorphic automorphic forms. To f € A; (X,c, 1771) corresponds a func-
tion f(z) =y Y2 f(p(z)) on pr—'Yp with transformation behavior

f(ijiz;) =x ((i‘g)) (cz +d)'f(z) for all (Zz) er.

It is holomorphic on pr—'Yp C § if and only if ETf = 0; this follows from
the description of E~ in Iwasawa coordinates in 2.2.4. In 4.5.5 we shall discuss
holomorphic Fourier terms.

4.4 Differentiation of Fourier terms

We have just remarked that the action of the differential operator corresponding
to the element E~ of the Lie algebra g singles out the holomorphic automorphic
forms. The action of g gives useful information for other automorphic forms as well.
Maass introduced differential operators K, and Ag between spaces of automorphic
forms, see, e.g., [35], p. 177 and p. 186. These operators shift the weight by 2. They
correspond to %E+ and %E’. In this section we discuss the action of E* and E~
on the Fourier terms. In the next section we consider their effect on automorphic
forms.

4.4.1 The action of E*. Suppose that f € C>(Q) with Q C G open, QK = Q,
satisfies wf = (i - 52) f,and f(gk(0)) = f(g)e?. Then f is an analytic function.
Indeed, the Casimir operator w corresponds to an elliptic differential operator
with analytic coefficients on § for functions of a fixed weight, see 2.2.4. So E* f
exists. The relation [W, E*] = £2iE* implies that E* f has weight [42. Moreover,
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WwETf = E*wf = (i — 52) E* f; this means that E* f is an eigenfunction of w as
well, with the same eigenvalue.

As ET and E~ generate the enveloping algebra U(g), the function f generates
a vector space in which U(g) acts.
4.4.2 Action on Fourier terms. This section discusses the action of these differential
operators on elements of W;(P,n,s). As E* commutes with left translations, we

get linear maps:
E* : Wi(P,n,s) — Wia(P,n,s).

Table 4.1 gives the action of E* on the standard basis elements y; and w;. It turns
out that E¥W?(P,n,s) C W, (P,n,s) in all cases considered. (If P € X*, n # 0,
Ren = 0, one may check that this does not hold. This fact is behind the additional
condition in Definition 4.3.1.)

4.4.3 Lie algebra modules. For r € C*, one may form the infinite dimensional space
@D, Wi(P,n,s), where [ runs over the coset modulo 2 of the numbers satisfying
e™ = r. This is a module for U(g); all weight spaces have dimension 2. If we are
not in the case P € X*°, Ren = 0, n # 0, there is a submodule €, W(P,n, s).
4.4.4 The action of . The bijective maps ¢ : Wi(P,n,s) — W;(P,—n,s), defined
in 4.2.12, induce a bijection

L @V[/I(P,ms) — @W,Z(P, —n, s).
! !

This is not an isomorphism of U(g)-modules. It satisfies «(Xf) = j(X)¢f, with j
the involution in g given by

jW=—-W,  jJET =ET.

This involution j comes from the automorphism p(z)k(0) — p(—2)k(—0) of G,
which covers the exterior automorphism

(o) (a)=Con) (2a) (o)

4.4.5 Holomorphic Fourier terms. EYE™ acts in W;(P,n,s) as multiplication by
—(1—4s?+12—-2l) = (1+2s—1)(—1+2s+1). This implies that E~ : W;(P,n, s) —
Wi_2(P,n,s) can have a non-zero kernel only if s = :I:Z’Tl. Application of the
formulas in 2.2.4 and 2.2.5 shows that the kernel has dimension 1. It is spanned
by functions determined by

y — yl/2e—2mmy if PeX*>®
wi— w4 (g 4 1)~ ED/A i P Py
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For P € X*°, s%—%N:
Efu(Pyn,s) = (14 2s+)ma(Pn,s).
See [33], 7.3.1 (3).
For Pe X*°, +Ren>0:
Efw(Pn,s) = —2wi2(Pn,s),
EXd(Pon,s) = 2(3(1F1)% - s?)dea(Pn,s),
+Ren <0:
E*w(P,n,s) 251 +£1) = s*)wiza (P, ),
E*0i(Pyn,s) = —20142(P;n,s).
See [56], (2.4.21) and (2.4.24).
For P € Py, SQ—%N:
E*p(Pn,s) = —(1+2s+)u+2(P,n,s).
See [33], 6.2.1 (3) and 6.2.2 (2).
PePy, In—1lF2/=n-1-2:
Etwi(P,n,s) = |n—Il|lwx2(Pn,s),
[n—IlF2/=n—1+2:
See [33], 6.2.1 (8) and (9), or express wy in the ;.
For Pe Py, (n+1)+2#0:
E*&(Pon,£1,s) = %@m(ﬂn,ﬂ,s),
without additional condition:
EX0(Pn,F1,8) = F(n+0)d+2(Pn,F,s).
Express w; in the ;.

Table 4.1 Differentiation results.

63
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4.4.6 Holomorphic Fourier terms near a cusp. Consider P € X°. Let F be the
Fourier term determined by the function indicated above. Under the correspon-
dence discussed in 1.3.4 it gives the holomorphic function gp - z — 2™ on §).

The basis element indicated above is regular at P if Ren > 0, and also if
Ren =0 and Rel < 1. For Ren > 0 this basis element should be a multiple
of wi(P,n, ) From the asymptotic behavior in 4.2.8 follows that it is equal to
(4mn 51gn(Re n)) 2w (P,n, 52).

This shows that W; 1)2( ) = t!/2¢!/2 and hence the basis element is equal
to e™/2(—4mn) =120 (P,n, '5*) in the case Ren < 0.

For n = 0 we have obtained 1 (P,0, 52).
4.4.7 Holomorphic Fourier term at an interior point. Take P € Py . The function
F : gpk(n)a(ty)k(¥) — emMu=D/4(y+1)~(nF0/4¢l corresponds to the function
F: z— y Y/2F(p(z)), which should be holomorphic.

We want to write gpp(z) in the form k(n)a(t,)k(¢). Note that gp'p(z) =

p(zp) p(z) =p (%) The relations in 2.2.6 give
u = |z—zp*/(4yyp)
utl = |2 —zp[/(dyyp)
Q2 — Z—Zj z—7Zp
Z—Zp |2 —Zp
7T _
n+v = E—arg(z—zla).

Remember that n = [ mod 2. We obtain

Fz) = g V2ein=0/2 o) (=04, | 1)~ (/4
e \O2 B
_ yfl/Q ( ) e7rzl/2671l arg(z—zp)
zZ—ZzZp

~(4yyp)'?lz = 2p|°|2 = Zp| !

) . (n—1)/2
_ 2ly§:/‘267r7,l/2(2_$)7[ (Z ZP) .

z—7zZp

We conclude that (z — zp) f(2) is a multiple of w(™ /2 where w denotes the
coordinate (z — zp)/(z — Zp) on $ near zp.
This basis element is regular at P if and only if n > [. It is equal to
m(Pon, 5L for 1 ¢ —-NU{0}.
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4.5 Differentiation of automorphic forms

We consider the action of E* and E~ on automorphic forms.

4.5.1 Discussion. Let f € Aj(x,¢,s). Is EXf an element of A;15(x,¢,5s)?

We apply the conditions in Definition 4.3.4 to E* f (with [ replaced by [ +2).
Conditions i) and ii) are clearly satisfied. As each Fourier term of f is described
by an integral over a compact set, we have EiFP,n f= prnEi f. Hence also
E* (f[c, P]) = (E* f)[c, P]. So we have to show that for elements of 4;(x, ¢, s), the
action of E* preserves regularity. This will also imply the corresponding statement
for cusp forms.

For unitary x and real weight this may be proved from a local form of the
convolution representation theorem of Harish Chandra, [18], Theorem 1 on p. 18.
This implies that an eigenfunction f of w, with some weight r, may be written as
f=f*awithae Cé’o(é), with supp(«) contained in a small neighborhood of 1
in G. In loc. cit. this is proved for f defined on é, but one may adapt the proof to
the situation in which f is defined on a suitable open subset. As E* f = f « E*a,
the growth of E* f near a cusp is bounded by an average of the growth of f. In
the case of x € X, and real weight, one may derive regularity of f * E*a from
regularity of f; but for general y and [ this seems to fail. We derive the desired
result with help of the next lemma and Lemma 4.3.7.

4.5.2 Lemma. Let P € P and suppose that a function f on pr—Up(c) as in
Definition 4.1.9 is reqular at P and is an eigenfunction of w. If P € X*° we also
suppose that Fp,f =0 for n € Cp(x) with Ren =0, n # 0. Then E* f and E~ f
are reqular at P.

Proof. For P € Py this is clear from the definition of regularity. So consider P &
X°°. We have seen in Lemma 4.1.10 that all Fp,, f with n € Cp(x) are regular. For
individual Fourier terms which may occur, we have seen that regularity is preserved
under E*. As E* f € C(pr~'Up(0)), it has a converging Fourier expansion on
pr=tUp(0). As ﬁp7nEif = Eiﬁp)nf, this expansion consists of regular Fourier
terms. So the proof may be completed by application of Lemma 4.3.7.

4.5.3 Proposition. Differentiation gives maps

Et Ai(x, ¢, 8) — Ara(x, ¢, 8)
Ef . Si(x,c s) — Siaa(x, ¢, s).

If 1 — 4s% £ —I2 7 21, these maps are invertible.

Remark. Holomorphic automorphic forms correspond to elements of the kernel
of E~.
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Proof. Lemma 4.5.2 implies that ET preserves the regularity of f[c, P], hence
the maps end up in the spaces indicated. On A;(x,¢,s) the map EFTET acts as
multiplication by —(1 — 4s% + (2 4 21).

4.5.4 Lie algebra modules. One may form the U(g)-modules &, A;(x,c,s) and
@D, Si(x,c¢,s), with [ satisfying x(k(m)) = e™. In the sequel we shall rarely take
this representational point of view. Here we note that

Fp, : @Al(x,c,s) — @WZ(P,R,S) if nec(P)
1 1

Fpn : @ Alx.c,5) — EWP(Pn, s) if n¢c(P)
l l

are U(g)-linear. So if we have explicitly computed the Fourier coefficients at P
of some automorphic form, we easily obtain the Fourier coefficients of the forms
(E)™ . f in other weights.

4.5.5 Holomorphic automorphic forms. The meromorphic automorphic forms of
weight [ correspond to the kernel of E~ : A;(x,c,s) — A;_a2(x,¢,s). Let f be
an element of this kernel, and let f(z) = y~"/2f(p(z)). For P € X°° we have a

Fourier expansion near gp - ico of the form (cz +d)~'f(gp - 2) = Dok cpe?minz,
with gp = (i Z) At the end of the previous section we saw that regular terms

can be non-zero only for Ren > 0. The growth condition ¢ allows a finite number
of terms with Ren < 0 to occur. So f is meromorphic at the cusp P.

For an interior point, P € Py, a similar reasoning shows that f is meromor-
phic at zp.

4.6 Maass-Selberg relation

An important theorem concerning real analytic modular forms is the Maass-
Selberg relation; see Maass, [35], Theorem 20 on p. 200. In Theorem 4.6.5 it is
stated for automorphic forms with growth conditions. It gives a bilinear relation
that the non-regular parts of the Fourier expansions of two automorphic forms
have to satisfy, if their weight, eigenvalue, and character are related in a special
way. The Maass-Selberg relation can be used to obtain an upper bound for the
dimension of the spaces A4;(x, ¢, s) mod S;(x,¢,s).
4.6.1 Functions on Y. If ¢ is a growth condition for y, then —c : P — —c(P) is
one for x 1.

Consider f € Aj(x,c,s) and h € A_;(x~!, —c,s). Clearly the product fh is
left-T-invariant and right- K -invariant; hence it determines an element of C*(Yp).

In a similar (but a bit more complicated) way one may construct 1-forms
on Yp.
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4.6.2 Lemma. Let f h € C™(Gp) satisfy

_ eilQ ~ ~
[ = i} ercacinac
Put
{f.03%(x) = flp(2)h(p())% ifl+m=2,
{f.0}7(x) = fp(2)h(p(2)) % ifl+m=-2,
(1)) = fpE)hpE) " ifl+m=0.

Then {f,h}* are smooth 1-forms on Yp, and [f,h] is a smooth 2-form.
If l + m = £2, then

A{f,h)* = (B, — S,

Proof. The product fh is a function on f\ép of weight [ +m. It is easily checked
that the corresponding differential forms on $ \ pr— 1P are I'-invariant. Use that
for F' of weight r

(ETF)(p(z)) = (4iyd: +7) F(p(2))
(E"F)(p(2) = —(4iyd: +r) F(p(2)).

4.6.3 Definition. Suppose that f € C“(@p) is x-l-equivariant, and that h €
C>(Gp) is x~!-(—1)-equivariant. We put

n(fﬂ h) = {E+f7h}+ - {f?E_h}_'

This is a smooth 1-form on Yp. Lemma 4.6.2 shows that dn(f,h) = 2[wf,h] —
2[f,wh].
4.6.4 Closed differential form. If we take f € A;(x,¢,s), h € A_;(x~ !, —¢,s), then
n(f,h) is a closed 1-form on Yp, asking to be integrated over cycles representing
homology classes of Yp.

To obtain the Maass-Selberg relation we integrate it over a representative of
the trivial homology class, the cycle consisting of curves C(P) for each P € P,
where C(P) is a path inside Up(Ap) encircling P once in positive direction. This

gives
h) =0.
Z/C(P)n(f, )

prPeP

The integrals fC( P) 7(f, h) may be expressed in terms of the Fourier expan-

sions of f and h. We replace f, E*f, h and E~h by their Fourier expansions at P.
On the compact path C'(P) we can take the integral inside the double sum.
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- f <
=Y =Y

Consider first P € X°°, and take C(P) of the form y = yo in Iwasawa

coordinates. As gp is of the form (‘f‘y g), we obtain

{E+f7 h}Jr(gP : Z)

= E*f(gpp(2)k(arg(v2 + 8))h(gpp(2)k(arg(v2 + 6)) Z :t g %
= E*f(gpp(Z))h(gpp(Z))d—;,

and a similar result for {f,E~h}~(gp - z). This gives

/ n(f,9)
C(P)

iyo+1 . z
-/ ((E+f-h)(gpp(2))%—(f-E‘h)(gpp(Z))%>

(Yo

. i(ppynwf(yowp,nh(yo)

neCp(x) Yo

- FP,nf(yO)FP,nEh(yO))

= Z E ((2yO(FP,nf)/(yO)

neCp(x) o
+ (L= 4mnyo) Fpnf(v0)) Fp,—nh(yo)

= Franf (40) (200(Fp, ) (90) = (~1 = 4m(~n)yo) Fr,-nh(0)) )

= Z QWI'(FP,nf7 LFP,—?Lh)7
n€Cp(x)

see 4.2.3 for the Wronskian Wr.
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For P € Py we take a path [0,7/vp] — 9 : n— gpk(n) - ity, with to = 1y,
and gp = p(zp).

/ n(f,h)
o(P)
- _dgpk(n) - it
- /Tlmodn/yp <(E+f ’ h)(gPp(/ﬂ(n) .ZtO)T
— (F-Eh)(grp(k(n) - ito)dgpkc(iz) . it0> Im(gpljg?) ~ito)

T/vp
= / (BT f - h)(gpk(n)a(to)) — (f - E~h)(grk(n)a(to)))

=0
(1—t3)Imzp | —itgsinny + cosnl|?

d
| — itosinn + cosn|? toIm zp g

S () un) P )

neCp(x)

_ 71—t
— Fppnf(uo)(Fp,—nE h)(u0)> -

- % Z (2\/M(Fp,nf)’(uo)pr_nh(uo)

neCp(x)

— Fp,f(ug)2y/ud + uo(prnh)/(uo)) (—4)y/ud + uo

8
= TN Wi(FpafiiFpnh).
vp
neCp(x)

For all n € Cp(x)~\c(P) the Fourier terms are regular. Hence the Wronskians
vanish for these n. Thus we have obtained the following result:

4.6.5 Theorem. Maass-Selberg relation. Put up = 2 for P € X*° and up = 87 /vp
for P € Py. Let f € Aj(x,c¢,s) and h € A_j(x~ ', —¢,s). Then

Z up Z Wr (Fp’nf7 LFP’,nh) =0.

PEP  nec(P)

4.6.6 Remarks. This formula seems to depend on special choices (of gp in the
definition of the Fourier terms, and of the isomorphism ¢). But in the proof we
have seen that the result is completely natural.

Define Wi(c,s) = @p B,, Wi(P,n,s) with P € P and n € ¢(P). The form

Wr: Wi(e, s) x W_i(—¢,s) — C,
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defined by Wr(a,b) = > pup >, Wr(apn,tbp,_y), gives a non-degenerate bilinear
pairing of the 2|c|-dimensional spaces Wi(c,s) and W_;(—c, s).
Define F(¢) : Ai(x. ¢, s) — Wilc,s) by (F(¢)f)p,, = Fpnf. Then ker F(c) =

Sl (Xv C, S)’
The Maass-Selberg relation states that the spaces

F(c)Ai(x,¢,5) C Wi(e,s) and F(—¢)A_;(x ™', —¢,8) C W_i(—¢,s)
are Wr-orthogonal. Hence

dim (A;(x,¢, s)/Si(x, ¢, s)) + dim (A_l(x_l, —c,s)/S_1(x7 !, —c, s)) < 2|c|.

4.6.7 Unitary case. For i — 52 € R, a unitary character (and hence a real weight),
we can consider

(f, h) [d Z up Z Wr(l*:‘p,nﬁ Ll":‘p,nh)
P n

as a sesquilinear form on A;(x, ¢, s). This has the advantage of dealing with only
one space of automorphic forms.
In the case ™' = x, | = 0, we conclude

dim (Al(Xa ¢ S)/Sl(X7 ¢, S)) < |C|

We shall prove that in many cases one has equality. In 14.3.3 we show equality in
a very special case by explicitly exhibiting two automorphic forms.



Chapter 5
Poincaré series

In the previous chapter we defined automorphic forms of a rather general type. We
have seen examples for the modular case in Chapter 1. In this chapter we discuss
the sole general method to construct automorphic forms; it works for a unitary
character y and a spectral parameter s with Res > L. It is the construction of

2
Poincaré series.

Eisenstein series, as discussed in 1.2.3, are a special case of Poincaré series.
More general Poincaré series are mentioned in 1.5.9 and 1.7.2. The series repre-
senting a resolvent kernel, c.f. 1.7.3, also comes under the concept of Poincaré
series discussed in this chapter.

The results in this chapter are known, or are easy extensions of known results.
In Poincaré’s paper [47] one finds the essential ideas; he works on the unit disk
and considers holomorphic automorphic forms. Real analytic Poincaré series have
been studied by, e.g., Niebur, [41], and Neunhoffer, [40].

Actually, these Poincaré series are not individual automorphic forms; they oc-
cur in families, depending continuously on the unitary character x and the spectral
parameter s. It is our aim to prove their meromorphic continuation in (x, s). We
shall attain this aim in Theorem 10.2.1.

We discuss Poincaré series in Section 5.1, and their Fourier terms in Sec-
tion 5.2.

Throughout this chapter we fix a weight [ € R, and a character x € X,,. (This
is essential for the convergence of the Poincaré series.)

5.1 Construction of Poincaré series

The idea behind Poincaré series is simple: to obtain x-l-equivariant functions, start
with an arbitrary function f of weight /, and consider g — > & i (vg). With
luck, this converges, and defines a x-l-equivariant function. This idea is worked out
in 5.1.1-5.1.4. It leads, in Proposition 5.1.6, to Poincaré series that are automorphic
forms in the sense of the previous chapter.

5.1.1 Construction of I-equivariant functions. Suppose A is a subgroup of T con-
taining Z. Let f : U — C with U C G, TUK = U satisfy the condition

f(6gk(0)) = x(8)f(g)e® foralld € A, ge U, 0 eR.

71
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This function f is y-l-equivariant, but on the left for the group A only. Then

T i) = Y x() ' f(r9)

yEA\T
defines Tzf =Tf:U — C satisfying
Tf(vgk(0)) = x(1)Tf(g)e™ forallyeT, geU, 0 €R,

provided the sum converges absolutely for each g € U. We shall use U = G, and
also U = G~ (f‘gﬁ?) for some fixed gg.

_If,; moreover, the absolute convergence is uniform for g in sets of the form
CK with C C U compact, then

(w—i+s2)f:0 = (w—i—st)TEf:O.

To see this, note first that (w—1+s?) f = 0 implies that all terms g — x(7) "' f(vg)
are eigenfunctions of w. So we might try to differentiate inside the sum. But it is
easier to consider the function z — Tf(p(z)) on the subset U = pr—'U of §.
We have to show that it is an eigenfunction of the elliptic differential operator
—y?02 — y?02 + ilyd,. Tt suffices to prove this weakly, c.f. the discussion in 2.1.4.
Integration against a test function in C§°(U ) can be taken inside the sum, as
the absolute convergence is uniform on compact sets. The individual terms are
eigenfunctions of w, hence the sum represents an eigendistribution with the same
eigenvalue, which has to be an analytic eigenfunction.

5.1.2 Poincaré’s series. Take x = 1, I > 4 even, and let h be a holomorphic
function on §. Put f(p(z)k(0)) = y'/*h(z)e’?, and apply the discussion above
with A = Z. We obtain

v = X

where v = + (“ b) runs through the group of transformations of ) corresponding

to Z\F Go over to the unit disk by z = zH—w w = Z;;, and take h of the form
h(z) = H(w)(1 — w)'. Then

1w S = S ()

Here V runs through the corresponding group of transformations of the unit disk.
Under some conditions on H, the right hand side is a série thétafuchsienne, as
introduced by Poincaré; see [47], §1, p. 208.
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5.1.3 Choice of A. We shall apply the construction in 5.1.1 with f given by
i (Pyn,s) (see 4.2.5 and 4.2.6 for the definition), P € P and
{CrP  k,meZ} itPeX>

A=Ap=1q _
A if P € Py.

If P € Py happens to be an elliptic orbit, we could have taken Ap a bit larger;
the present choice will keep some formulas simpler.

5.1.4 Lemma.
i) Suppose the bounded function h : G — C satisfies
h (k(n)a(tu)k(w)) =0 (u*") (u — o00)

uniformly inn and ¥, for some o > 1. Then F(g) = Z'yEZ\f‘ h(vg) converges
absolutely, uniformly for g in compact sets, and F' is a bounded function
on G.

ii) Let P € X°°. Suppose the left-Ap-invariant function h : G — C satisfies
h (gpn(@)a(y)k(0)) = O (y7) (y 1 0)

uniformly in x and 0, for some o > 1. Then F(g) = nyeAp\f h(vg) con-
verges absolutely, uniformly for g in compact sets. For @ € X*°,

F (gon(z)a(y)k(9)) = dp.gh (gpn(z)a(y)k(9)) + O(1) (y — o),
uniformly in x and 6.

Proof. These results are well known. The idea is to estimate the sum by an integral,
see Poincaré’s proof in §1 of [47], or Satz 1 and 2 of Petersson, [44], p. 38 and 40.
For i) we refer to Hejhal, [21]7 Ch. VI, Corollary 5.2 on p. 28. (Note that if

z = k(n)a(ty) - i, then 1 — P —u%rl,

We show how to derive ii) from i). We may assume that h(gpn(x)a(y)k(6)
does not depend on z and 0, and that h > 0. First we consider the case h(gpa(y)) =
0 for y > Ap. Let

ho(gpp(2)k(0)) = { Mgpaly)  if-b<z<}

and apply the corollary to the group T'.)

0 otherwise.

Then g — ho(gpg) satisfies the assumptions of i). This gives the absolute conver-
gence, uniform for g in compact sets, of

> hovg) = Y. > holdvg)= > hlyg) <

'yEZ\F 'yEAP\F(SEZ\AP ’YEAP\F
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for some constant C.

For general h, write h = hy + he with ha(gpa(y)) = 7(y)h(gpa(y)) and 7 the
characteristic function of (Ap,o0). For ¢ in a fixed compact set, there are only
finitely many v € Ap\I such that ha(vg) # 0. Hence the absolute convergence as
stated in the lemma is no problem.

Let @ € X°°. Consider Fs(g) = Z’YEAP\f ha(vg) as y — oo, where g =
gop(2)k(0). Let y > Ag, then pr(g) € Ug(Ag). On the other hand, if vg €
supp(hz), then pr(g) € Up(Ap). Hence Fa(g) = 0if Q # P. If P = @, then
~vg € supp(hs) only if v € Ap, and hence F» = hy. So we obtain uniformly for
g = grp(2)k(0) with y > Aq

F(g)= Y hi(vg) +dpgha(g) = O) + dpohly).

’YGAP\f

5.1.5 Notation. Put Cyjp = {s € C:Res>1}.

We are ready to state the convergence of Poincaré series. We use (P, n, s)
(see 4.2.5 and 4.2.6) as the function h in the discussion above. Among the elements
of Wj(P,n,s) this function is characterized by its asymptotic behavior far away
from P, and that behavior controls the convergence of the Poincaré series.

5.1.6 Proposition. Let y € X, l € R, s € C, Res > %, P e P, and n € Cp(x).
Then
Pl(P,TL,X,S;g) = Z X(V)ilul(P7n75;’Yg)
yeAP\T

converges absolutely, uniformly for (x,s,g) in compact subsets of X, x Cy/y x
(é\prfl{P}). It defines the automorphic form P,(P,n,x,s) € Ai(x,¢,s) for
each growth condition ¢ for x that satisfies n € ¢(P).

Remarks. If P € X, the automorphic form P,(P,n, x, s) is in C*°(G), whereas it
has a singularity along pr=1{P} if P € Py-.

If Pc X and n = 0 € Cp(x), then 1 (P,0,s; gpp(2)k(0)) = y>+1/2e1.
In this case P;(P,0,x,s) is called an Fisenstein series. The condition 0 € Cp(x)
amounts to x(mp) = 1. If this holds, then the cusp P is called singular for y; if
xp(mp) # 0, then P is called a regular cusp.

If we vary x in X, then [ and n have to vary as well. We tacitly assume
that the set over which x varies is small enough to admit n and [ as continuous
functions of x satisfying e?™" = y(np) or !™/"F = x(ep), and ™ = x(k(r)).

From the uniform convergence for (, s, g) in compact sets, we conclude that
Pi(P,n,x,s;g) is continuous in (Y, s, g).

Proof. First we consider P € X°°. The function p;(P,n,s) satisfies the esti-
mate in ii) of Lemma 5.1.4, uniformly for s and x in compact sets. So we have
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convergence of the series on G, uniformly for (x,8,9) in compact sets. Further
(w— i + s2)P(P,n,x,s) = 0, as we have discussed in 5.1.1. So P,(P,n,Y,s) is
analytic on G, hence regular at each Q € Py. The boundedness in the lemma gives
regularity at @ € X°°, Q # P. At P itself, P(P,n, X, s)[c, P] is regular for each
growth condition ¢ satisfying n € c¢(P).

For P € Py the function p;(P,n,s) may be written as Hy + Ha, with
Hy(gpk(n)a(ty)k(v)) = 0 for all u > Ap, and Hy bounded. To H; we apply part i)
of the lemma to obtain absolute convergence of Pi(g) = >, cx ¢ x(Y)"tHi(vg)
uniform for (x,s,g) in compact sets. The resulting estimate of P; is uniform for
(x,s) in compact sets. Consider Hy(7yg); it can only be non-zero for v in a finite
number of classes of Z\I' (more than one class only if zp is an elliptic point). This
implies the desired convergence of the whole series. On G ~pr—'{P} the sum again
satisfies (w — % + %) P (P,n,x,s) = 0. This gives regularity at Q € Py, Q # P.
Moreover, the sum is bounded outside pr='Up(Ap). Hence we obtain regularity
at Q € X°°. Near P itself

P(P,n,x,s;9)
vp
= S x() T (Pinsivg) + Y xlep) Fm(Pon, siehg).
YEZ\L, v-2p#2p k=1

The first sum gives a C*°-function near P(zP)K ; the second sum contributes
vppi(P,n,s;g). So removal of the Fourier term Fp, P (P,n,x,s) makes the sum
regular at P.

5.1.7 Comments. We follow the practice of using the name Poincaré series for this
general type of series. This type includes Eisenstein series and resolvent kernels.

Neunhofler [40] and Good [16] have studied these Poincaré series in weight 0.
Good defined another type of Poincaré series as well; these are not associated to
a point of X, but to a closed geodesic.

Our definition of the Poincaré series P;(P, n, x, s) depends on the choice of gp.
This is not visible in the notation.

5.1.8 Resolvent kernel. Let P € Py. We check that the Poincaré series P,(P,l, x, s)
is a multiple of the resolvent kernel used in the proof of the trace formula of
Selberg, see Hejhal, [21], p. 350. We put w = zp = gp - i and compute G(z) =
Pi(P,1,x,50(2)) = 5 2 er X(3) (P 1, 537p(2)). We shall show that

—4rT'(2s+ 1)
T +s+30T(5+s—30)

G(z) = Got1/2(2,w;v),

with G as in (5.3) of p. 350 of loc. cit. and v the multiplier system of I' given by
v(7v) = x(%). We assume that I'(§ + s & 1) # 0, and, as before, that Res > 1.
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Put

Z—w

g S+1/2
2) e—il arg(iw—iz)

];84_1/2(2,’[1)) = (]. —

- oFy 1

T+s+il 3451
1+2s

2
Z—w
z— w’ ] '
Up to the factors mentioned above, this is the function & (.,.) in (5.3) on p. 350 of
loc. cit. We want to show that

> X3 (Pl s Ap(2)) = Y 0(kerja(zqw)et e,
yel yel

We may replace 5 = (Z 2) by 41 in the sum in the left hand side. As 7~ !p(z) =
P ( dz=b ) k (arg ( L )) we have to show that

—cz+a a—cz

,ul(P, l, s;p(,yflz))eilarg(l/(afcz)) _ ];:‘9_"_1/2(27 ,yw)eil arg(cmrd)).
The equality gp = p(w) implies the relation

Ml(Pv l7 8,p(2’))

z—Rew
= w\PlLsigep| v
4y Imw

exp (%zl <arg (%) — arg (%))) i (Pl s; gpa(ty))

z—wf

ith u = .
W 4y Im w

2z —w|? -t 4y Imw
+1 = =1
dyImw w2

we obtain (P, 1, s;p(z)) = l~€s+1/2(2, w). We still have to check that

2
zZ—w
- _ )
zZ—w

I;s+1/2 (,)/—12:7 ,w)eil arg(1/(a—cz)) _ ]%s+1/2 (Z, ’Y’lU)e“ arg(cw—‘—d).

Z—yw

Z—yw

“lr—w o
—1lz—w

A computation shows that ‘1 , and careful consideration of the

arguments gives

—arg(iw — iy '2) + arg(iyw — i2)

= arg qw—z = arg a-c = —arg 1 + arg(cw + d).
w—y"1z cw+d a—cz
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This completes the computation.

Of course, both w and z are variables in loc. cit., whereas in our context w =
gp-i is fixed. Nevertheless, Theorem 10.2.1 will give the meromorphic continuation
of resolvent kernels in multiplier system and spectral parameter.

The factor —47['(2s + 1)I( + s + 21)7'T(5 + s — 21)7! arises from a dif-
ference in the normalization. A resolvent kernel should have the right logarithmic
singularity along the diagonal to represent the resolvent of the differential operator
corresponding to w. We have normalized p;(P,1, s) by imposing a simple behavior
as u — 0o. Our choice has the advantage that p;(P,[,s) has no singularities in
Res > 3.

5.1.9 Ezamples. The Eisenstein series in 1.2.3 is an example of a Poincaré series.
In 1.5.9 we have seen another Poincaré series for the modular group. Section 15.4
discusses Poincaré series for another cofinite discrete group.

5.1.10 Dimension. Let ¢ be a growth condition for x. The P,(P, n, x, s) with P € P,
n € ¢(P), correspond to linearly independent elements of A4;(x,¢,s)/Si(x,¢,s)
provided (P, n,s) ¢ WP(P,n,s). The exception may occur if 2sv;(P,n,—s) =0
and n # 0; see 4.2.8 and 4.2.9.

So the quotient spaces A;(x,c¢,s)/Si(x,¢,s) have at least dimension |c| for
general s with Res > %, and x € X,. From the Maass-Selberg relation, see Theo-
rem 4.6.5, we conclude that the dimension is exactly equal to |c|.

5.1.11 Differentiation. The results in Section 4.4 imply the equality
EP (P, X, 5) = 0(1+ 25 £ ) Piea (P, . 9),

with § = 1if P € X and 6 = —1 otherwise, provided we justify differentiation
under the sum defining the Poincaré series. This is no problem, as it may be proved
weakly; see the discussion in 5.1.1.

5.1.12 Representational point of view. Let H(s,r) be the abstract space @, C - ¢y,
with  running through the solutions of €™ = r. The ¢; are not functions on G,
but just symbols describing an algebraic basis of H(r,s). We make H(r,s) into a
module for the Lie algebra g by defining

W, = ilp;, Efgp = (14 25+ 1)peo.

Let Res > %, PeP,nelCp. Take a =0 if P € X°°, and o = 1 otherwise.
The differentiation result in 5.1.11 means that ¢; — e®™/2P/(P,n,x, s) may be
extended linearly to give a Lie algebra morphism

P(P,TL,)QS) : H(SaX(k(ﬂ—))) - @Al(Xacv 8)7
l

with €D, Ai(x,¢, s) as discussed in 4.5.4, and ¢ a growth condition for y such that
n € ¢(P).
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The g-module H (s, x(k(m))) is contained in larger spaces, on which not only g
acts, but the group G as well. One may extend P(P,n,x,s) to some of these
larger spaces. This is discussed by Miatello and Wallach, [39]. They prove the
meromorphic continuation in s of the extended P(P,n,x,s) for P € X°°. They
employ another method (spectral decomposition) than we shall use in this book.

We have considered H(r,s) as an abstract space. One may realize it as a
space of functions on G: identify ¢; with the function p(z)k(6) — y*t1/2¢ and
extend this linearly. One can obtain this space as an induced representation.

5.2 Fourier coefficients

The continuity in (x,s) of Poincaré series implies continuity of the coefficients
that express the Fourier terms of P,(P,n,x,s) in the basis elements p;(Q,m,s)
and w;(Q, m, s) discussed in Section 4.2. This is the content of Proposition 5.2.1.

The major part of this section is devoted to some computations of Fourier
coefficients of Poincaré series. We shall refer to these computations in the examples
in Part IT. In Part I the explicit description of the Fourier coefficients is irrelevant.

5.2.1 Proposition. Let P,Q € P, n € Cp(x), m € Cqo(x). There exists a continuous
function c;(Q,m; P,n) : X, x Cy/5 — C such that

FQ,m—F)l(P7 n, X, S) = wP(SP,Q(Sn,li(P7 n, S)
n Cz(Q,m;P,TL;X,S){ w(Q,0,—s) fQeX>® andm=20

wi (Q,m, s) otherwise,
with wp = 1 ZfP € X wp =vp ZfP € Py.

Proof. In the proof of Proposition 5.1.6 we saw that P;(P,n, X, s) is regular at @
if @ # P. In the case Q = P we have regularity if we omit the term with v €
Ap, respectively the terms with v - zp = zp. So Proposition 4.2.11 implies that
FQVmPZ(P,n,X, s) has the form indicated in the proposition. The continuity of
P,(P,n,x,s) in (x, s, g) gives the continuity of (x,s) — ¢ (Q, m; P,n;x, s), as one
sees by taking g € pr—1Uq(Ag) such that 1(Q,0, —s), respectively w;(Q,m, s) is
not zero for (x,s) in a small neighborhood of some (o, so).

5.2.2 Computations. One can describe the Fourier coefficients ¢; more explicitly.
As the series defining the Poincaré series converges absolutely on compact sets, we
obtain for ) € Py and 0 < u < AQ

Cl(Qv m; P, n; X, s)wl (Qa m,s; gQa(tu))

= X @ [ arasagokmat) 2

P ™
yEZ\T'
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and for @ € X andy>le

Cl(Qv m; P» n;x, S) (wl (Qa m, s; gQa(y)) Oor (Qv Oa —S; gQa(y)))

’

=Y 07 mPassen((w) d.

veAR\I'/Aq

The prime means that we restrict the summation to v &€ Ap, respectively ~v - zp #
zp, in the case Q = P.

In §7 of [16], Good gives a unified treatment, for x = 1, and | = 0. He
gives integral representations of basis elements of Wy (P, n,s) with more or less
the same structure for the three cases P € X*°, P € Py, and the case coming
from closed geodesics (not treated in this book). He derives all properties he needs
from those integral representations, whereas we are content to take the functions
in Wi(P,n, s), and their properties, from books on special functions.

Good remarks that c¢o(Q, m; P,n; x, s) has the following structure:

(gamma factors and exponentials) Z(generalized Kloosterman sum for ¢) - J(c),

C

where the sum is over a discrete set of positive numbers depending on I, and on P
and Q. The function .J may be just ¢ — ¢~'72 but is in general more complicated:
for instance a Bessel function. See Lemma 9 on p. 61 of [16].

5.2.3 Four combinations. One can work this out for four cases: P and () may each
be in X*° and in Py .

In the mixed case, Hejhal shows in [21], Ch. VI, p. 39-41 that the Fourier
coefficients at ) € X*° of a Poincaré series at P € Py are values at P of Poincaré
series for the cusp Q.

For the case P, @ € Py the Fourier coefficients are again Poincaré series, in
other weights, obtained by the Maass operators E* and E~. This is not surprising.
The Fourier series expansion at an interior point may be viewed as a generalized
power series expansion. Hence the derivatives of the function expanded should
turn up in the Fourier coefficients.

5.2.4 The case P,QQ € X is considered in the remaining part of this chapter.
These computations are used nowhere in Part I. Nevertheless, I have included
them, as they are used in applications of this theory.

Let n € Cp(x), m € Cq(x). Take y > Aq, put n(y) = m(Q, 0, —s; ga(y)) if
m =0, and n(y) = wi(Q,m, s; goa(y)) otherwise. The proof of Proposition 5.1.6
implies that

’ 1
a(@QmiPonsx,s)n(y) = x(w)*l/ €72 1y (P, 53 vggn(x)aly)) de,
0
-
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where Z; denotes the sum over v € Ap\T, v & Ap if P = Q. So gp'ygg-ico # ico
for all v that occur. This means that gISI*ng is of the form (;0 *), or in other

words, ¢gp Ip ’ng is an element of the big cell NAZwN of the Bruhat decomposition
G = NAZ U NAZwN (disjoint union). One can check that for these v the cosets
Apry - an(k‘)gQ , for varying k € Z, are all different. Hence

Cl(Qv m; Pa n;x, 3)77(?/)

’ 1
= X a0 T @ [ P siadagnialaty) de

yEAR\T'/Aqg 5€Z\Ag
= > x! / e 1 (P, 53 yggn(x)aly)) da,
YEAP\T/Aq -

where in the case P = @ the double coset Ap is omitted.
For each term there is some freedom in the choice of 7. If we write gglng =
(‘Z S)k‘(m/) with ('z Z) € SLy(R), ¢ > 0, v € Z, we may arbitrarily choose v and

replace a by a + pc and d by d 4 gqc with p,q € Z. Let us take v = 0, and for
instance —a, d € (—3c, 3¢]. This gives

a(Q,m; P,n; x, s)n(y)

= > x!
YEAP\T/Aq

) / e-27r1m(rc—d/c)'ul <P’ n,s;gp ((1 )p (Z’ - -+ Zy)) dx
—00 Cd )

’

— Z X(,y)—leZﬂ'imd/c

s
. / e—27rzm;vul P, n,s;gpp E _ . e—zl arg(z+iy) dx
o ¢ clex + ciy)
Z 627Ti(md+na)/c
il
. / 6_2Trimm.ul(P7 n,s; gpp(71/02 (:C + iy))e_il arg(atiy) dx.

5.2.5 Definition. This leads to the definition of the generalized Kloosterman sum

S (@mi Pnie) = Y X(e,a) Tt (5.1)

dmodc
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where ¢ > 0, and d mod ¢ occur in vy 4y = gp((é s)gél erl.

In 13.2.6 we see that Sq(T'moq 100, m; T'imod 100, n; ¢) is the usual Kloosterman
sum.

5.2.6 General form of Fourier coefficient. We have obtained

al(Q,m; Pns x, s)n(y) = Y Sx(Q,m; Pynjc)

: / e 2Ty (P, 5. gpp(—1/ ¢ (@ + iy)))e " TEEHY) d,

where ¢ runs over the positive numbers occurring in gp (‘z g) gél e I. We are left

with the computation of the integral. We want to write the Fourier coefficient in
the form

a(Q,m; Pn; x, 8) = Gi(Q,m; Pyn;s) Y S\(Q,m; P,n; ) J(Q,m; Pyns si ),

where J does not depend on [, and where G; consists of gamma-factors and expo-
nentials and does not depend on c.
Take € € {1, —1}, and take x = —ey¢ in the integral. This gives

Gi(Q,m; P,n; 5)J(Q, m; P,n; s;¢)n(y)

S
— yefﬂzl/Z/ €2ﬂ—wmy£ul(P7’rL,S;gpp(—]./c2y(—€§ + i))efzel arctan £ df

5.2.7 Casen = 0. We put J(Q, m; P,n; s;c) = ¢~ 1725, We obtain, with |m| = —em,

Gl(Q7 m; P7 07 3)77(3/)
_ 677Til/2y75+1/2 / 6727ri|m\y§(1 + 62)7571/2672'15 arctan Ed€

For m = n = 0 the first and the second formula on p. 9 of [36] imply

21725,/7{1(25)677”‘1/2
L(3+s+ 300G +s—30)

Gl(QaO;PaO; S) =

For m # 0 use Corollary 6.7.5 in [4] to obtain

7rs+1/267il77/2 o1/2
I'( + s+ 3isign(m)) '
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5.2.8 Case n # 0. Take ¢ = sign(n). If we apply Lemma 5.5 on p. 357 of [21], we
find

1 T omilnly e 2e(146%) ! +1/2
T 4 S
el B (4r]n)
1 —ielarg(14+i€) 2miemyé
(e (st i
( yc* (14 €2)
27 1 -1

W%El,s(47r|m|y)y_ c
2 (4m) it mn >0

C

(i +s+3el)

27.[.s+3/2

7571/207172s|n|5+1/2
= sT(3+s—30T(5+s+30)

Y
ifm=0

2w 1
W, 16[,5(47T|m|y>y te!

F(i+s—2el) 72
SEARAS S (zmvmn') it mn < 0

c

with the Bessel functions

R N VO
2o = D st v

I(t) = i U

= w258 +1+v)

If we impose J(Q, m; P,n;s;c) ~ ¢ 1725 as ¢ — 00, we obtain the same factors G;

as in the case n = 0. We summarize the result of our computations as a proposition:

5.2.9 Proposition. For P,Q € X*° the Fourier coefficients of Poincaré series satisfy

a(Q,m; Pon;x, s)
= Gi(Q,m; Pyn;s) Y Sy (Q,m; Pn;¢)J(Q,m; Pn; sic). (5.2)

The variable ¢ runs over the positive numbers occurring in g;lfng € (c' :)Z with

v € T. The generalized Kloosterman sum Sy has been defined in (5.1). The other
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factors are

c172s ifmn=20
Uy dmy/mn\ (1 + 2s) ifmn > 0
= c (27)2%(mn)*
_ dmy/Imn|\ T(1+ 2s) )

s 0

c Iy . @)% [ if mn <
Gl(Q,m;S)
21—25F 2
T (25) ifm=0

itz ) TG +s+ 300G +s—30)

s+1/2
m |m‘s—1/2 me#o

['(1 + s+ Jisign(m))
B e~ Wm/2r21=257(25) 1 ifm=0
T TR +s+ P +s— 30 L w(@m,—s)7t ifm#0.

Remarks. Gi(Q, m; P,n;s) does not depend on P and n; we have written it as
Gl (Qa m; S)

In general, this description of the Fourier coefficients is as far as one can
get. But if T' is a congruence subgroup of SLs(Z), and if the character x can
be described by congruences as well, then more explicit formulas are possible.
In 13.2.5 we consider this for the modular case. That gives the expansion in 1.4.4.
See also 14.4.5 and 15.4.5.

5.2.10 Maass-Selberg relation. A check is provided by the Maass-Selberg relation,
see Theorem 4.6.5. If (P,n) # (Q,m) we should have

Wr (FP,HPZ(Py n, X, S)a LFP,—TLP—Z(Qa —m, X_17 S))
+ Wr (FQ,mP)l(Pa n, X, 5)7 LFQ,—mP—l(Qv —m, X_17 5)) =0.
All other (P’,n’) cannot contribute. This condition gives

C—l(P7 —n; Qa —m; X_17 S)WI'(M[(P, n, S)a [”r}—l(Q7 _n))
+ cl(Qa m; P7 n, X, S)Wr(nl(P7 m)7 LM*l(Q? —m, S)) = 0;

with the same interpretation of .(-,-) as above.
If we define, in this computation, v;(P,n, —s) = 1 for n = 0, then we have to
check (see 4.2.8 and 4.2.9):

C_l(P, —n; Qa —m; X_1’ S)UZ<P7 n, _8) = cl(Q7 m; Pa X, S)UI(P’ m, _S)
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As Gfl(P7 - Qa —m; S)Ul (P, n, 73) = eﬂ—ilGl(Qa m; Pa n; S)vl(Qa m, 78), we may
concentrate on the series with J and the Kloosterman sums.

The ¢ occurring in g}lfng € (‘z Z)Z with v € I, occur also in gélfy*lgp €

(_Tb) 7. Indeed, (;;)1 - (—Tb) k(m) if ¢ > 0. Further, if we choose the

v €T for fixed ¢ with d € (— ¢, 2] such that —1c < a < ic, then Ve, )k(—w) =
gQ( [ifa)gp . S
S0 1P, ) = TNy e

= x(k(m)™" > x( w(c,d))’lezm("“+md)/ = e ™8, (Q,m; Pn;c).
d

The factor e~™* cancels the factor in the relation for G;. As J(Q, m; P,n;n;s) and
J(P,—n;Q,—m; s) are equal, the check is complete.



Chapter 6
Selfadjoint extension of the Casimir operator

In 1.2.6 and 1.5.7 we discussed the selfadjoint extension of the differential oper-
ator L,. This concerned the modular case. The extension was an operator in a
Hilbert space H(r), for r € R. Its eigenfunctions were stated to be modular forms,
and |L2\(1 — %) its smallest eigenvalue. In this chapter we prove these statements,
in the more general setting of Part I. We work in a Hilbert space H(x,!) depending
on a unitary character x of I', and a (real) weight [ suitable for x. In Section 6.1 we
define this Hilbert space as a completion of the space of all smooth y-Il-equivariant
functions with compact support in Y.

The differential operator L,., discussed in 1.5.7, corresponds to the action of
the Casimir operator w in the functions of weight r. The existence of the selfadjoint
extension A(x,!) of the Casimir operator, as an operator in H(x, ), can be proved
in several ways. Roelcke, [50], §3, follows a more direct method than the one used
here. We shall construct A(x, ) as the Friedrichs extension of the operator w in the
compactly supported smooth y-l-equivariant functions. This idea may be found
in Colin de Verdiere, [12], and also in Lax & Phillips, [31]. Precisely the same
method will be used in Chapter 9 in the truncated situation; for the modular case
the result has been discussed in 1.6.2. Although the results will be needed later, I
view this chapter primarily as an introduction to the methods used in Chapters 8
and 9.

In Section 6.5 the selfadjoint extension A(x,!) of w will be determined by a
sesquilinear form s in H(x,!). The domain D(y,!) of s is a dense linear subspace
of H(x,!). It is a Hilbert space itself for another norm, the energy norm, which
takes into account the first order derivatives as well. We discuss this Hilbert space
D(x,1) in Section 6.2.

If all cusps are regular, ie., x(mp) # 1 for all P € X°°, we shall see in
Theorem 6.5.5 that A(y,!) has a compact resolvent. This is a strong result. It
implies that the spectrum of A(x,1) is discrete. To prove compactness, we give in
Section 6.3 estimates of the Fourier coefficients of elements of D(x, ). We use these
estimates in Section 6.4 to prove that the inclusion D(x,!) — H(x,!) is compact.
This will imply Theorem 6.5.5. The estimates in Section 6.3 will be used also in
Chapter 8.

If there are singular cusps (i.e., x(7p) = 1 for some P € X°°), the spectrum of
A(x, 1) has a continuous part. This part can be described with help of the Eisenstein
series, after they have been meromorphically continued as a function of the spectral
parameter s. So, for the spectral decomposition of A(x,!) we need square integrable
automorphic forms to get the discrete spectrum, and the Eisenstein series to get

85
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the continuous part. This is the subject of the spectral theory of automorphic
forms, culminating in the trace formula of Selberg, see, e.g., Hejhal, [21]. In this
book we do not discuss the continuous part of the spectrum of A(x,!). The possible
presence of singular cusps will force us to use another selfadjoint operator. In the
modular case this is “A(r), see 1.6.2. We shall treat the general case in Section 9.2.

Section 6.6 gives the relation between eigenfunctions of the selfadjoint op-
erator A(x,!) and automorphic forms: the kernel of A(x,l) — 411 + 52 consists of
those automorphic forms in A;(x,cX),s) that represent elements of H(x,1). So
the study of A(x,1) is related to the study of square integrable automorphic forms
for the minimal growth condition ¢X) for y.

The fact that A(x,[) is selfadjoint implies that solely for s? € R there may
be square integrable automorphic forms of eigenvalue i — s2. We shall see that
there are further restrictions on s. For some of these restrictions we need the
representational point of view discussed in 4.5.4. That is the subject of Section 6.7.

In this chapter y is a unitary character of I', and [ € R satisfies e = x (k(r)).
We shall often omit the dependence on x from the notation.

6.1 The Hilbert space of equivariant functions

We define the Hilbert space of square integrable x-l-equivariant functions, and
consider under what conditions automorphic forms are square integrable.
6.1.1 Definition. Let K(x,l) = K(I) consist of the x-l-equivariant functions h €
C>°(@) that vanish outside a set of the form T'C'K with C' C G compact. Functions
with the latter property we call compactly supported in'Y .

We do not use the abbreviation K for K(I), to avoid confusion with the
subgroup K = SO5(R) C G, and its cover K.

6.1.2 Differentiation. The differential operators discussed in 2.2.3 give linear maps
Ef:K() - K(1+2), w:K()— K(l).
6.1.3 Definition. We put a scalar product on K(I) by defining
(k1, k2 )i = k1 (p(2)) k2 (p(2)) du(2).
IS
The integration may be carried out on the fundamental domain F'. This scalar

product also make sense if both functions are continuous and y-I-equivariant, and
only one of them is compactly supported in Y.

6.1.4 Lemma. For k1, ks € K(1), ko € K(1 £2):
(E<ky, ko)izo = —(k1,E¥ ko),

1 1
(whi, Ks) = (ki wha)y = o > (E*ky, B ks)izo — 712k, ks
+
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The same formulas hold if one of the k; is not compactly supported in'Y, but is
smooth and x-l- respectively x-(I £+ 2)-equivariant.

Proof. Note that
(BEky, k)42 + (k1, ET ko), =/ dn
F

with n = —2k1(p(2))k2 (p(z))@. We use a truncated version F'(a) of the fun-
damental domain F, like we did in 3.3.5. Take a such that p(F' \ F(a)) is not
contained in supp(kiks). As 77 is I'-invariant, we obtain fF(a) dn = faF(a) n = 0.
Use w = —%EiE¢ + %W2 F 5 W for the assertion concerning (wki, k3);.

6.1.5 Definition. H(x,l) = H(l) is the completion of K(I) for the norm ||.||; corre-
sponding to the scalar product (.,.);.

6.1.6 Remarks. One may identify H(l) with L?(F,du). To see this, note that the
© € C(9H) of which the support is contained in the interior of F' form a dense
subspace in L2(F,du). Define ¢ € C°(G) by @(vp(2)k(0)) = x(7)p(2)e? for
v eT,ze F,# e R. The ambiguity in the choice of v, z and 6 for a given
g = vp(2)k(h) € G does not matter, as x(¢) = €™, and p(z) = 0 for z near the
boundary of F. Now ¢ € K(I), and ||¢||? = [4 |¢(2)|* di. The map ¢ — ¢ induces
an isometric injection L2(F,du) — H(l). As the ¢ are dense in K (l), that map is
an isomorphism of Hilbert spaces.

I prefer to define H(l) as the completion of K(I), as this does not depend on
the choice of a fundamental domain, and avoids the introduction of H(l) as a space
of equivalence classes of functions. Moreover, with this definition it is immediately
clear that we can view H(I) as the space of continuous antilinear forms on K (1),
by associating to f € H(l) the map K(I) — C: k — (f, k).

6.1.7 Examples of elements of H(l). An easy example, for x = 1, I = 0, is the
constant function 1 : g +— 1. As f\ﬁ has finite volume, 1 represents an element
of H(1,0).

We use the identification between H(I) and L?(F,du) to give another exam-
ple. For any unitary y and real [ with x(¢) = ™, the function F' — R that is 1
on the interior of F' and 0 on the boundary is in L?(F,du). Hence it determines
an element of H(l). For general x this element is not represented by a smooth
function on G. It depends on the choice of F.

6.1.8 Square integrability of automorphic forms. Let ¢ be a growth condition for y,
and let f € A;(x,c,s). We show that the square integrability of f is determined
by the Fourier terms corresponding to P € P, n € ¢(P).

The automorphic form f € A;(x,c,s) represents an element of H(l), if and
only if the function f; : z — f(p(2)) is square integrable on F'. The decomposition
of Y discussed in 3.5.5 gives a decomposition of F'. As f; is smooth on the compact
set F'\\Upep P 'Up(Ap), it is square integrable on it.

Take P € P. On FNpr 'Up(Ap) the function f; is the sum of its c-remainder
fle, P); and the Fourier terms corresponding to n € ¢(P). If P € Py, then flc, P,
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is smooth on F N pr—1Up(Ap), hence it is square integrable. If P € X°° the
definition of regularity in 4.1.9 amounts to square integrability. We use that y is
unitary to see that the factor e 2" in 4.1.9 does not matter. Fourier terms for
different (P, n) are orthogonal to each other (expand du(z) in Iwasawa and polar
coordinates to see this orthogonality). Hence f € H(l) if and only if all Fourier
terms for P € P, n € ¢(P) are square integrable on F Npr 1Up(Ap).

For P € X square integrability amounts to regularity. For P € Py regular
Fourier terms are square integrable, but if n = [ all Fourier terms are square
integrable (see 4.2.9, and use that du = 4du A dn in polar coordinates).

Suppose the growth condition ¢ is the minimal one for f, i.e., f & A;(x,c¢1, )
for ¢; Cc, ¢; #c. Then f € H(I) if and only if the following conditions hold:

c(P) c {0} it PeX™
Fpof € W(P,0,s)  if P € X and ¢(P) = {0}
c(P) c {0} it P e Py.

In particular, S;(x,c),s) € H(l). We check that the resolvent kernel dis-

cussed in 5.1.8 is also square integrable. Part i) of Lemma 5.1.4 implies that any
Fourier term of order zero at a cusp is bounded, hence it is square integrable (re-
member that Res > % in the domain of convergence). Other Poincaré series as
defined in the previous chapter are in general not in H(l). Square integrability
occurs if y;(P,n,s) € WP(P,n,s) for P € X*.
6.1.9 Ezxplicit examples. In Chapter 1 we have mentioned square integrable modular
forms: the holomorphic cusp form A, see 1.3.2 and 1.4.2; the cuspidal Maass forms
in 1.4.5; and n, for r > 0, see 1.5.5. Except for ny = 1 these functions are cusp
forms.

See 14.3.1, p. 269, for a more interesting example of a square integrable
automorphic form that is not a cusp form.

6.2 The subspace for the energy norm

We define the subspace D(x, 1) of H(x, 1) by ‘square integrability of the first deriva-
tives’. This subspace turns out to be the completion of K () with respect to an-
other norm, the ‘energy norm’. D(x,!) will contain the domain of the selfadjoint
extension of w (to be defined in Section 6.5).

E* and E™ are the derivatives that we use to define D(,1). The maps E* :
K(l) — K (I +2) are not continuous if we provide K(I) with the norm || - ||;, and
K (I +2) with || - ||;+2. Hence they cannot be extended as maps H(l) — H(l £ 2).
But the identification of elements of H(l & 2) with continuous linear forms on
K (I +2) allows us to make sense of the condition E* f € H(l + 2).

6.2.1 Extension of differential operators. E* : K(I) — K(I +2) can be extended
to H(l) in distribution sense: for f € H(l) we define E* f as the antilinear form

E¥f : ke —(f,ETk)
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on K (I +2). This form is continuous for the norm k — ||[ETk||; + ||k|/;x2. In this
way E* f makes sense as a distribution for each f € H(I).

The map E*f : k — —(f, ETk); may happen to be continuous for ||.||;+2. In
that case the antilinear form is given by an element of H(l + 2), which we also
denote by E* f. We have (E* f, k)40 = —(f,ETk), for all k € K(I +2).

Lemma 6.1.4 shows that if f € C°°(G) N H(l), and the usual derivative E* f
is in H(l £2), then E* f represents k — —(f,ETk);.

6.2.2 Definition.

D(x,)=D()={feH():E"fe Hl+2)and E"f € H(l-2) }.
For f,g € D(l) we define

(fo)pi = (hoh+ 5 S (EfEghss

+

1115, (f. fpa = IfIF + Z E* £
+
We call || - ||p,; the energy norm.
6.2.3 Ezamples. Let x = 1. Then 1 € H(l). Moreover, E¥1 = 0 implies 1 € D(0)

and [[1fo = [[1]|p,0 = 1/ vol(I'\H).

All cusp forms are elements of D(1); see Proposition 4.5.3. The differentiation
result in 5.1.11 implies that the resolvent kernel is not an element of D(I).

6.2.4. As K(I) C D(l), the space D(l) is dense in H(l).

D(l), provided with the scalar product (.,.)p,, is a Hilbert space itself. In-
deed, any Cauchy sequence (f,) in D(I) with respect to ||.||p; determines f =
lim,, .o fn in H(I) with respect to ||.||;, and fi = lim,, oo E*f, in H(l +2) with
respect to ||.[|;+2. We check that E¥f = fi: for k € K(I £2)

(fx, k)12 = nliﬁgo(Eifn, F)izo = lim —(fu, ETk) = —(f,ETk):.
6.2.5 Lemma. If h € D(l) satisfies (h,k)p; = 0 for all k € K(I), then h is
represented by a real analytic function on G.

Remark. In the next proposition we shall see that h = 0.
Proof. Put n(¢) = [ ¥(2)h(p(2)) du(2) for ¢ € C°(9). As 2 +— h(p(z)) is locally
square integrable on $), this defines a distribution 7. Moreover,

W) = /Zw hp(r - 2)) du(z)
- / S xo() e e+ g () R (p(2)) da(2)

= (ky,h)
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with
kw( ZX -1 7zlarg(cw+d W(’YZ)@”@

vef

This sum is a finite one for each z € ), uniformly for z in compact sets in §). This
implies that ky, € C(Q). If ky(p(2)k(0)) # 0, then z € T" - supp . Hence ky, €
K (l). The condition (h,k)p; = 0 for all k € K (l) implies ((w+ 312 +1)ky, h); = 0.
As (w+ ilz + ky = kp, with p = (—y?92 — y2a§ + tly0, )1, we see that 7 is an
eigendistribution of an elliptic differential operator on $) with analytic coefficients.
Hence z — h(p(z)) is an analytic function, see, e.g., [29], App. 4, §5, and [3], p
207-210.

6.2.6 Proposition. K (1) is dense in D(l) with respect to ||.|p,-

Proof. Suppose h € D(l) is (.,.)p -orthogonal to K(I). The previous lemma
shows that h is represented by a real analytic function. Take, for n large, ¢, €
C>(I'\$H) = C>*(I'\G/K) in the following way:

0<9yn<1
Y =1 } outside T |Jpe y Up(n)
Unlgp - 2) =(y/n)  for gpp(z) € pr~'Up(n), P € X

with ¢ € C*(0,00), ¢(y) = 1 for y < 2, ¥(y) = 0 for y > 3. Then 1, - h € K(1)
and lim,,— oo ¥,h = h in H(l). For P € X*°, y > n we have

2% -~
E*u(gr - 2) = 20 (y/n) = O(1).
As i, h € K(1), we have (¢,h, h)p; = 0. So for large n

1 1 )
nlh? + = E*,) hEEh + = [E*h d
Z /prlUp(n)mF ("/’ | | 82( ’L/) ) Szi:w ’ ‘ ) 1%

PeX> +

1 2
+ h2+ =Y [EER]T ) d
/remainder of F <| | 8 ; | | ) a

equals zero. If h were non-zero, the integral over the remainder of F' would eventu-
ally give a positive contribution, which does not decrease when n grows. So there
would be a positive number 7 such that for all large n

—T>Z/

pPex>

Z (E£4,,) hEER dp.

1UP(TL NFE 8

h and E*h determine elements of L?(F,du). This implies the integrability of the
functions % (E*4),,) hE£h. As the E*1),, are bounded and have pointwise limit 0
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as n — 0o, we obtain by dominated convergence

o)

(Eiz/zn) hEfhdu = 0.
Py JBEIUR(INF 8

This gives a contradiction.

6.2.7 Lemma. For f € D(l), h € D(l + 2)
(Eif’ h)lﬂ - (f’ Eij)r

Proof. This holds for h € K (I 4 2) by the definition of E* f. Both sides of the
equality depend continuously on h with respect to the norm ||.||p ;.

6.3 Fourier coefficients

The elements f € D(x, 1) are defined by square integrability of f, ET f, and E~ f.
We shall see in Lemma 6.3.7 that this implies an estimate of most Fourier terms
of f at the cusps. This estimate will imply that the selfadjoint extension of w has a
compact resolvent if all cusps are regular (Theorem 6.5.5). It will also be essential
in Section 8.4, in the truncated situation.

Up till now we have defined the Fourier term operator Fp,, for C*°-functions
only, see Section 4.1. To define it in the L?-context, we again view square integrable
functions as antilinear forms on a space of test functions.

Let X*° C P C X as before. Consider P € P and n € Cp(x).
6.3.1 Definition. For each ¢ € CZ°(0,00) we define

Opni®) (@)= Y. x() 'ho(r9),

YEAP\T
with
ho(gpp(2)k(F)) = e*™mop(y)e®  if Pe X
ho(gpk(n)a(t.)k(y)) = emp(u)e” if P € Py.

The sum is finite for each g, uniformly for g in compact sets. In the case P € Py
this follows from the fact that supp(h,)/K is compact and meets only finitely
many different T-translates of the fundamental domain F. In the case P € X
only finitely many translates of Ap - F' intersect supp(h,) /K.

We see in particular that prsupp(©p,ip) = prsupp(hy,) is compact. So
Opn,i: CX(0,00) — K(I).
6.3.2 Notation. We provide (0, oo) with the measure dvp, given by dvp(y) = y~2dy
it Pe X*°, and dvp(u) =4ndu if P € Py.

Remember that Ip C (0,00) is equal to (Ap,c0), respectively (0, Ap). The
next lemma shows that we have chosen dvp in such a way that ©p,,; : Cg° (fp) —
K(l) is an isometry for the L2(Ip,dv,)-norm on C°(Ip) and ||.||; on K(1).
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6.3.3 Lemma. Let J C (0,00) be of the form (B,o0) if P € X and of the form
(0,B) if P € Py, with B > 0. The operator Opy; : CX(J) — K(l) has a
continuous extension Op, ;| : L?(J,dvp) — H(l). If J C fp, then Op .y is an
isometry.

Proof. We use the identification of H(l) with L?(F,du), where F is the canonical
fundamental domain that we haye chosen.
Let P € Py. For each v € I':

/ g (yp(2)) 2 di(z) < / e (gpp(2)) P du(z) = 1]
F 9

supp(h,)/K = gpK{a(t,) : 0 < u < B}K/K meets only finitely many I-
translates of F.

Let P € X*°. Now supp(hy,)/K = {gp -z :y > B} meets only finitely many
translates of Ap - F. Moreover F is contained in { gp-2z : a <2 < a+1} for some
a € R. Hence

a+1 e’}
/F e (4p(2)) P du(z) < / : / e (gpp(2)? du(z) = (1]

—a =B

In the case that J C Ip, there is exactly one translate meeting supp(hy)/K;
hence we obtain equality.

6.3.4 Definition. Let B and J be as in the previous lemma. We denote the adjoint
map of Op,,; by Fp,, : H(l) — L?(J,dvp).

So Fp, is a bounded operator with bound depending on B. If J C Ip,
then Fp, is an orthogonal projection followed by an isometry. If f € C®(G'p)
represents an element of H(l), then the Fp, f defined in Section 4.1 represent the
Fp.,.f € L*(J,dvp) as defined here.

We shall mostly use Fp,, on J C Ip. But the general definition may be useful
as well. In [29], Ch. XIII, §1, we see that the ©p; and Fpo with P € X singular
play a role in the study of the continuous part of the spectral decomposition
of H(1).

6.3.5 Distributions. Let J be as above. Any h € L?(J,vp) determines a distribution
C*(J) — C : ¢ — [, hpdvp on J. We define the derivatives of distributions
on (0,00) with respect to dvp: if 7 is a distribution on (0, c0), then

ayn:gol—wq(—(p/—F%(p) if Pe X
Oun o — —n(¢) it P € Py.

If n is given by a C*°-function, then the usual derivative determines the same
distribution.
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6.3.6 Lemma. For f € D(l) we have in distribution sense on (0,00):

(2y0y F4mny £1) Fp,f if Pe X

FP,nEif =
<2x/u2 +ud, = (n\/%m) Fp.f if P € Py.

Proof. We treat the case P € X°°; the other case is proved similarly.
Let ¢ € C2°(0,00), and put ¢1(y) = 2y’ (y) + (£dmny F 1 — 2)o(y).

oo
Fmeif ~pdvp = (E:‘:f7 @Pv”vli%ﬁ)l:ﬂ
0

= —(f,ETOpn220), = — (f,Opn1p1), / Fpnf-(—¢1)dvp,

6.3.7 Lemma. Let P € X*°, n € Cp(x), n #0. Let J = (B, 00) with B > 0. Put

2 - ﬁ if nl >0
Aplln) = 7|n| if n
27|n| ifnl <0
. 1
Ap(l,n) = 2xn|B - élsign(n).

Let f € D(l). Then y — yFp,f(y) represents an element of L*(J,dvp). If B >
l
, then

o d
Ammﬁ/ yFpmf ) Y
B Y

AB(l,n)Q/B ‘FP,nf(y)|2 d_g

<1 d
/B P> [ErnEf ) 5 2

Remark. If In < 0 then the condition B > ﬁ is automatically satisfied.

Proof. Put h = Fp,f, hy = 33, Fp,E* f and hy(y) = (I — 47ny)h(y). By the
previous lemma hy = $Fp ,Et f—1Fp,E~f. Soh, hy, he € L*(J,dvp). Asn # 0,
we obtain the first assertion of the lemma. Furthermore,

1 2 dy ~1 dy
=Y |FpnEXf]T = = ha(y)|* + |ha(v)[*) =
[ sl = [ LR )
1/00 2 2 dy
— Il —4dmny)*|h(y)|"—
43( )|()|y2

P%%W—E@@YfMM|ﬁ>AUn> = 2y
B 2y 2 = 2

I (27T|n|yf%lsignn) \h(y)|? i; > Ap(l,n)? [ |h(y |2dv

v
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6.3.8 Decomposition. Consider Fp, : H(l) — LQ(fp,de). Each Op,, Fp,, is
the orthogonal projection on a subspace Hp,(l) of H(l) that is isomorphic to
L*(Ip,dvp). If (P,n) # (P',n'), then (©pn1p,0p v 1¢') = 0 for all p,¢' €
L*(Ip,dv,). So we have an orthogonal decomposition

H(l) = L* (F ~pr ! (U Up(flp)) 7du> o DD Hrn).
P P

6.4 Compactness

We consider the inclusion map Id : D(I) — H(I). It is a bounded operator, if we
provide H () with the norm ||.||;, and D(l) with ||.||p,;. If Id is a compact operator
that has consequences for the automorphic spectrum. The values of x(7p) for
P € X regulate this compactness.

6.4.1 Lemma. Let Y be a compact subset of Y. Denote by D, respectively H, the
subspace of D(1), respectively H(l), of elements supported in pr='Y, provided with
the topology induced by D(1), respectively H(l). Then the inclusion D — H is
compact.

Proof. We reduce this to the usual Sobolev theory on a torus, see, e.g., [29], App. 4,
§4. Take a fundamental domain F and put F = FNpr 'Y. Choose C C $ open,
C compact, such that F' C C. Take ¢ € CX9),Y|p=1,0<v¢ <1, suppy C C.

C meets only a finite number of I-translates of F. This implies continuity
of the map H — L?(C,du), obtained by identifying elements of H with functions
on %.

ST
Q
=

IV ]

Let R be an euclidean rectangle in $), containing C' in its interior. This rect-
angle may be viewed as a fundamental domain of a torus 7. We map L?(C,dpu)
continuously to L?(T,dx A dy) by means of C' < R — T. This is no isometry, as
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the measures differ. By usual Sobolev theory there is for each € > 0 a subspace
H (g) of the first Sobolev space H'(T) on T, of finite codimension, such that

)

for all h € H(e). The derivatives are to be understood in distribution sense; so if
f € D, then we may consider f as function on 9, and ¥ f, zba%f and w%f are in

L?(C,du). The derivatives a%(i/}f) and %(wf) are also in L%(C, du). So there is a

subspace D(g) of finite codimension in D such that f — ¢ f maps D(e) into H(e).

a 1”@
h||2 h||2 —h —h
|| ||T<s<|| 8+ ot + 5

D = my )
~U ~
(€) —  H(e)
For f € D(e):
IAE = IE <5 1S
) d > o 2
< - (nwnc taewn| +|aen C)

? 9
+ o+ H—
. 1Py flle oy’

)

0
<o <||f|2c e Y

ow € <||f|% +)° ||E*f||?,~>
+

<oy eN|flDy

6.4.2 Proposition. Suppose that all cuspidal orbits are reqular for x. Then the
inclusion Id : (D(1),||.||p.i) — (H(), ||-|l;) is compact.

Remark. The regularity condition means that x(7p) # 1 for all P € X°.
Proof. For each € > 0, we have to produce a subspace D, with finite index in D()
such that ||f]l; < e||f|lp; for all f € D.. We have seen in the previous lemma
that on compact parts of Y this follows from the usual Sobolev theory. We use the
estimates in Lemma 6.3.7 on a neighborhood of a cusp P. This is possible if the
n € Cp(x) stay away from zero; that is why we need the regularity condition.

Let € > 0 be given. Choose for each P € X a number a(P) strictly larger

than max (flp, %), with Mp = min{|n| : n € Cp(x) }. As x(7p) # 0, we
know that Mp > 0. This choice of a(P) implies that Aa(p)(., .) in Lemma 6.3.7
satisfies Aa(p)(l,MP) > L. Define sets Uy and U by Uy = Upe e Up(2a(P)),
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U= Upex~ Up(a(P)); put Y =Y ~\ U;. Fix a function ¢ € C°°(T'\G/K) such
that 0 < ¢ < 1,¢ =1 on pr (Y \U) and ¢y = 0 on pr 'U;. We apply the
previous lemma to Y. As f — 1 f maps D(l) into D, there is a subspace D, of
finite codimension in D(!) such that

[0flle < el fllpa forall f e De..

For all f € D(I) we apply Lemma 6.3.7 to f1 = (1 — ) f:

/ ENTED )Y /

Pex> n ¢

(KAl

Feafiy) =5
(P)| P f1(y)] )

1 /“ 1 +p 2
< — 2 2 B Al du
Pex™® Aa(P) (lv MP)2 Fnpr—'Up(a(P)) 8 ;

1
/F SSTEEAP A< 2] Al
+

npr— U 3

A

So for f € D,

1l < T fll+ 11 =) flle < e o fllpa + 1 =) flipa) -
Use, for n =1 or 1 — 1,

IE= ()20 / WEE £ + (B0 £ du
F

2 (IE*flifee + anll£117)

IN

with a, = sup{ [E*n(g)|? : g € G'}, to obtain

1 1
Il <e (\/14— §a¢ + \/l—i— 2a1_¢> Ifllp; forall f e D,.

One problem remains: do ay and a;—y introduce a dependence on €? If we take
of the form

Y(gpp(2)k(0)) =T (a(yp)) for y > a(P), P € X,

with 7 € C*°(0,00), 0 <7 <1, 7(y) =1 for y <1 and 7(y) =0 for y > 2, then

2 Yy / Yy
B 0larp(:)K(0) = 202t (Q(P)) 7

which is bounded uniformly in a(P). The same holds for the function E*(1 — 1).
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6.4.3 Counterezample. If some cuspidal orbit P € X is singular, then the inclu-
sion Id : D(I) — H(!) is bounded, but not compact.

Indeed, take f of the form @P’o’l@ with ¢ € C2°(0, ), with support con-
tained in Ip = (Ap,00). Then H@R()J(p”l pr |20l2 and

1 + 2 * 2 2, 1 2\ 4y
gZIIE Oro1¢lDy = vl @I+ eI ) -
I Ap Yy

So f=0Opop € K(I) C D(I) satisfies

1 2 2 o / 2
L+ 28I+ [ 1o W) dy
Ap
/ lp(y) [Py 2dy.
Ap

If we take pq(y) = ¢(ay) with a < 1, ¢ # 0, we obtain infinitely many linearly
independent f, € D(I) for which

Ifall? = all fIF,  falby = all D
This contradicts compactness of Id : D(l) — H(I).

[Fy

1117

6.5 Extension of the Casimir operator

The Casimir operator w maps K (I) into itself. It is not bounded with respect to
the norms || - ||; and || - ||p;. So it cannot be extended to the whole of H(x,1),
or of D(x,!1). But it has a selfadjoint extension A(y,!) in H(x,!), with domain
contained in D(x,!). To construct this extension, it suffices to have available the
results in Sections 6.1 and 6.2. Sections 6.3 and 6.4 allow us to prove that A(x,!)
has a compact resolvent if all cusps are regular for x.

See [12], and also [31], for this approach to the selfadjoint extension of w.

6.5.1 Definition. We define s as the sesquilinear form on D(I) given by

s[f.h] = = 3 (B* f.E* hnig——4<f,>

8¢

As K(I) € D(I) is dense in H(l), the form s is densely defined in H(I). It is
closed, symmetric and bounded from below by —712

7. f] > 3P fI? for all f € D).

See, e.g., [25], Ch. VI, §1, No. 1-3, for the definitions of these properties of sesquilin-
ear forms see.
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The form s is continuous with respect to the norm ||.||p; on D(I). In fact,
5[f7 h] - (f> h)D,l - (1 + %12) (fa h)l
6.5.2 Definition. Sesquilinear forms of this type correspond to selfadjoint operators
in H(l); see [25], Ch.VI, §2.1. By A = A(x,!) we denote the unique selfadjoint
operator in H(l) with dom(A4) C D(l), such that

s[f,h] = (Af,h); forall f € dom(A), h € D(I).

The domain of A consists of those f € D(I) for which h — s[f,h] is continuous
with respect to ||.||; and hence is given by an element of H(l). That element is Af.

6.5.3 Eaxtension of the Casimir operator. A computation based on Lemma 6.1.4
and the relations in Section 2.2.3 shows, for k € K(I) and h € D(I),

1 1
sl h) = —5 > (ETE*k h) — (k. h) = (wk, h)r.
+

So K(I) C dom(A) and A =w on K(I).

A is the Friedrichs extension of w : K(I) — H(l); see [25], Ch. VI, §2.3.
6.5.4 Spectrum. The spectrum of A is contained in [—%12, 00). At least for each
A € C\ [—3112,00) the resolvent R(A) = (A—A)~! is a bounded operator in H(1).
See [25], Ch. V, §3.5.

6.5.5 Theorem. Suppose that all cusps of T are reqular for x. Then the resolvent
A — R(A) is a family of compact operators H(l) — H(I), and the spectrum of A is a
discrete set. The spectrum consists of eigenvalues Aj, —il2 <A <A< A<y
with imj_, o A\j = 0o. All eigenspaces ker(A — \;) have finite dimension; they are
orthogonal to each other and span H ().

Remark. This result is well known. See, e.g., [21], (10.3) on p. 99 for the case of
weight 0.

Proof. Theorem 6.29 in [25], Ch. III, §6.8 shows that it suffices to prove com-
pactness of the resolvent for only one value of A to obtain it for all A outside
the spectrum. Furthermore, compactness implies that the spectrum is a discrete
set, that each X in the spectrum is an eigenvalue of A, and that ker(A — 5\) has
finite dimension. Apply Theorem 2.10 in loc. cit., Ch. V, §2.3 to (4 — \)~! with
A< —ilQ to obtain the orthogonality and completeness of its )\%/\j—eigenspaces.
As H(l) is a separable Hilbert space, there are countably many eigenvalues.

We show that (A — (=31 — 1))71 is compact. Provide D(l) with the norm
Illp,;- By Proposition 6.4.2 the inclusion Id : D(I) — H(l) is compact. Hence
its adjoint Id* : H(l) — D(l) is compact as well; see loc. cit., Ch. III, §4.2,
Theorem 4.10. For g € H(l), h € D(l) we obtain

1
s[ld*g,h] = (Id*g,h)p; — (1 + Zl2> (Id*g, h)
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1
= (g,1dh); — (1 + le> (Id*g, h);.

So h + s[Id"g, h] is represented by g — (1+ ;I?)Id"g € H(l). This means that
Id*g € dom(A) and (A+1+ 1?)Id"g = g. Hence Id* = (A+ 1+ ilQ)fl. This
operator is compact as an operator H(l) — D(l), hence as an operator H(l) —
H(l) as well.

6.5.6 Remark. If some cuspidal orbit is singular for y, then the spectrum of A(x, 1)
is not discrete. The part of H(Il) corresponding to the continuous spectrum is
described by the extension of Eisenstein series; see, e.g., [29], Ch. XIV, §13.

6.6 Relation to automorphic forms

In this book we use the selfadjoint extension A(x,!) of the Casimir operator as a
means to obtain information on automorphic forms. We now indicate the relation
between both concepts by proving that for each s € C the kernel of A(x,l) —
i + 52 corresponds to a subspace of Al(x,c(X),s). The growth condition ¢ is
the minimal one for y. This is in contrast to the previous chapter, where Poincaré
series provided us with examples of automorphic forms for a growth condition that
is in general not minimal.
6.6.1 Notation. Let s € C. We put AZ(x,s) = Ai(x, cX) s) N H(x,1) for the
unitary character y and the real eigenvalue [. We call the elements of A?(x, s)
smooth square integrable automorphic forms.

In the notation the growth condition is not needed. These spaces of automor-
phic forms are defined only for unitary characters xy and real weights [.

The Poincaré series P;(P, 1, s) with P € Py (resolvent kernel) are examples of
square integrable automorphic forms that are not smooth on G. So these functions
are not in A?(x, s).

6.6.2 Proposition. Let A € C and let ¢X) be the minimal growth condition for x.
The selfadjoint extension A = A(x,l) of w satisfies

ker(A —\) = A? (x, i- /\) .

Remark. The choice of + in ,/i — X does not matter.

Proof. First let f € dom(A), Af = Af. We have to prove that f € C°°(G) and
wf = \f. Let ¢ € C($), define hy(p(2)k(0)) = ¥(2)e?. Then

ko(9)= Y x(v) " hy(rg)

'yEZ~\l:‘
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defines ky(g) € K(I) and wky = ky with n = (=40} — y?02 + ilyd,) 1. The
function z — f(p(z)) is locally square mtegrable on $), so 1t gives a distribution ®.

0= [ 1o 3 = [ FERGE ) = (ko
The distribution derivative (—y28§ —y20% + zly@x) d is given by
(4?02 — y?0% + ilyd,) @) (V) = (7) = (f,wky )
= slky, f] = sf, k] = (Af. kp)i = (M by )t = AD(9).

So @ is an eigendistribution of an elliptic differential operator with analytic coef-
ficients, hence it is given by a real analytic function; c.f. 2.1.4. This means that
f is represented by an element of C°(G) (also denoted f) and that wf = \f.
Consider Definition 4.3.4. All conditions are satisfied, the regularity even without
going over to the c-remainder. So f € A;(x,c™), s) with A = % — 52

Conversely, let f € A;(x,c™), s) represent an element of H(1). As cX)(P) = ()
for all P € Py, we have f € C"o(é). At P € X the square integrability implies
regularity. We apply Lemma 4.5.2. As x € X, we need no condition on the Fp,, f.
We conclude that Etf and E~f are regular at all P € P. So E*f represent
elements of H(l + 2) that coincide with the distribution derivatives E* f. This
means f € D(l) and for k € K(I):

E[fak} :(f7Wk)l:(wf7k)l: ((1_8 )fﬂ )

by 6.5.3 and repeated application of Lemma 6.1.4. As k +— s[f, k] and k —
(; —s%)(f, k), are continuous for the norm ||.| p,; on K(I), the equality is valid for
all k € D(I). Hence it shows that f € dom(A) and Af = (3 — s?)f.

6.6.3 Remarks. All cusp forms are smooth square integrable automorphic forms.
So the spaces S;(x,cX), s) are zero for i —s2d [—%12, 00).

For f € Aj(x,c™),s), f & Si(x,c™),s), the condition f € H(I) amounts to
Fpof being regular for all P € X* with x(7p) = 1. Combining the condition
i —s? € [—%lg,oo) with Proposition 4.2.11, we see that this is possible only if
—112 <1 s? <1 and that all those Fipof should be multiples of i (P,0, —|s|).
So A2(x, s) # Si(x,c™), s) is possible only if y is singular at some cusp, and +s €
((0, 212 + 1]. (Even stronger conclusions can be drawn, see Proposition 6.7.8.)

6.6.4 Lemma. If f € ker (A(x,l) —A), then EXf € ker (A(x,l+2) —\) and
ETEEf = (—4X— 1> F2) f.

Proof. Take A = i — s2. Proposition 6.6.2 implies that each f € ker(A(x,l) — \)
satisfies f E AZ(x,s), with A = 1 — s2. Proposition 4.5.3 implies that EXf €
Apa(x, ¢, 5). As f € D(1), we obtain E* f € ker(A(x,!+2) — \) from Proposi-
tion 6.6.2. ThlS reasoning, applied to E* f, gives EFE* f € ker(A(x,1) — \). Now
use the relations in 2.2.3.

l
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6.7 The discrete spectrum

We have seen in 6.6.3 that the spectral parameter s has to satisfy rather strong
conditions if the space A?(x, s) of smooth square integrable automorphic forms is
to be non-zero. The representational point of view discussed in 4.5.4 gives some
more conditions. Those conditions are the subject of this section. Actually, we
more or less redo the classification of irreducible unitary representations of g.
6.7.1 Automorphic g-modules. Consider a non-zero smooth square integrable au-
tomorphic form f € A?(x,s). Proposition 6.6.2 and Lemma 6.6.4 imply that
(EN)™E)"f € A7 5, o (x:s) for all n,m € Nxq. This leads to the submod-
ule U(g) - f of the Lie algebra module

@ Am(ch(X)7S)'

m=Ilmod?2

U(g) is the enveloping algebra of g. It consists of all non-commutative polynomials
in E, E~ and W. The relations [E7,E*] = 4iW and [W,E*] = +2/ET in g,
see 2.2.3, imply that each element of U(g)- f may be written as a linear combination
of elements (ET)"(E7)"W* . f. But W - f = ilf, and wfy = (3 — s?)f1 for all
f1 € U(g)- f. This can be used to obtain a basis of U(g)- f that consists of elements
of the form (E*)"- f and (E7)¥- f. All these basis elements are automorphic forms
themselves, so U(g) - f does not look too bad after all.

U(g) - f carries a scalar product obtained from the scalar products on the
A2 (x,8) C H(x,m). Lemma 6.2.7 implies that (ET f1, f2) + (f1,E™ f2) = 0. Hence
(Qf1, f2) + (f1,Qf2) =0 for all Q € g,.

The classification of U (g)-modules with these properties has been carried out.
It is closely related to the classification of irreducible unitary representations of G.
We shall give the various possibilities in Proposition 6.7.3.

6.7.2 Representations of G. The classification of irreducible unitary representations
of G = SLy(R) is discussed in, e.g., [29], Ch. VI; consult [48] for the universal
covering group G of SLy(R). We find three classes of representations, related to
the eigenvalue A of the Casimir operator in the representation:

re|

,00) principal series,
Ae[z—T

NN

2, i) complementary series,

A€ (=00, —72) discrete series.

The number 7 € (f%, %] depends on the weights occurring in the representation:
217 = 1+ 1 mod 2. It equals % for even weights, and 0 for odd weights. For our

purpose the following distinction is more useful:

1
A> 1 72 A is of continuous series type
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2

AL - —71 A is of discrete series type.

> =

We shall not explicitly consider these irreducible unitary representations, but
start with some non-zero f € ker(A(x,!) — A) and construct other automorphic
forms in U(g) - f by differentiation.

For f as indicated, we define f, € ker(A(x,q) — A) for ¢ =1 mod 2 by

i = f
fer2 = ETf, for ¢ > 1
fe—2 = E7f, for ¢ <.

Lemma 6.6.4 shows that indeed f;, € ker(A(x,q) — A). Let us consider the set
L(f) ={q:q=1mod?2, f; # 0}. Always [ € L(f). It turns out that the
eigenvalue A determines the form of this set.

6.7.3 Proposition. Define T = 7(x) by 7 € (=3, 3], x(k(w)) = —e*™7. Let f €
ker (A(x,1) — A), f # 0. Then the eigenvalue A and the weight | determine the
form of the set L(f) ={q:q=1mod 2, f, # 0} according to the following rules:

i) Continuous series type. If A > i — 72, then L(f) =1+ 27Z.

i1) Holomorphic discrete series type. If | = bmod 2 and A = $b(1—1b) for some
be (0,1, then L(f)={gq:q=1mod2,¢g>b}.

i11) Antiholomorphic discrete series type. If | = —bmod 2 and \ = %b(l — zb)

for some b € (0,—1], then L(f) ={q:q=lmod 2, ¢ < —b}.

1
2

iv) Constant function. If I = XA = 0, then L(f) = {0}.
These four cases exhaust the possibilities.

Remarks. If X has discrete series type then E™ f, = 0 or ET f, = 0 occurs for some
g € L(f). We have noted in 2.3.7 that E™ f; = 0 means that f, corresponds to a
holomorphic automorphic form. Similarly, if E* f, = 0, then f, corresponds to an
antiholomorphic automorphic form on $).

If A has continuous series type, E* fq = 0 does not occur. The correspond-
ing f, are often called Maass forms.
Proof. As A € R, we may write A = 1 — s? with s € i(0,00) U [0,00). Take a
non-zero f € ker(A(x,!) — A) and form L(f) as indicated above. Lemmas 6.2.7
and 6.6.4 give, for each g € L(f) with £(¢—1) > 0:

quﬂugiz = (Eifm fq:l:?)q:l:Z

= B = 1 () (55 Al
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This has the following consequences:

1 1
4, q9+2€ L(f) = (%4—5) <¥—s> >0,

q € L(f), (%4—5) (%—s) >0 = q=x2¢€eL(f).

The way we have constructed L£(f) implies that there are b and ¢ with —co < b <
[ <c¢<oo,suchthat L(f) ={¢g=Imod2:b<qg<c}.

The condition (1+q + ) (1+q — s) > 0 is satisfied for all ¢ = [ mod 2 if and
only if either s € i(0,00) or 0 < s < |7|. This corresponds to A > 1 — 72. In this
case L(f) =1+ 2Z.

If £(f) has a minimum b, then b =1 mod 2, b <[ and

1-0 1-0
0= -2l s =4 (1574 ) (57 - o) Il

b(l

(7 _5) = 0. This implies s = }b 1|7

) b). Similarly, if
maxi

so (%5
(f)il 3(=0)(1=3(=¢) =

e +

is bounded, then b = min £(f) and ¢ = max L(f) satisfy 3b(1—1b) =
—% (1 + c) hence b = —¢, ¢ > 0 and b,c € Z. If ¢ > 0, then —¢,—c + 2 € L(f),
hence ( 5° + C+1) ( 55— Cl;l) > 0; this is impossible. So b =c=1=XA=0is
the only possibility for bounded L(f).

In all other cases L(f) is bounded on only one side. We consider the case
b= min £(f), and leave the other case to the reader.

We have =1, b <1, and b = | mod 2. The product (1‘2"—’1 +s)

(% — s) has to be positive for all ¢ = bmod 2, ¢ > b. Take ¢ = 27 — 1 to see
that b > 27 — 1, hence b > 0. If b > 0, then s = |b_71’ and (% —|—5) (%q —s) =
(%—&—%) (1-5q b>1) > 0 forall ¢ > b, ¢ = bmod 2, so L(f) = {q:q=
Imod 2, q>b}.
6.7.4 Remarks. This proposition 1mphes the lower bound 3 L - 12 for the eigen-
values; this is better than the bound —1? for A(X, 1) itself. As we have not shown
that the continuous spectrum is contalned in [ ,00), we keep using the lower bound
—112 for A(x,1).

The eigenvalues A < i — 72 come from automorphic forms f obtained by
repeated differentiation of a holomorphic or an antiholomorphic automorphic form
on 9. So these eigenvalues are related to automorphic forms that are reasonably
well known. The last case in the proposition, £(f) = {0}, corresponds to constant
functions, so it can only occur if x = 1.

There is much less information on the automorphic forms with eigenvalue
A > i — 72. In the spectral theory of automorphic forms, one often knows only

ym\»—-
l\D\»—'

3¢).
L)
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distribution results averaged over the spectrum. In applications it is sometimes im-

portant to know the eigenvalues smaller than i, usually called exceptional eigen-
values. The exceptional eigenvalues < i — 72 are known from the holomorphic

theory. If | € 1 4 27, the interval (i -7, i) may contain exceptional eigenvalues
of continuous series type.

6.7.5 Cuspidal eigenvalues. We call i — 52 € R a cuspidal eigenvalue for T and ¥,
if Sj(x,c™),s) # {0} for some [ satisfying e™ = x(k(r)).

The next proposition shows that eigenvalues of discrete series type tend to
be cuspidal.

6.7.6 Proposition. Let b > 1, | = +bmod 2, £1 > b. Then the kernel of A(x,1) —
1b(1 = 1b) is equal to Sy(x,c™), 51,

Letb>0,l=+bmod 2, £l > b. If P € P, n € Cp satisfy£n < 0if P € X*°,
+n <bif P € Py, then Fp,f =0 for all f € ker (A(X,l) — %b(l - %b))

Remark. The first assertion need not hold for 0 < b < 1. See 14.3.1 for a coun-
terexample.
Proof. Application of ET reduces the proof to the case | = +b.

Let f € ker(A(x,+b) — 2b(1 — 3b)), f # 0. Then ETf = 0. The Fourier
coefficient Fpof is in L2((Ap, ),y ?dy) for each P € X with y(7p) = 1. It
satisfies e (F2iyd, + 2y0, £i0y) Fpof(y)e™™® = 0, hence it is a multiple of
y— y?2. As b > 1, it can only be square integrable if it vanishes.

Let Pe P,neCp,n#0if P e X Suppose Fp,f # 0. As Fp’nf is a
multiple of wiy(P,n, b_Tl), we conclude from ET f = 0 that E¥wiy(P, n, b;Zl) =0.
In Table 4.1 on p. 63 we see that this implies Fn < 0 if P € X*°, and £n > b
otherwise.

6.7.7 Spectral sets. We define

S(x0) = {sEC:ResZO,AIQ(X,s);&{O}}
500 = Zbod) = {seD00Di - - 100}

Sael) = {sesuh sz I}

2060 = {seS00D) S eW,s) £ {0} ]

T0el) = {s€00D): A 8) # Silx.e¥,s) |

Yl = X010 NZa(x,1) fora=cdandb=0,e.

The set ¥.(x,!) does not depend on I, see Proposition 6.7.3. Clearly ¥(x,l) =
Sa(x, 1) UXe(x) (disjoint union), and X(x,1) = £°(x, 1) UX¢(x,1) (not necessarily
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disjoint). X¢(x, 1) # @ can occur only if some P € X is singular for y. Proposi-
tion 6.7.3 implies

Ee(x) < iRU(0, |70
-1
Salx,l) C {‘1)2 :0<b§|l|7bz|l|mod2} if1£0

Sa(x,0) C {;}

So Xa(x,1) is a finite set. In Corollary 9.2.7 and 11.2.5 we shall see that X.(x)
is a discrete, not necessarily finite set. In the case that all cusps are regular for
the character x, the discreteness of X(x, 1) follows from the compactness of the
resolvent, see Theorem 6.5.5. In that case X(x,!) is infinite.

In the modular case, with trivial character and weight 0 as considered in
Section 1.2, we have ¥4(1,0) = {%}, corresponding to the constant functions. All
other smooth square integrable modular forms are of continuous series type: the
cuspidal Maass forms, see 1.4.5. We have to go to other weights to obtain holo-
morphic cusp forms. The discussion above gives the reason from a representational
point of view. (For another point of view see, e.g., Theorem 2.24 in Shimura, [53].)
Section 13.3 gives more information concerning the modular case.

6.7.8 Proposition. X¢(x, 1) C (0, |7(x)|]-
If 7(x) = &, then L € £°(x,1) if and only if | = 0 and x = 1. In that case
A%(1,0)=C-1.

Proof. Let s € ¥¢(x,1). Remark 6.6.3 shows that s > 0. Propositions 6.7.3 and 6.7.6
imply s < [7(x)|.

Let 7(x) = % Ifs = %, then Proposition 6.7.3 leaves | = 0 as the only
possibility. Any f € A3(x, %) has to satisfy E* f = 0, again by Proposition 6.7.3.
Hence f is constant, and x = 1 if f is non-zero.



Chapter 7
Families of automorphic forms

Up till now we have studied individual automorphic forms. These turn out to occur
in families in a natural way. For instance, the Poincaré series depends continuously
on the weight [, the unitary character y, and the spectral parameter s. The de-
pendence on s is holomorphic. It is not clear from the series that there might be
a holomorphic or meromorphic dependence on the character and the weight. In
Chapters 9 and 10 we shall get meromorphy by functional analytic methods.

In Section 7.2 we state our concept of holomorphic families of automorphic
forms. There are various concepts of holomorphic dependence on the parameters.
One concept is pointwise holomorphy, another one is holomorphy in Hilbert space
sense. In this book, it turns out to be useful to work with a mixture of these
concepts.

We view the parameters as functions on a complex manifold, the parameter
space, discussed in Section 7.1. As this parameter space has, in general, complex
dimension larger than one, we need results on holomorphic functions in several
complex variables. Most of these can be found in Hormander, [23]; occasionally
we refer to [17] of Grauert and Remmert. Families of automorphic forms need not
be defined on the whole parameter space, and even if they are, we are sometimes
interested solely in the behavior near a certain point. The language of sheaves is
suitable for discussions of this kind.

The next chapters use mainly the concepts and results stated in Sections 7.1
and 7.2. The other sections of this chapter give proofs, and further information to
which we shall refer only occasionally.

The Fourier terms of holomorphic families of automorphic forms depend on
the parameters in a holomorphic way as well. For that reason we consider in
Sections 7.3 and 7.4 a more general concept: ‘holomorphic family of eigenfunctions’.
Later on we specialize this to families of automorphic forms and to families of
functions that may occur in Fourier expansions.

7.1 Parameter spaces

We use complex manifolds as parameter spaces. In this book we restrict ourselves
to simply connected parameter spaces. This is a practical restriction. It implies
that the equation e9 = f has a solution g holomorphic on an open set €2 for each
holomorphic f that is nowhere zero on 2. The complications of topological nature
that we avoid in this way may be interesting.

107
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A still greater generalization would be to allow all complex spaces as a pa-

rameter space. That would make generalization of the results in 7.3.2 difficult and
perhaps impossible.
7.1.1 Structure sheaf. The fact that a topological space W is a complex manifold
implies that each point of W is provided with a neighborhood and a homeomor-
phism from this neighborhood to an open set in some C". Functions on an open
subset 2 C W are called holomorphic if their restrictions to such neighborhoods
correspond to holomorphic functions on the corresponding open sets in C", i.e.,
locally given by converging power series in the coordinates.

By O(£2) we indicate the ring of holomorphic functions on €2, and by O(Q2)*
the group of units in this ring. The sheaf O = Oy, given by Q — O(Q), is called
the structure sheaf of W. Consult, e.g., Grauert & Remmert, [17], Ch. 1, §1.1-5,
for complex manifolds and more general complex spaces. According to loc. cit. we
should have said ‘O is the sheaf associated to the presheaf Q — O(Q)’, but for
sheaves we follow the terminology of Hartshorne, [19], Ch. II, §1.

7.1.2 Definition. A parameter space for T is a simply connected complex manifold
(W, O) provided with a holomorphic function s € O(W) and a group homomor-
phism x : T — O(W)*.

The group I is finitely generated. So the homomorphism Y is determined by
finitely many holomorphic functions that have no zeros in W.

We shall use A = 2 — s2 € O(W) as the eigenvalue. The condition that the
spectral parameter s is holomorphic on W is a further restriction of the concept
of parameter space.

7.1.3 Weights and Fourier term orders. For each parameter space we define

wt = {1eOW):e™ = x(k(n))}
Cp = {neO(W):n(w)eCp(x(w)) foralwe W} for PeP.

The set wt of weights and the set Cp of Fourier term orders at P € P do not depend
on the choice of s. These subsets of O(WW) are non-empty, as we have supposed W
to be simply connected. For more general parameter spaces one should define wt
and the Cp as locally constant sheaves.

7.1.4 Trivial ezample. Choose s € C and xy € X. Let W consist of one point t;
then O(W) = C. Take s:t+— s and x : t — x to view W as a parameter space.

In this example Cp = Cp(x), as discussed in 4.1.2 and 4.1.3. Hence it does
no harm to use the same notation.

7.1.5 Other evamples. Fix x € X,. Take W = Cy/, = {5 € C : Res > %}, put
s:s— sand x : s — x. This is the parameter space on which the family of
Poincaré series s — P,(P,n,x,s) lives. The sets wt and Cp consist of constant
functions, as x is constant.

For the powers of the eta function, see 13.1.7, a suitable parameter space

would be W = C, Withs:rH%andxerxT. For P = T'j0q - 100 wWe
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see that Cp consists of the functions r — {5 + v, with v € Z. The weights are
wt = {r—r+2k:keZ} As xr+12 = X» one might be inclined to take
W = C mod 12Z as the parameter space. Then it would be impossible to define

Cp and wt globally.
See 15.6.1 for another example.

7.1.6 Morphisms. A morphism of parameter spaces j : W7 — W is a holomorphic
map j : Wi — W such that sy, = sw oj and xw, () = xw(y) oj for all v € I.
Composition with j also maps wtyy into wtyy, ; similarly for the Cp.

We shall work almost exclusively with a fixed parameter space W, and only
occasionally use a morphism j : W; — W of parameter spaces. Then objects like
O, wt, or Cp will refer to the main parameter space W. If an object is meant
to be related to W7, we attach the name of the morphism as a subscript between

brackets. For example, O(;) denotes the structure sheaf of Wy and Cp,(;) is a subset
of O(j) (W1 )

7.2 Holomorphic families of automorphic forms and Fourier terms

In Chapter 4 we have defined automorphic forms satisfying a growth condition.
In this section we extend the concepts considered in that chapter. Instead of indi-
vidual automorphic forms, we study holomorphic families of automorphic forms.
Taking a Fourier term becomes a map which associates a family of Fourier terms
to a family of automorphic forms. In this section we give definitions and state the
main results. We give proofs in the later sections of this chapter. We view fami-
lies of automorphic forms as sections of a sheaf of O-modules on W, similarly for
families of cusp forms and of Fourier terms. Taking a Fourier term gives rise to a
morphism of O-modules. The same holds for the differential operators E*.

7.2.1 Definition. A growth condition c for P C X on the open subset € of the
parameter space W is a map assigning a finite subset ¢(P) of Cp C O(W) to each
P € P; if P € X the set ¢(P) has to contain at least those n € Cp for which
Ren is zero somewhere in 2. This implies that ¢ determines a growth condition
c(w) suitable for x(w) for each w € ; see 4.3.1.

For a large parameter space W it may happen that there are no growth

conditions on the whole of W. For instance, consider the parameter space W = C,
ST — T;17 X : T — X, mentioned in 7.1.5. For P = I"},oq - 100 the set Cp consists

of the functions 7 — {5 +v, with v € Z; all these functions have real part equal to

zero somewhere in W. The set ¢(P) should be finite, so there are no global growth
conditions on this parameter space.

7.2.2 Notations. For growth conditions ¢ and d on Q C W, we define ¢ C d to
mean ¢(P) C d(P) for all P € P. Take in this situation Q¢ D © maximal such
that ¢ is a growth condition on ()¢, and similarly Qj for d. Then Q4 D Q.
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Define n by n(P) = ) for all P € P. This does not define a growth condition n
on ) C W if there are P € X°° and n € Cp for which Ren has a zero somewhere
in Q. If n is a growth condition we call it the empty growth condition.

7.2.3 Holomorphic families of automorphic forms. Let Q@ C W be open. We have
to decide under what conditions we call a function f on Q x Gp a holomorphic
family of automorphic forms on § for the growth condition c. It seems sensible to
impose at least the following conditions:

i) felC=QxqGp).
i) f(w): g f(w;g) is in Ay (x(w), c(w), s(w)) for each w € Q.
iii) fg:w+— f(w;g) is holomorphic on Q for each g € Gp.

The regularity condition iii) in Definition 4.3.4 should also be generalized. Let us
stay as close as possible to Definition 4.3.4 of individual automorphic forms.
Let P € P and n € Cp. The Fourier term Fpnf € C®(Q x pr='Up(Ap))

is defined by (ﬁp,nf) (w;g) = (Fp’n(w)f(w)) (g9)- As a Fourier term is given by
integration over a compact set, we have holomorphy of w +— Fp’n f(w; g) for each
g € pr1Up(Ap). We define flc,P] = f — > necp) Fpnf; this is a C°°-function
on 2 x pI‘flUp(Ap).

It seems sensible to impose the following additional conditions on f:

iv) For each P € Py the function f[c, P] can be extended to give a C*°-function
on 2 x UP(AP)

v) For P € X°° we take some np € Cp.
Py p(z) = e 2mme I ReG) fle, Pl(w, gpp(=))

defines a square integrable function on Spa, = {z€ H:0<z <1,y >
Ap } with respect to du(z) = y~2dx A dy. The condition is that w — F, p
is an L?-holomorphic function Q@ — L?*(Sp a,,du) for each P € X*°.

The L?-holomorphy means that near each w € 2 the F,, p are given by a series

ny nnN
E wyt W Py

converging in the L?-norm; w1, ..., wy are complex coordinates with w;(w) = 0.

In the case P € Py, the function w +— f[c, P](w, go) is holomorphic for
go with pr(go) = P as well. Indeed, the functions O flc, P] are elements of
O™ (2 x pr~'Up(Ap)), and vanish on the dense subset Q x pr='Up(Ap)). Hence
the derivatives dg-f|c, P] are identically zero.
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7.2.4 Example: the family r — n,. Take for the modular group ['mod the parameter
spaceW:{re(C:Rer>0},x:rr—>xr,s:7’r—>%.TakeP:{P},
P = T'yoq - i0o. The empty growth condition n is suitable on W. We consider
the family f : r — 7, given by 1,(p(2)k(9)) = y'/?e>"1081(2)¢i?  ith 7, the eta-
function of Dedekind. Conditions i)-iii) above are clearly satisfied, condition iv)
is not relevant. For condition v), note that f[n, P] = f. We have to check that
H(r) : z = e ™"/0y,(p(z) is L?>-holomorphic on Sp, = {z € § : y > a} for
some a > 1. The norm in L?(Sp2) of this function, given by

oo  pl/2
||H(T’)H2 — / / yRcrefﬁyRcr/6

~1/2

oo

H (1 _ lerimz)2r

m=1

d:cd—;y,
Y

is bounded for r in compact sets in W. As H is pointwise holomorphic in r,
all scalar products with compactly supported functions on Sp, are holomorphic
in 7. We obtain the L2-holomorphy from the fact that weak holomorphy implies
holomorphy in norm. (See, e.g., [29], App. 5, §1; in Lemma 7.4.3 we have given a
version of this result that discusses L2-holomorphy of families of more than one
variable.)

7.2.5 Ezxample: Poincaré series. In 7.5.3 we shall see that the Poincaré series de-
fined in Proposition 5.1.6 gives a holomorphic family of automorphic forms with s
as the parameter.

7.2.6 Definition. Let ¢ be a growth condition on an open subset 2y of W; let [ € wt.
For each open Q C Qg, we define A;(c; ) as the linear space of all holomorphic
families of automorphic forms on 2 for the growth condition c. If ©; C Q we have
the restriction map A;(c; 2) — A;(c; ©21). One can check that Q — A;(c; Q) defines
a sheaf A;(c) on Qp. Multiplication by a holomorphic function on Q maps A4;(c; Q)
into itself. This gives 4;(c) the structure of an O-module on €.

7.2.7 Definition. S;(c) is the O-submodule of A;(c) of holomorphic families of cusp
forms for the growth condition c. It is defined by

Si(c; Q) = {f € Ai(c;Q) : f(w) € Sy (x(w), c(w), s(w)) for all w € Q }

7.2.8 Definition. Let P € P, n € Cp, | € wt. Put Gp = G ~ {P}. Note that
Gp=Gif Pe X

The O-module W;(P,n) of Fourier terms is determined by the condition that
Wi(P,n; Q) consists of the f € C*°(Q x Gp)) that satisfy

i) f(w): g flw;g)is in Wi (P,n(w), s(w)) for each w € Q.

i) w— f(w;g) is in O(Q) for each w € Gp.
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The condition f(w) € Wl%w)(P,n(w),s(w)) for all w € Q determines a sub-
module WP (P, n) of W,(P,n).

7.2.9 Proposition. Let ¢ be a growth condition on @ C W, and let | € wt.

i) Differentiation. The operators ET and B~ define morphisms of O-modules
E* : Ai(c) — Aiza(c) and ET : Sj(c) — Sj12(c).

ii) Divisibility. Let f € Ai(¢; ), respectively Si(c; Q). Let ¢ € O(), ¥ not
identically zero on Q. Suppose that for each g € Gp the function w —
mf(w; g) extends as a holomorphic function on Q1. Then there exists h €

A (c; 1), respectively Si(c; 1), such that f =1 - h.

i11) Fourier terms. For each P € P, n € Cp, there is a morphism of O-modules
Fp, : Ail(c) — Wi(P,n). It is given by (Fp,nf) (w) = Fpm(w)f(w), for
feA (C; Q)
If n & c(P), then Fp,Ai(c) C WX(P,n). If n € ¢(P), then Fp,Si(c) = {0}.

Proof. See 7.5.1, 7.5.2, and 7.7.2.

7.2.10 Dependence on the growth condition. If ¢ C d for growth conditions ¢ and
d on Q, then §(d) C Si(c) C Ai(c) C Ai(d). Furthermore, S;(n) = A;(n) and
Ndoe Si(d) = {0}. For the last fact, note that the Fp,,, describe the Fourier terms
on the set pr’lU~p(Ap). If an analytic function vanishes on only one pr—1Up(Ap),

it vanishes on Gp. (We can restrict the intersection to a collection of growth
conditions for which (Jq d(Q) = Cq for one Q € P.)

7.2.11 Proposition. Let P € P, n € Cp, | € wt.
i) Wi(P,n) is a free O-module of rank 2.
i) WP (P, n) is a free O-module of rank 1 on Q C W in the following cases:

0,) P e Py.

b) Pe X, n(w) #0 for all w € Q.

¢) P € X, n vanishes identically on §, and Re s(w) # 0 for all w € Q.
iii) The operators BT and E~ define morphisms of O-modules E* : Wi (P, n) —

Wixa(P,n). If P, n and Q satisfy one of the conditions a)—c) in ii), then
EEW?(P,n) C Wl,(P,n) on Q.

Proof. See 7.6.2, 7.6.7, and 7.7.1. In Section 7.6 we shall give explicit sections that
form O-bases.



7.3 FAMILIES OF EIGENFUNCTIONS 113

7.3 Families of eigenfunctions

The division property in Proposition 7.2.9 looks trivial. Nevertheless, a careful
proof takes some work. That is one of the things we do in the Sections 7.3-7.5.
This being done, we shall use the divisibility result freely in the next chapters,
sometimes without stating it explicitly.

In this section we start with families that are more general than families of
automorphic forms.

We keep fixed a parameter space (W, s, x).

7.3.1 Definition. Let Q C W and U C G be non-empty open sets, with UK =U,
and let [ € wt. A holomorphic family of eigenfunctions f on Q x U of weight [ is
an element f € C*°(Q x U) such that

i) f(w;gk(6)) = f(w; g)e™? for all w € Q, g € U, § € R,
i) wf(w) = (3 — s(w)?)f(w) on U for each w € €,
ili) w— f(w;g) is in O(Q) for each g € U.

Often we shall just say family of eigenfunctions; the holomorphy in w will be
understood. The operator of which these families are eigenfunctions is the Casimir
operator.

A holomorphic family of automorphic forms, as considered in the previous
section, is a family of eigenfunctions on  x G. Elements of Wi(Q,n; Q) are also
families of eigenfunctions on  x GQ.

7.3.2 Analyticity. A family of eigenfunctions is a real analytic function. To see this,
we consider a small 2 on which we have complex coordinates wy,...,wy. Let U
be the image of U in § = G / K. A family of eigenfunctions f on Q x U determines
a function F on Q x U by F(w, z) = f(w;p(z)); this function is annihilated by the
elliptic differential operator

1
0, Oy =+ = Dun O — 0% = Y0, + il(w)d, — 1 + s(w)’,

hence it is real analytic on € x U.
This also shows that the C°°-condition in Definition 7.3.1 can be weakened.
We formulate this as a lemma:

7.3.3 Lemma. Let wy,...,wy be complex coordinates on an open set Q@ C W, and
let U be open in G. Take U as above. If the distribution ® on Q x U satisfies

i) (—y202 — 4202 + il(w)d,) @ = (1 — s(w)?)® on Q@ x U,

ii) O5z® =0 forj=1,...,N,
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then ® is given by a real analytic function and
F(w; p(2)k(0)) = P(w, 2)e" )
defines a family of eigenfunctions on Q2 x U.

7.3.4 Operations on families of eigenfunctions.

e Restriction to a smaller Q) or to a smaller U sends families of eigenfunctions to
families of eigenfunctions. This also holds for composition with a morphism
of parameter spaces.

o Multiplication by an element of O(Q) sends families of eigenfunctions to
families of eigenfunctions.

e Differentiation by E~ or ET sends families of eigenfunctions of weight [ to
families of weight [ F 2.

The conditions defining a family of eigenfunctions are local: If Q = J, €2,
then a family of eigenfunctions f on 2 x U is determined by its restrictions f; to the
Q; xU. Any collection {f;} of families of eigenfunctions on the ; x U determines a
family of eigenfunctions on Qx U, provided f; = f; on the intersections (; N Q;) X
U.

7.3.5 Definition. Let U C G and | € wt as above. For each open © C W, we define
Fi(U; Q) to be the linear space of all holomorphic families of eigenfunctions on
QxU. If Q5 C Q, restriction gives a map F;(U; Q) — F(U; Q). Clearly Q —
Fi(U; Q) defines a sheaf F;(U) on W. Multiplication by a holomorphic function
on Q maps F;(U; ) into itself. This gives F;(U) the structure of an O-module
on W.

The O-module F;(U) is torsion-free: if for w € W the stalks ¢ € O,, and
f e Fi(U), satisty ¢f =0 in F;(U)y, then p =0 or f =0.

One could vary the U in F;(U), and consider F; as a sheaf on W x Y. In the
context of this book I refrain from taking this point of view.

7.3.6 Zero set. For ¢ € O(Q) the zero set is N(¢) = {w € Q: ¢(w) = 0}. This is
of course an analytic set (locally the intersection of the zero sets of finitely many
holomorphic functions). If ¢ # 0, then Q \ N (%) is open and dense in .

We define the zero set N(f) of f € Fi(U;) as the intersection (,cr; N(fy),
with f, : w— f(w;g). This set N(f) is also analytic; see [17], Ch. 5, §6.1.

The next three lemmas concern divisibility in F;(U).

7.3.7 Lemma. Let Q be open in W, b € O(Q), ¥ # 0, Q1 = Q~ N(). Let U
be open in G. Let f € F(U;Q), and suppose that for each g € U there exists
fq € O(Q) such that fg(w) = f(w;g) for w € Q1. Then f(w;g) = fy(w) defines f
as an element of Fi(U; Q).
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Remark. The sole role of v in this lemma is to determine Q \ ;. In particular,
the set 2 . Q7 cannot be too wild.

Proof. The assertion is local on 2, so we take a € N(v) and replace 2 by a smaller
neighborhood if necessary.

We can assume that Q ¢ C with complex coordinates wy, ..., wy vanishing
at a, and we can assume that ¢(wi,0,...,0) = w7(w;) with 7 holomorphic
at wy = 0, 7(0) # 0 (see [17], Ch. 2, §1.3). So there exists 6 > 0 such that
{(w1,0,...,0) : |w1| = 0} is a compact subset of ;. By loc. cit. Ch. 2, §1.2
we can assume that ¢ is a Weierstrass polynomial: (w1, wa, ..., wy) = wi* +
Z;n:_ol a;(wa, ..., wx)w] with a; holomorphic on a neighborhood of 0 in CN~*
and a;(0) = 0 for 0 < j < m — 1. From loc. cit. Ch. 2, §3.5, Supplement, we
conclude that there exists € > 0 such that { (wi,ws,...,wy) : |wi| = 6, |w;| <
e for j =2,...,N }is contained in Q4. So if |w1| < 6 and |w;| < eforj =2,..., N,

we find ) )
fg(wla"')wN)_ —f(C,UJQ,7'lUN,g)d<

T 2mi Ic|=5 ¢ — w1
Differentiate under the integral to see that (w,g) — fy(w) is a C*°-function at
each point of {a} x U. The validity of conditions i) and ii) in Definition 7.3.1
extends from Q; x U to Q x U by continuity.

7.3.8 Lemma. Let f € F(U;Q), let v € O(Q), 1 # 0, and suppose that for each
g € prtU there exists hy € O(Q) such that f(w;g) = Y(w)hg(w) for all w € Q.
Then h(w; g) = hg(w) defines h € F(U; Q).

Proof. Clear from the previous lemma.
In this lemma we have assumed the existence of the h,. We assume less in
the next lemma.

7.3.9 Lemma. Let f € F(U;Q), let a € Q, and ¢ € O(RQ). Suppose that ¢ is
irreducible in the stalk O, and that f(w;g) = 0 for all w € N(¢) and all g €
pr=1U. Then there exists a holomorphic family of eigenfunctions h € F,(U;Q) on
an open neighborhood Q0 C Q of a, such that f = h on Q x U.

Remarks. If W has complex dimension 1, then this is trivial. Let w be a coordi-
nate near a. Then ¢ may be supposed to be ) = w — w(a) on a small enough
neighborhood Q of a in Q. For each g € U, the function f, is divisible by 1) on Q;
take hy = i fq, and apply the previous lemma.

The higher dimensional case is more complicated. In the stalk O, each f; is
divisible by 1, but the corresponding h, = % fq might be represented by holomor-
phic functions on different neighborhoods of a, the intersection of which one might
fear to be {a}.

Proof. The sheaf of ideals Z of N (1)) is a coherent O-module, see [17], Ch. 4, §2. By
Ch. 4, §1.5 of loc. cit. this sheaf 7 is the radical of the sheaf O-1. The irreducibility
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of 1 implies Z, = Of - 1. So L, = O,, - b for all w in some neighborhood Q C O
of a, see loc. cit., Annex, §3.1. Hence ) has a covering by open sets 1; and each
b e I(Q) is of the form b = g1 on € for some g; € O(€Y;). As O hab no zero
divisors, g; = g; on ©; N Q;, hence b = gy on Q with g € O(Q). We conclude that
Z(Q) = O(Q) - 9. Apply this to the w — f(w;g) to obtain h, € O() such that
hg(w) = w)f(w,g) for w € 0~ N (). The previous lemma completes the proof.

7.3.10 Divisibility. These three lemmas state that the F;(U) has the divisibility
property that we want to prove for A;(c) and Si(c). These O-modules are sub-
modules of F;(Gp). It will suffice to show that if a section f of A;(c) is divisible
in .7:1(@7;) by a holomorphic function v, then the quotient i f is still a section of
A;(c). We proceed a bit more generally, and define an eigenfunction module as a
submodule of an F;(U) with this divisibility property.

7.3.11 Definition. Let [ and U be as above. We call an O-submodule H of F;(U) an
eigenfunction module if it has the following property for each w € W: if f € F(U)y
and h € H,, satisfy h = f for some non-zero ¢ € O, then f € H,.

The Lemmas 7.3.7-7.3.9 imply immediately:

7.3.12 Proposition. Let H be an eigenfunction module in Fi(U). Let Q@ C W be
open, let 1 € O(Q) such that Q1 = Q~ N () is dense in Q.

i) Let f € H(Q4). Suppose that for each g € U there exists fy € O(Q) such
that fy(w) = f(w;g) for w € Q. Then h(w;g) = f4(w) defines h € H(Q),
with hlo, = f

i) Let f € H(Q). Suppose that for each g € pr='(U) there exists hy € O(Q)
such that f(w;g) = Y(w)hg(w) for all w € Q. Then h(w;g) = hy(w) defines
h € H(QY) such that f = vh on Q.

iti) Let [ € H(SY), let a € Q. Suppose that v is irreducible in the stalk O,, and
that f(w) =0 for all w € N(v). Then f = vh for some h € H(S) for some
open neighborhood Q0 of a in 2.

Remark. We shall prove that this proposition applies to A;(c) and Si(c) in F; (ép),
and W (P, n) and W?(P,n) in F;(Gp), by showing that these four O-modules are
eigenfunction modules.

7.3.13 Lemma.

i) If C is a collection of eigenfunction modules in Fi(U), then (N ce H is an
eigenfunction module as well.

it) Let p : H — N be a morphism of O-modules. If H is an eigenfunction
module, then its O-submodule ker(p) is an eigenfunction module as well.
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Remark. It turns out that all eigenfunction modules we shall need can be obtained
by taking intersections and kernels of morphisms.
Proof. Part 1) is easily checked.

Put I = ker(p). So K ¢ H C F;(U) for some [ and U. Let w € W. Consider
h €y, €Oy, v #£0, f e F(U), with h =¢f. Then f € H,. As F(U) is
torsion-free, we conclude pf = 0 from 0 = ph = p(¥f) = ¥pf. So f € K.
7.3.14 More functoriality. If j : W7 — W is a morphism of parameter spaces, then
composition maps F;(U; Q) to Fio;(U; 571Q). This gives a morphism of sheaves
gt FU) — J«Fi10j(U)j)- (If G is a sheaf on W1, then j.G is the sheaf Q —
G(j71Q) on W. See [19], p. 65 and p. 72.)

If U7 is an open subset of U, then restriction gives an injective morphism of
O-modules F;(U) — Fi(Uy).

7.4 Families of eigenfunctions with automorphic
transformation behavior

In this section we turn our attention to families of y-l-equivariant eigenfunctions.
We work above open subsets of Y, and generalize the condition of regularity.

Up till now we have discussed only holomorphic families of eigenfunctions.
In 1.4.4 we have seen that we have to discuss meromorphic families as well. This
we do in 7.4.10-7.4.15.

7.4.1 Families of eigenfunctions with automorphic transformation behavior. Let V
be an open subset of Y and [ € wt. It is easy to check that for each v € T,

(v f)(w; g) = flw;vg) — x(v;w) f(w; g)

defines a morphism of O-modules ¢, : F;(pr~'V) — F;(pr~'V). We define

Ai[V] = ﬂ ker ¢.

~yer

Part i) of Lemma 7.3.13 shows that 4;[V] is an eigenfunction module. As T is
finitely generated, the intersection is in fact a finite one.

IfV =Y or V=Yp, then A[V] is a — in general very large — module of
families of automorphic forms, without any growth condition.

7.4.2 Regularity. Let Q C W, P € P,V CY, P &V, such that Up(a) C V for
some a € Ip. We define the property reqular at P for sections f € A;[V](Q):

i) If P € Py we call f € A4[V](R) regular at P if it is the restriction to Q x V
of a section in A;[V U {P}](Q).
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ii) Let P € X°°, take some np € Cp. To f we associate the family of functions
Fu,p(2) = e 2707 f(w; gpp(2))

onSpy={z€9H:0<x<1,y>b}. Wecall fregular at P if this gives a
L2-holomorphic family w +— F,, p : Q — L?(Spy, du) for some b > a.

These conditions generalize iv) and v) in Definition 7.2.3.

If the L2-holomorphy holds for one b > a, then it holds for all such b. Indeed,
a section in A;[V](Q2) determines an L2-holomorphic family w ~— F,, p in each
L?>space on {z €  : 0 <z < 1,0 <y < by}, with a < by < by. This
follows from the next lemma, applied with K equal to the image of C°(Sp;) and
fuw : k — (Fy,p, k). We may replace Q by a relatively compact neighborhood of
the point at which we want to prove the L?-holomorphy.

7.4.3 Lemma. Let H be a Hilbert space with a dense subspace K, let Q be open in
CN. Suppose that for each w € §) there is a semilinear form k +— f,, (k) on K such
that

i) w— f,(k) is holomorphic on Q for each k € K.
it) | fuw(k)| < C| k| for allw € Q, k € K, for some C > 0.

Then there is a holomorphic map F : Q — H such that f,(k) = (F(w),k) for all
ke K.

Remarks. This is the well known result that weak holomorphy implies holomorphy
in norm. See, e.g., [29], App. 5, §1.

Condition ii) may be weakened to hold only on compact subsets of €, with
C depending on the subset.
Proof. For each w € € condition ii) implies that f,,(k) = (F(w),k) for some
F(w) € H with ||F(w)| < C.

It is sufficient to prove holomorphy of F' in Hilbert space sense at w = 0 €
Q c CN. For § > 0 small enough, we define for k € K, ny,...,wy >0

a(ny,...,nyn)(k)
1 1

_ : — fu(k)dw; - dwy.
(27TZ)N /|w1|_5 /|wN—5 w] 1+1 wNN+1

fw(k) = Z a(ny,...,ny)(k)wi* - wiy

ni,...,nN >0

So

for |w;j| < 6; see, e.g., [23], Theorem 2.2.6. Condition ii) implies the inequali-
ties |a(ni,...,ny)(k) < Cd—™ 7"~ ||k|. So there are A(ny,...,ny) € H with
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lA(n1,...,oN)|] < C 07"~ 7™ and a(ny,...,nn)(k) = (A(ny,...,nN), k).

The series
n n
E wit - wNA(ng, .., n)

ni,...,nn>0
converges in H for |w;| < §, and represents F(w).
7.4.4 Properties. Regularity is preserved under addition and under multiplication
by elements of O(2). Moreover, regularity is a local property on W: if every w € Q
has an open neighborhood €, such that the restriction of f to €, x pr—'V is
regular at P, then f € A[V]() is regular at P.

7.45 Lemma. Let QO C W,V CY,PeP, P&V, Upla) CV for some a c Ip.
Suppose h € A[V](Q) is regular at P, and is of the form h = f with ¢ € O(Q),
f € Fi(pr=tV;Q). Then f is reqular at P.

Remark. A;[V] is an eigenfunction module. So f € A;[V](€2), and the property of
regularity makes sense.

Proof. As regularity is a local property, it suffices to consider wg € W, a regular
h € Ai[V]wgs ¥ € Owy, and f € Fi(pr=V )y, with 1) # 0 and h = 9 f, and to show
that f is regular. If ¥ (wg) # 0 this is clear. If not, then we treat irreducible factors
of ¥ in O, one by one. This reduces the proof to the case that 9 is irreducible
in Oy,-

First consider P € Py. Put V3 = VU{P}. As h is regular we can represent it
by the restriction to Qx pr=1V of some h € A;[V41](2) for some open neighborhood
Q of wy. Let g1 € pr*{P}. As h(w;g1) = limy—g, prgev h(w;g), the function
w +— h(w;g1) vanishes on N (v). Now we apply part iii) of Proposition 7.3.12 to
finish the proof in the interior case.

Let P € X°°. Take coordinates w1, ..., wy on a neighborhood of wq in the
same way as in the proof of Lemma 7.3.7. There we have seen how to adapt 1) and
to choose § > 0 and € > 0 to obtain for g € pr=1U(b), |wi] < 6, and |w;| < e,
j=2,...,N:

f(w17"'awN;g)

1

= % \C|:5(< - wl)ilw(Ca wa, .- - 7wN)71h(C,U/2, e ,’lUN7g) d(

Let 7 € C2(Spy). Then for (wy,...,wy) as indicated

flw, ..., wn; QPP(Z))% dp(z)
Spp

T A }
 2mi \C\:(S(C wl) w(<7w2,...7wN)

: /S h(Cowa, . s p(2)7(2) dia(z) dC
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1

- Tm (Ciwl)ilqp(vaQﬂ"'awN)il (H((,wzj_“7wN),7') d<7
I¢l=4

where w +— H,, is the L2-holomorphic family corresponding to h = 1 f. In particu-
lar w +— (Hy, 7) is holomorphic, and bounded for |w,| <9, |w;j| <e,j=2,...,N,
by (conbtant) |7]|. By Lemma 7.4.3 this shows that for |wi| < 16, Jw;| < e,
j = ,N, the family f determines Fy,  wy),p € L*(Spp,dp), and that
w — Fw7 pis L2 holomorphic.

.....

7.4.6 Families of eigenfunctions above subsets of X. Let V4 C Y and Q@ C W
be open, P € P. For P € Py, restriction gives a natural identification between
A [Vi U {P}](2) and the space of sections in 4;[V1](Q2) that are regular at P. So
it seems sensible to define the sheaf .4;[V] for any open V' C X by

AV ={fe A4VNY](Q): fisregular at P forall Pe VN X>}.
7.4.7 Proposition. Let V' be open in X. The sheaf A;[V] is an eigenfunction module.

Proof. V \'Y is finite. Apply Lemma 7.4.5 to each P € V N X*°.
7.4.8 Taking a Fourier term. Let P € P, n € Cp, | € wt.

fOl e~ 2min(w)e f(w: gpn(z)gp'g) d if Pe X%
ul

(Frnf) (wig) =4 0"

Jo e~ f(w; gpk(n)gp g)d? if P e Py
defines a morphism of O-modules Fp, : A[Up(Ap)] — Fi(U), with Up(Ap)
as defined in 3.5.3, and U = gpN{ aly) :y > Ap}K if P € X, and U =
gpK{a(t,) : 0 < u < Ap}K if P € Py. Indeed, the integral preserves the
conditions in Definition 7.3.1, and commutes with multiplication by a holomorphic
function.

If f is a section of A;[Up(Ap)], then Fp,,f(w;vg) = x(7; )Fpnf(w g) for
those v € T and g € G for which both g and ~g are in U. We extend Fpnf in a
I-equivariant way to I'U, and obtain an element of A [Up(Ap)]. In this way we
can consider Fp,, as a morphism A;[Up(Ap)] — A;[Up(Ap)).

If X DV D Up(Ap), we first take the restriction A;[V] — A;[Up(Ap)], and
then apply F 'p.n. We also use F 'pn, to denote the resulting morphism of O-modules
Al[V] = A[Up(Ap)].

In 7.6.5 we shall indicate how to view Fp, as a morphism A;[Yp] — Wi (P, n).

7.49 Lemma. Fp, A)[Up(Ap)] C A[Up(Ap)] for each P € P.
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Proof. Clear if P € Py.
For P € X*° suppose that w — F, p is the L2%-holomorphic family on  with
values in L?(Spy, du) such that

f(wi gpp(2)k(9)) = 2P (T, p(z)e! ™)
is a section of A;(Up(b)). Note that v =n —np : Q — Z is constant. Then
Fp o f(w; gpp(2)k(0)) = 2™ (7 G, ()7

where G, = JFy, p:

1
Jh(z) = / e 2TV (2 4 o) da.
0
We have extended F, p and Gy, to { z € 9 : y > b} by invariance under z — z+1.
The integration operator J is bounded with respect to the L?-norm, hence it
preserves L2-holomorphy.
7.4.10 Meromorphic functions. Let M be the sheaf of meromorphic functions on
W. So f € M(RQ) is locally given as the quotient { with g and h sections of O,
h # 0. See, e.g., [17], Ch. 6, §3.

Each f € M(Q) has a zero set N(f) and a polar set Pol(f); in loc. cit. a
definition in terms of sheaves is given. On a complex manifold all sections of O
are functions; this leads to the following description:

Pol(f) = {weQ:iff:

N(f) = {weQ:iff:

on Oy > w, g,h € O(), then h(w) =0 }a

SR T

on Q1 >w, g,h € O(y), then g(w) =0 }

Pol(f) and N(f) are analytic subsets of Q. If f # 0 the sets Q ~\ Pol(f) and
Q ~ N(f) are open and dense in €.

Let w € Q ¢ W and f € M(Q). The local ring O, is factorial, as W
is a complex manifold; see [17], Ch. 2, §2.1. So the representation f = ¢ with
g,h € O(1), w € Q1 C Q, may be arranged such that g and h are relatively
prime in O,,. Then g and h are relatively prime in O,, for all u in a neighborhood

of w; see [23], Theorem 6.2.3.

7.4.11 Meromorphic sections of an O-module. For each O-module H on W there
exists the sheaf M ®o H associated to the presheaf Q — M(Q) ®p(q) H(Q2). If
f € (M®o™H)(Q), then each point a € Q has a neighborhood Q, on which f is
represented as f = ih with ¢ a non-zero element of O(£2,), and h € H(Q,).

We call the sections of the sheaves M ®o Fi(U) meromorphic families of
eigenfunctions. Let f € (M ®p Fi(U))(Q). Then each a € Q has a neighborhood
Q, on which f = ih with ¢ € O(Qy), ¥ # 0, h € F(U; Q). This means that for
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each g € U there is a meromorphic function w — f(w;g) on Q. Moreover, the f;
have locally a common denominator.

Lemma 7.3.8 has a convenient consequence: a meromorphic family of eigen-
functions f on Q x U for which all maps w — f(w;g) are holomorphic, is a
holomorphic family.

7.4.12 FEigenfunction modules. We can characterize an eigenfunction module as a
submodule H of some F;(U) satisfying

Hy =F1(U)w N (M@0 H),

for all w € W.

7.4.13 Polar set and zero set. Let f € (M ®@0 Fi(U))().

The zero set N(f) of f is the set of those a € Q for which a € N (¢ f) for all
P € O, satisfying ¢f € Fi(U),. The polar set Pol(f) is the set of all w € Q at
which f is not holomorphic. By holomorphic at w we mean that its restriction to
some neighborhood of w is a holomorphic family of eigenfunctions.

If v € O(Qs), ¥ # 0, such that ¢ f is a holomorphic family on Qo x U, then
Pol(f) N Qs C N(¥).

7.4.14 Lemma. Let f be a meromorphic family of eigenfunctions on Q x U.
i) N(f) and Pol(f) are analytic sets.

it) Let a € Pol(f). There exists a non-zero ¢ € O() on a neighborhood €
of a contained in Q, such that ¥ f extends to Qg x U as a holomorphic family
of eigenfunctions and such that there are w € N(v¢) satisfying (¢ f)(w) # 0.

Proof. As N(f) is locally the intersection of analytic sets N (1 f), it is an analytic
set itself; see [17], Ch. 5, §6.1.

The existence of a neighborhood g of a and of ¥ € O(Qy), ¥ # 0, such that
¥ f extends as a holomorphic family on Qg x U, follows from the definition of a
meromorphic family.

Write ¢ as the product of its irreducible factors v1,...,1y in the factorial
ring O,. We may take Qo such that all ¢; € O(Q). If N(v;) C N(¢f), then %f
is holomorphic on £y by Lemma 7.3.9. We remove this factor 1; from 1. Repeating
this we arrive at the situation N () ¢ N(¢f).

Clearly Pol(f) C N(v). Consider one of the factors ¢; that are left in . As
N(¢;) & N(2f), there is a g € pr'U such that ¢, : w — (¢ f)(w;g) and 1, are
relatively prime in O,, hence in all O,, with w € Qg, if we take )y sufficiently small.
So f itself cannot be holomorphic on N (10;) N €. Hence Pol(f) NQy = N () N Q.
This shows that Pol(f) is an analytic set.

7.4.15 Complex dimension one. In the case that the parameter space W has com-
plex dimension one, we apply Lemma 7.3.9 to show that each meromorphic family
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of eigenfunctions has a well defined order at each point of its domain. Indeed,
consider such a family f at the point wg. Let ¢ be a local coordinate on W at wy,
with g(wg) = 0. There is a unique order m € Z such that w — ¢(w)™™f(w) is
holomorphic and non-zero at wy.

For parameter spaces of higher dimension the situation is much more com-
plicated; see Section 12.2.

7.5 Families of automorphic forms

The results obtained up till now enable us to identify 4;(c) and S;(c) as eigen-
function modules contained in A;[Yp]. This implies the divisibility statement in
Proposition 7.2.9.

7.5.1 Redefinition of A;(c). Let | € wt, and let ¢ be a growth condition on Q C W.
For each P € P and n € Cp there is the morphism of O-modules

Fpon : Ail[Yp] — Ai[Up(Ap)] mod Aj[Up(Ap)].

Consider the intersection

() ker [1d= > Fpn

Pep nec(P)

This is an eigenfunction module; see Lemma 7.3.13. Up to the Fourier terms indi-
cated by c, its sections are regular at each P € P. It turns out to be the O-module
A;(c), defined in Definition 7.2.6. This means that the divisibility in part ii) of
Proposition 7.2.9 follows from Proposition 7.3.12.

7.5.2 Redefinition of S;(c). It is also clear that

Se)=[) () ke (prn:Al(c)ﬁAl[Up(Ap)]).

PeP nec(P)

Hence S;(c) is an eigenfunction module, and the divisibility in Proposition 7.2.9 is
clear for Si(c).

7.5.3 Poincaré series. Take W = Cy/5 = {s € C: Res > +} as in 7.1.5, with
X € X, fixed, I € R a weight for x, P € P, n € Cp(x) = Cp.

f:(s,9)— Pi(Pn;x,s;9)

defines f € Ai[Yp](Cy/2), with Yp = Y ~ {P}, and Gp = pr 'Yp. To see the
pointwise holomorphy, we do not try to differentiate under the sum defining the
Poincaré series, but proceed weakly. f is continuous on Cy /3 X G'p, hence it defines

a distribution: f :CF(Cyyo x Hp) — C given by
ds N ds
= Flsip(2)(s, 2) 2 dz)

Ci/2X9p -
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with §p = 9 ~ pr {P}. This integral is easily interchanged with the sum in
Proposition 5.1.6. Application of Lemma 7.3.3 shows that f is a holomorphic
family of eigenfunctions.

We take the growth condition ¢ minimal for this situation: ¢(Q) contains n
if @ =P, and 0if Q € X is singular for x (i.e., x(mg) = 1). To show that
[ € Ai(c;Cy2), we have to consider regularity at {P} U X°.

If P € Py, then the terms in the Poincaré series with - zp = zp are not
necessarily smooth at the points of p(zp) K. If we ignore these terms, the remaining
sum is pointwise holomorphic at all g € pr~1{P}, and defines f € A/ [Up(Ap)].
The terms that we have ignored contribute only to F pnf. In Lemma 7.4.9 we see
that (Id — Fp,,)f is regular at P.

At Q € X we put f equal to f if P # Q, and if P = Q to f—w(Pyn,s). In
Lemma 5.1.4 we see that f is bounded on pr’lUQ(AQ) uniformly for s in compact
sets. As n € R, the exponential factor in the definition of regularity in 7.4.2 does
not matter for the square integrability. The pointwise holomorphy and the uniform
bound for s in compact sets are sufficient to obtain L2-holomorphy with the help of
Lemma 7.4.3. The term p;(P,n, s) that is omitted contributes solely to the Fourier
term of order n at @ = P. So we may proceed as in the case P € Py.

7.5.4 Functoriality in W . Similarly to what we remarked in 7.3.14, every morphism
of parameter spaces j : W3 — W gives rise (by composition) to morphisms of
sheaves AZ(C) - j*.Al(C)(j) and Sl(c) — j*Sl (C)(j).

7.6 Families of Fourier terms

We identify the O-modules W;(P,n) with submodules of A;[Up(Ap)], and prove
the statements i) and ii) in Proposition 7.2.11.

We shall see that the standard sections w; and p; from Section 4.2 suffice
to obtain a basis of M ®o W, (P, n). If one wants holomorphic bases, one has to
consider many cases. We carry this out from 7.6.12 on. The reader may want to
skip that material at first reading.

Fix P e P,l e wt, and n € Cp.

7.6.1 Redefinition of W,(P,n). To see that W;(P,n) is an eigenfunction module,
we characterize it as an intersection of such modules.
We define the subgroup M of G and the group homomorphism v : M —
O(W)* by
M =N, v(n(z);w)=e2mnwe if Pe X
M=K, v(k(n);w)=emwn if P € Py.

Take b € [0,00) if P € X°°, and b € (0, 00] if P € Py, and consider U, C G of
the form M{a(y) :y > b}K if P € X*°, and M{a(t,): 0 <u <b}K if P € Py.
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For each m € M we have a morphism of O-modules py, ., : F1(Up) — Fi(Up) given
by (Dnmf)(w; g) = flgpmgp' g;w) — v(m;w) f(g; w). We define

W(b) Pn) = ﬂ ker ppm -
meM

Lemma 7.3.13 tells us that Wl(b) (P,n) is an eigenfunction module. It is easy to
check that Wy(P,n) = W (P,n), with b=0if P € X*° and b= oo if p € Py.

7.6.2 A basis. Consider P € P, n € Cp and fix a € (0,0) if P € Py, a € (b,00)
if P € X°°. At this point we identify W;(,,)(P,n(w), s(w)) with the corresponding
functions in y, respectively u, on (0,00). For each w € W there is a unique basis
a, B of Wy (P, n(w), s(w)) such that a(a) = 1, &/(a) = 0, f(a) = 0 and (' (a) =
These solutions are holomorphic in the parameters n(w), {(w) and s(w). This gives
apn, Bpn € Wl(b)(P,n; w).

Each section f € Wl(b)(P,n;Q) determines holomorphic functions on ) by
differentiation and evaluation at a. If P € X these are the functions w +—
f(w;gpa(a)) and w — 9, f(w;gpa(y))|,_,, and if P € Py the functions w
f(w;gpa(ty)) and w — Oy f(w; gpa(ty))|,_,- This expresses f as a linear combi-
nation of ap, and Sp, with coefficients in O(€?). In this way

WO (Pn) =0 ap,®0O-Bp, =0

In particular, Wl(b) (P,n) and W;(P,n) are isomorphic as O-modules for each b.
We have also proved part i) of Proposition 7.2.11.

The isomorphism between W;(P,n) and Wl(b)(P, n) with b € (0, 00), is canon-
ical; it is obtained by restriction. The basis «, § of W, is rather uncanonical. It
is more useful to distinguish sections of W; by their asymptotic behavior, as we
have done in Section 4.2. By w;(P, n;w; g) = wiw) (P, n(w), s(w); g), and similarly
for p;, we obtain explicit sections of W;(P,n). The pointwise holomorphy follows
easily from known results concerning the special function involved.

7.6.3 Case P € Py. The difference I —n is constant, hence p = 1|n — 1|, occurring

in the definition of w;(P,n,s) in 4.2.9, is constant as well. w;(P,n) is an element
of W, (P,n; W) for each parameter space W.

On {w € W : s(w) ¢ —4N} we have the section (P, n). One may check
explicitly that the multiple w — T(1 + s(w)) ' (P, n;w) extends to give an
element of W;(P,n; W). Hence 1;(P,n) € (M Q0 Wi (P,n))(W).

By u(P,n) € (M @0 Wi(P,n))(W) we denote the section determined by
fiu(Pyms w; g) = ) (Pyn(w), —s(w); g)-

7.64 Case P € X*°. If Q = {w € W : Ren(w) # 0} is not empty, there is
wi(P,n) € Wi(P,n; Q).
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As before, p;(P,n,s) gives a section y;(P,n) in M ®o Wi(P,n)(W). Multi-
plication by I'(1 + 2s)~! turns it into a holomorphic section. We form ji;(P,n) by
replacing s by —s.

Remark. To distinguish between m and [i; we need to know s as a function on W,
and not only the elgenvalue 1 _ 52, We have built the distinction between j; and [
into our definition of a parameter space.

7.6.5 Further identification. Take b = Ap. On the one hand, V\/I(AP)(P7 n) is iso-
morphic to Wi(P, n). On the other hand, we can extend sections of WI(AP) (P,n) to
pr-'Up(Ap) by x-equivariance, obtaining sections of A;[Up(Ap)]. Hence W;(P,n)
is canonically isomorphic to a submodule of A; [U p(Ap)]. The image of prn :
Ai[Yp] — Ai[Up(Ap)] is contained in the submodule isomorphic to W;(P,n). We
can view Fp, as a morphism A;[Yp] — Wi(P,n).

7.6.6 Regular Fourier terms. Consider Wi(P,n) as a submodule of A4; [Up(Ap)].
Define W} (P,n) = Wi(P,n)NA[Up(Ap)]. By Proposition 7.4.7 and Lemma 7.3.13
this is an eigenfunction module.

7.6.7 Proof of part ii) of Proposition 7.2.11. We show that the following sections
form a basis of WY(P,n) on @ C W (provided the indicated set € is non-empty
and open):

) on Q=W if P e Py

n) onQ={weW: :n(w)#0} if Pe X*>
0) onQ={wew:n(w)=0,Res(w) >0} if Pe X
0) onQ={weW:n(w)=0,Res(w) <0} if Pe X,
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For P € Py, inspection of the definition in 4.2.9 shows that w;(P,n) is regular
at P. For P € X, the asymptotic behavior gives a bound for the L?-norm of
wi(P,n), i (P,n), and p(P,n) on Spa,, uniform on compact sets in . The
pointwise holomorphy gives weak holomorphy in L?(Sp a,,dp): integrate against
test functions in C%(Sp 4, ). Lemma 7.4.3 gives holomorphy in L?-norm.
Consider f € WP(P,n; Q) with ; C Q. Let  be the element of W) (P, n; )
indicated above. Proposition 4.2.11 shows that f(w) = c¢(w)n(w) with c(w) € C
for each w € Q. Let a € €. There are a neighborhood Q, and g € Up(Ap) such
that n(w;g) # 0 for all w € Qg; see the asymptotic behavior of 1 as y — oo,
respectively u | 0. So c(w) = {75533 for w € Q,. This shows that ¢ € O(Q).

7.6.8 Wronskian. If f € W, (P,n; W) is kept fixed, then g — Wr(g, f) defines a
morphism of O-modules W;(P,n) — O.

If we take n as in the proof of the previous proposition, then WlO(P, n) is the
kernel of the morphism g — Wr(g,n).

7.6.9 Fourier coefficients of Poincaré series. The Fourier terms FQ,mPl(P, n,x) are
holomorphic sections over Cy /5 of W;(Q, m) for all Q € P and m € Cq; if m & ¢(Q)
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they are sections in WP(Q,m; Cyi/2). The c;(Q,m; Pyn; x) = s = ci(Q,m; P,n; x, s)
discussed in Proposition 5.2.1 are holomorphic on C;/5. To see this note that
H(P,n, X) — 0pqwp(P,n) is regular at @, and apply 7.6.8, and Lemma 7.4.9.

Consider P, € X°°. This is the situation discussed in Proposition 5.2.9. If
I € (—1,1] the holomorphic function s +— Gi(Q,m; P,n;s) has no zeros in Cy /5.
Hence the series

> 84 (Q,m; Pn;¢)J(Q,m; P,n; s; )

is holomorphic in s € C /5.

7.6.10 Functoriality in W. We have defined the eigenfunction modules W;(P,n)
for each parameter space W. If j : W7 — W is a morphism of parameter spaces,
then the restriction of j* (see 7.3.14) gives a morphism of sheaves W;(P,n) —
J«Wi(P,n) ;). Under this morphism the explicit sections w;(P,n) and p; (P, n) cor-
respond to w;(P,n);) and p(P,n)¢;y. The same holds for ap, and 8p,, and for
the explicit sections discussed below.

7.6.11 Explicit basis, meromorphic case. As W,(P,n) = O?, the dimension of the
vector space (M ®@o Wi(P,n))(W) over M(W) is equal to 2.

The explicit expressions for the Wronskians in Section 4.2 imply that u; (P, n),
fu(P,n) is a basis, unless s is constant on W with value in 1Z.

Similarly, p;(P,n), wi(P,n) is a basis, provided Wr(u;(P,n),w;(P,n)) does
not vanish identically on W, and, in the case P € X°°, the function Ren has no
zeros on W.

7.6.12 Basis, holomorphic case. It is more difficult to obtain explicit O-bases of
Wi (P, n) itself. Of course one could use ap,, and Bp, with, e.g., a = Ap, but this
is not very canonical.

In the remainder of this section we discuss explicit bases that we shall need
later on, in the study of singularities of Poincaré families in Chapters 11 and 12.

Let wog € W. We look for explicit holomorphic sections f and g of Wi (P, n)
on a neighborhood of wy that form an O-basis of W, (P, n) on this neighborhood.
By explicit we mean that we want to express f and ¢ in w;(P,n) and p;(P,n) with
known functions (e.g., gamma functions and exponentials) in the coefficients.

In the applications we have in mind, it suffices to do this under the assump-
tions x(wg) € X, and Res(wp) > 0. We use the notation Iy = I(wq), no = n(wg)
and sg = s(wp). Note that ng, lyp € R.

We work in the stalk at wg. It is sufficient to exhibit two M, -linear combi-
nations f and g of (P, n) and wi(P,n) or fu(P,n), and check that

i) (holomorphy) f, g € Wi(P,n)uw,,

ii) (linear independence) Wr(f, g)(wo) # 0.
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7.6.13 Lemma. Regular case. Suppose ng # 0 or P € Py. Take g = wi(P,n), and
take f in the following way:

i) Case P € X°°. Put ¢ = sign(ng).

If0 < sg < (elp —1)/2 and so = (elp — 1)/2 mod 1, take f = &;(P,n), given
by d}l(P,n,w,g) = (‘Dl(w)(Pan(w)78(w);g)7 see 4.2.8.

Take f = i (P,n) otherwise.

ii) Case P € Py. Take e,¢ € {1,—1} such that eng > €ly and {(ng + lp) > 0;
put p=e(no —lo)/4 and ¢ = {(n +1)/4.

If 0 < s < g(wo) —p — % and so = q(wg) — p — % mod 1, then take f =
&)l(Pvn7C)7 given by (I)l(Pv n,(,w,g) = (I)l(w)(P,n(w),(,s(w),g), see 4.2.9.

Take f = i (P,n) otherwise.

Then f and g form an Oy, -basis of Wi(P,n)w, -

Remark. In part ii) the function n — [ is constant on W. The choice of € does not
matter if n = [.
Proof. g and p;(P,n) are holomorphic at wg. So the only problem in choosing
f = w(P,n) may be the vanishing of the Wronskian Wrg = Wr(u;(P,n),w;(P,n))
at wo.

Let P € X*°. Then

Wro = (4meng) =0 +H/2D(2s0 + 1)1"(% + 80 — %slo)fl.

The Wronskian Wry vanishes precisely under the conditions in i). The definitions
in 4.2.8 imply that @&;(P,n) € Wi(P,n)w,. In the special case, the non-vanishing
of Wr(f, g) at wp is also clear from 4.2.8.

Let P € Py. Put go = q(wo). In 4.2.9 we see that Wro(wg) = (2p)!T'(1 + 2s0)
D2 +s0+p+aq) 'T( +s0+p—qo) L. Solely the factor I'(2 + so +p — qo)
may give a zero for Resg > 0. This happens if and only if the conditions in ii)
are satisfied. So only under these conditions the choice f = p;(P,n) is not right.
In 4.2.9 we see that w;(P,n,() is in Wi(P,n)y,, and that the relevant Wronskian
does not vanish at wg under these conditions.

7.6.14 Lemma. New families. Let P € X*°, n € Cp, | € wt.

i) There exists \i(P,n) € (M ®@o Wi(P,n))(W) such that 2s\;(P,n) is equal
to wi(P,n) — i (P,n), and Wr(\(P,n), i (P,n)) =1.
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Ai(P,n) is holomorphic at each w € W for which s(w) = 0. If s(w) = n(w) =
0, then \(P,n;w; gpa(y)) = y*/?logy.

ii) Let b € N. Put
I'(—2s)
b T(2s)

wf’(n, s) = (4wn)b(%§4)

There exists v)(P,n) € (M @ OW,(P,n))(W) that is holomorphic near all
points w € W with s(w) = %, and satisfies

Wr(u (P, n), I/lb(P, n)) = 2s,
and if s(w) ¢ 37

V(P w) = (P w) + wlpy, (n(w), s(w)) (P s w).

Proof. The values at w € W of the sections p;(P,n) and fi;(P,n) depend only on
s(w), l(w) and n(w). So for W;(P,n) we could use C? as a parameter space. First
we can consider (s,l,n) — u;(P,n,s) as defined on C3, and afterwards on W with
help of composition with the holomorphic map ¢ = (s,1,n) : W — C3. It suffices
to prove the lemma on C3. The results in the previous sections stay valid, as long
as we do not use y.
AP;s,l,n) = i (m(P,n,s) — i (P,n, —s)) defines A\(P) as a meromorphic
family of eigenfunctions on C3. It is holomorphic at all points with |Res| <
1, s # 0, and the Wronskian Wr(A(P;s,l,n), u(P,n,—s)) is equal to 1. Ap-
ply Lemma 7.3.9 to (s,l,n) — 2sA(P;s,l,n) and the function (s,n,l) — s to
see that A(P) is holomorphic at all points with s = 0. Define \/(P,n;w) =
A(P; s(w), l(w), n(w)).
Let b € N. Then (s,l,n) — (s — %) (P,n,—s) is holomorphic at points with

s = g, and
lim (s — &) (P,n, —s) = 1 (=1 (==t ) (47n)° i (P,n, 2).
s—b/2 2 T 2(b-1)p" 2 2

As (s,l,n) — w(Pyn,s) and (s,l,n) — (s—%)wlb(n7 s) are holomorphic near s = %,

and

b
lim (s —2)w}(n,s) = _1 =D

5—b/2 (b _ 1)| B! (1_b ) (47Tn)b

2

we see that v°(P;s,l,n) = p(P,n, —s) +wb(n,s)w(P,n,s) defines a holomorphic

section v°(P) on a neighborhood of s = %, with the Wronskian —2s with (P, n, ).
Define vP(P,n) : w — v°(P; s(w), l(w), n(w)).
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7.6.15 Lemma. Singular case. Let P € X*°, and ng = 0.
i) If so =0, take g = fu(P,n) and f = N(P,n).
i) If so =2 >0, b €N take f = p(P,n) and g = v}(P,n).
i11) In all other cases take f = pu(P,n) and g = i (P,n).
Then f and g form an Oy, -basis of Wi(P, 1), -

Proof. There may occur two kind of difficulties. The first is the vanishing of the
Wronskian Wr(u; (P, n), i;(P,n)) at wg; this happens if sy = 0. The other difficulty
occurs if fi;(P,n) is not holomorphic at wp; that may happen if sg € %N. In both
cases the previous lemma shows that the choice of f and g is suitable.

7.7 Differentiation

We prove the differentiation results in part i) of Proposition 7.2.9, and part iii) of
Proposition 7.2.11. This is easy for families of Fourier terms, as we have explicit
formulas for the basis elements. For families of automorphic forms, a bit more care
is needed.

7.7.1 Fourier terms. The statement concerning E* : Wi(P,n) — Wiia(P,n) is
easily checked.

We have given a basis of WP (P, n) over 2 C W in the cases a)—c) in part ii) of

Proposition 7.2.11, see 7.6.7. The differentiation results in Table 4.1 on p. 63 show
that E*w;(P,n) is a holomorphic multiple of w;1+5(P,n). We proceed similarly in
the case with n = 0. This completes the proof of Proposition 7.2.11.
7.1.2 Proof of part i) of Proposition 7.2.9. 1t is straightforward to check that E*
and E~ give morphisms of O-modules E* : 4;[V] — Aj12[V] for each open V C Y.
This means in particular that they preserve regularity at P € Py. The only fact
left to prove is preservation of regularity at P € X°.

It is possible to construct examples where regularity is not preserved under
differentiation. (Use elements of W;(P,n) with P € X° and Ren = 0 somewhere
on W.) To get part i) of Proposition 7.2.9, we need to proof regularity at P € X>°
of EX f[c, P], for f € A;[Up(Ap)](Q) such that f[c, P] is regular at P.

Several reductions are possible. It is sufficient to prove regularity on a neigh-
borhood 2 of a point wy € W; this neighborhood may be as small as we want.
Furthermore, we may enlarge ¢(P) by adding finitely many n € Cp. Let w — Fy, p
be the holomorphic family with values in L?(Spa,,du) given by F, p(z) =
e~2mine(w)e fle. Pl(gpp(z)), with np € Cp fixed, and denote the family corre-
sponding to the derivative by Fip(z) = e~ 2mne(WTEE fle P)(gpp(2)). It suffices
to show L2-holomorphy of w Fip on Spy for some large b > Ap. We apply
Lemma 7.4.3. The pointwise holomc;rphy is clear. So it suffices to show that the
norm ||F$PH1, in L2(Spp, du) is bounded.
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As in Lemma 4.3.7, we have

Fup(2) =) en(w)e?™ e oDy, (P on;sw; gpa(y)),

with n running through Cp \ ¢(P). We can assume that |Ren(w)| > N for all
such n and all w € Q, for some large N. The family F If p(z) is given by its Fourier

expansion. The operators E* and the F’ 'p.n, commute. So we obtain

Fip(2) =Y en(w)tf (w)e?™ ) =ne ey o (P on; w; gpaly)).

The explicit form of the ¢ (w) can be found in Table 4.1 on p. 63. We may arrange
Q such that the t*(w) are bounded in w € €, uniformly in n. For the norms
we obtain the expressions ||Fy p[%, = >, |en(w))? I (n, w, Ap), and ||F$P||§ =

S len (W)t (w)[? Iisa(n, w,b), with
e 2 _
Il(nvwvb) = /b |wl(w) (Panvw,gPa(y)” Yy 2dy

To conclude the boundedness of HFiP”b on  from the boundedness of || Fy, plla,,
it suffices to show that Ij1o(n,w,b)/I;(n,w, Ap) is bounded, uniformly in w € Q
and in n with |Ren(w)| > N.

The asymptotic behavior of the Whittaker function W.. mentioned in 4.2.8
is uniform on compact sets in the space of the parameters; this can be arranged
by taking €2 relatively compact. So there exists by > Ap such that for all b > by
and all w € Q

Bnw) = 5 [ ()| e iRl g,
b

figs(n,w,b) < 2 / [ (w)y|! He T2 gritm (/2 dnl e nly gy,
b

Take ¢ € (0, %N) We choose b > by and ¢y > 0 such that y' Rel(w)[+2 < )47V for

all y > b. There is also a constant C; to take care of the factors [47n (w)|! Re!(w)l+2

and e ImUw)1/2 We obtain

L e 1 e—4n(CH Ren(w))b
7 B> am(—C— | Ren(w))y gy,
fn,w,b) = 20100/17 ¢ Y 87Cico ¢+ |Ren(w)]
o 47 (¢—| Ren(w)|)b
Ilig(n,w,b) < 20100/ e471'((—|Ren(w)|)y dy _ ClCOG
b

2r |Ren(w)| — ¢’

Iito(n,w,b) Ii+2(n,w,b) 2 2¢ 8Ch
= T T g == V2 Y 14+ —— e,
Li(n,w,Ap) —  ILi(n,w,b) — (Creo) + N —¢ c

Remark. 1 would prefer a proof that would not explicitly use the asymptotic prop-
erties of Whittaker functions.



Chapter 8
Transformation and truncation

In Chapters 8-10 we shall prove the existence of meromorphic families of automor-
phic forms, in particular the meromorphic continuation of Poincaré series. We have
explained the method in Section 1.6. In this chapter we generalize the contents of
1.6.1-1.6.2.

In Section 8.2 we construct a transformation function that will enable us to
identify the Hilbert spaces H(x,[) for various unitary characters x and weights .
The resulting identification is not canonical; several choices have to be made. But
we take care to arrange the transformation in such a way that the terms in the
Fourier series expansions near the points P € P are not jumbled.

The space denoted H, in Section 1.6 is equal to H(x,,r) in the notation
of Chapter 6, with the character y, of Tioa as defined in 13.1.3. In Section 1.6
we have used the transformation function to relate all H(x.,,r) to H(1,0). In the
general setting we leave more freedom. The group of characters X may have more
than one component, and even within one component we want to be able to put
the center of perturbation at whatever pair (xo,ly) € X, X R we want.

In Section 8.3 we define a closed subspace °H (xo,lo) of the Hilbert space
H (x0,l0), consisting of truncated functions. In Section 1.6 we have truncated the
zero order Fourier term at the cusp. Here we truncate at each P € P a finite
number of Fourier terms, specified by a fixed growth condition c. In Section 8.4
we consider a subspace *D(xo, lp) of “H (X0, lp) that is closed for the energy norm,
similar to what we did in Chapter 6. In the next chapter we shall study a selfadjoint
holomorphic family of operators in the fixed Hilbert space “H (o, o). That family
will be constructed in the same way as we obtained A(x,!) (the extension of the
Casimir operator) in Section 6.5.

We aim at the construction of families of automorphic forms. In Proposi-
tion 8.3.6 we shall see that sections of a sheaf A;(c) of families of automorphic
forms give rise to functions from the parameter space to *H (o, lo) that are holo-
morphic in L?-sense. Lemma 4.5.2 suggests that these families might have their
values in *D(xo, o). In Section 8.5 we shall give a condition under which this is
the case.

8.1 Parameter space
In Chapters 8-10 we aim at the meromorphic continuation of Poincaré series,

jointly in the character and the spectral parameter. In general the character
group & is not simply connected, hence & x C is not allowed as a parameter
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space. Lemma 3.4.9 suggests to parametrize X by (xo,®) — Xo - €xp (¢) with
Xo € X and ¢ € V. We want to construct families that are meromorphic in (¢, s)
for each xg € Ay. It may be useful not to work on the whole of V, but on a linear
variety in it. For instance, in Section 15.5 we restrict our attention to Eisenstein
series of weight 0. This is accomplished by working on a two-dimensional linear
subspace of the three-dimensional space V of homomorphisms I'com — C.

These considerations lead us to take a slightly more general parameter space
in this chapter and the next one. We allow any unitary character xg € A, as
the central point for the perturbation, and restrict ¢ to a linear subspace of V.
The point of view is local: we study families on some neighborhood of ¢ = 0. For
suitable growth conditions this neighborhood can be quite large.

8.1.1 Notation. By V, we denote an R-linear subspace of the space V,. of group
homomorphism I' — R. Put V = C®g V;, € V = hom(I,C). We fix a unitary
character yo € X, and use the parameter space V' x C with x(p, s) = xo -exp (),
and s(y, s) = s. Often we shall write x(¢) instead of x (¢, ).

8.1.2 Comment. As we shall use L2-methods, we need a Hilbert space to work in.
This is accomplished by using xg € X, as the center of perturbation, and not a
general, possibly non-unitary, character in X.
8.1.3 Weights and Fourier term orders. Fix Iy € R such that xo(¢) = e™°. Then
wt consists of the functions (¢, s) — o+ @ +m with m € 2Z; we use  : (¢, ) —
lo + M

s

For P € P put

N {veR:e*™™ = xo(rp) } if Pe X*°
p= .
{I/GR:@MV/UPZX()(EP)} if P € Py.

The set Np is the set Cp introduced in Section 4.1 for the character yo. Here we
use another notation for it to avoid confusion with Cp C O(V x C), as defined
in 7.1.3. The set Cp consists of the functions

v+ =(mp) it Pe X
ny : (p,s) — "
u—l—%vp(p(f;‘p) if P € Py,
with v running through Np.
Often we write n,(p), respectively (), instead of m,(p,s), respectively
1(, 5)-
Giving a growth condition ¢ corresponds to giving finite subsets ¢[P] of the

Np: take ¢[P] = {v € Np : n, € ¢(P)}. We shall impose the condition that
0 € ¢[P] for all P € X°° for which 0 € Np. This is the same condition as in 4.3.1.
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8.2 Transformation

In 1.6.1 we have discussed a transformation function for the modular case. The
construction of a similar function in this section works for all cofinite discrete
groups I. It does not depend on ‘known’ functions like logn.

A transformation function has appeared in 7.4.2: to define L?-holomorphy
near P € X we replaced the function f € C°°(Q x pr='Up(b)) by a family w
F,.p on Q of elements of C*°(pr~'Up(b)) that are 7p-invariant (Up(b) is a neigh-
borhood of P in Y; see 3.5.3). In this way we could formulate the L?-holomorphy
in the fixed Hilbert space L?(Sp, du). This transformation was accomplished as a
multiplication operator by the transformation function (w, gpp(z)) — e~ 2mnrW)z,
The choice of np € Cp does not matter for the holomorphy condition.

The transformation function to be constructed in this section is global on Y.
On the sets pr=1Up(Ap) with P € X it will have the same form (w, gpp(z)) —
e 2mine(W)T a5 in 7.4.2.

8.2.1 Lemma. There exists a C-linear map t : V — C®(G) : ¢ ~— t, such that

i) ty is real-valued for ¢ € V.

ii) to(vgk(0)) = (1) + tolg) + £26  fory €T, g€ G, 0 € R. (¢ = k(r)
generates the center Z of T.)
iii) If P € X°°, then t,(gpp(2)k(0)) = ¢(7 )x—i— 7(709 on pr'Up(Ap);
t

)
if P € Py, then t,(gpk(n)a(t,)k(v)) = “0 (n+) on pr—'Up(Ap).

Remarks. t is far from unique. For instance, we may add to ¢, any real-valued
element of C*(I'\G//K) whose support does not meet the Up(Ap).

Condition ii) ensures that e~%¢ has the desired transformation behavior.
Condition i) is useful in a Hilbert space context, as it implies |e?'#| = 1 for ¢ € V.
Condition iii) says that e’*» has a very simple form near the points of P. This will
be important when we shall deal with Fourier expansions.

One might want to impose a differential equation on the t,. But if one does
so it becomes hard to satisfy condition iii).

Proof. It is sufficient to construct real-valued t, satisfying ii) and iii) for ¢ in an
R-basis of V,.. So we consider ¢ € V., and construct ¢,.

First we construct f € C°(Q), real valued such that f(vg) = ¢(v)+ f(g) for

all v € T. Take ¢ € C°(G) with ¥ > 0, [51(g)dg = 1. Let F be a fundamental

domain of T" in 9. Put

ifzeF,0e(0,m)
otherwise.

(o)) = { g



136 CHAPTER 8 TRANSFORMATION AND TRUNCATION

So Zvef fo(~vg) = 1 for all g except those for which gK corresponds to a bound-
ary point of the fundamental domain F' C § = é/f{ . The sum is locally fi-
nite. Consider f1 = fo*x v : g — [5 folggr Hw(g1) dgr. So fi € C®(G). For
g1 € supptp and g € G we have Zwef‘ fo(vggl_l) = 1, except for g in a set of
measure 0. So }° 7 fi(vg) = 1. This is again a locally finite sum. Put f(g) =

=Y et (M h (:yg) Note that f € C®°(G), and that it satisfies f(vg) = () +
f(g) for all v € I'; in particular f(g¢) = f(Cg) = ¢(C) + f(g). Put

folg) = /R . (f(gk(n)) - *"ff)n) .

f2 € C*°(G) is real valued and satisfies ii).

If hy,---,hy are real valued C*°-functions satisfying h;(vgk(9)) = (v) +
hi(g)+ #9 and 11, -, 1y € C(T\G) are real valued with 25:1 by, =1, then
25:1 Y hy, is also real valued and satisfies ii). The h, need satisfy ii) only on
pr=!supp ¥,.

Take for each P € P a real valued function ¢yp € C* (li‘\é/f(), such that
p = 1 on the set pr—(Up(Ap)) and pr(supp(vp)) C Up(Ap), and put 9, =
L= peptp. Take h. = fa. Let hp be given by the formulas in ii) and iii) on
pr'Up(Ap) and equal to 0 elsewhere. Then ., h. + >_pep ¥rhp may be taken
as t,. The smoothness at points of gpf( for P € Py follows from the fact that in
polar coordinates (1, u, 1) — 1+ 1 is smooth on G, see 2.2.6.

8.2.2 Remark. t,(p(2)k(0)) = t,(p(2))+¢(¢)0/m. So the function wt, is a function
on G/K = §. From ii) in the lemma it follows that wt, € C>°(I'\G/K), and
from iii) that wt, € C°(I'\G/K). (Explicit differentiation shows that wt,, vanishes
on the sets pr—'Up(Ap).)

8.2.3 Derivatives. We define bt = iE*t,. The b} € C>°(I'\G) are functions of
weight +2.

by = —b%
o) =+ (~2etmey+ D) 0 it pe X<y > ap
b5 (grk(n)a(t,)k(v)) = ;@,/#Heﬂw if P€Py,0<u< Ap.

8.2.4 Transformation function. We shall use e~ **¢ as the transformation function.

It is an element of C°°((), vanishes nowhere, and satisfies
e e (ygk(0)) = exp(p)(7) e e (g)e /T
e e (gpp(2)k(0)) = e telmp)r=ip(Q0/m it p e X y > Ap
e~ (gpk(n)a(t k() = e {0t/ i pepy 0<u< Ap.
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8.2.5 Transformation. Let V be as in 8.1.1. For ¢ € V' the map
C™(Gp) — C™(Gp) : froeef

gives a bijective correspondence between (xo - exp (¢))- (lo + @)—equivariant and
Xo-lp-equivariant functions.

On the sets pr—'Up(Ap) there is a term-by-term correspondence between
the Fourier expansions:

Fp, (e7f) = e % Fp, f,

with v € Np, and n, as in 8.1.3.

8.2.6 Differential operator. Under this transformation the differential operator
w — 1 4 s? corresponds to M(p,s) = e ¢ o (w— 1 + s?) oe'te.
We use E¥(p) = e7i¢ o E* o ¢''s = E* 4+ b%. On the functions of weight lo:

1 1 1 1
Mlg.s) = —BQEF() ~ 1o+ P Ly £y Ly
_ 1 + 2
= W — Z S
1 _ 1 . 1
= 0BT = JUPET Filwty) — o lop(C)
1.1,

M(p,s) is a perturbation of w — i + s%. It is polynomial of degree two in the
coordinates of ¢.

M(¢p,s) is an elliptic differential operator with coefficients in C*°(G), but
these smooth coefficients are not real analytic on G. So outside the pr—1U. p(Ap)

the eigenfunctions of M (¢, s) are smooth, but not necessarily real analytic.

8.2.7 Families of automorphic forms. Let € be an open subset of V x C, let
m: (¢,s) — L+ ¢(¢)/m and f a family of automorphic forms in A,,(c;2). Then
F(p,s) = e f(p,s) determines F € C=(Q x Gp) satistying F(w;ygk(0)) =
Xo(7)F(w; g)eo? for all 4 € T, and M (g, s)F(p,s) = 0, pointwise holomorphic
in w € Q, such that w — F(w)c, P] determines an L2-holomorphic family on
with values in L?(Sp a,,du) for each P € X (see 7.2.3, and 7.4.2), and such that
F(w)[c, P] has a C*°-extension to a neighborhood of Qxpr~!{ P} for each P € Py-.
We define the c-remainder by Fc, P](g) = F(g) — Fourier terms of order v € ¢[P])
for g € pr='Up(Ap), P € P; we consider it as a function on Q x pr='Up(Ap).
This correspondence is bijective. We do not introduce a separate notation for the
set of these transformed elements of A,,(c; ).
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8.3 Truncation

In 1.6.2 we have considered a subspace *H of Hy = H(xo,0) = L*(F). Its elements
have a Fourier coefficient of order zero that vanishes above y = a. In this section
we consider truncation in a more general context.

The problem that we avoid by working in the subspace “H of H(xo,lo) can
be seen in 6.4.3 and Theorem 6.5.5: if some of the cuspidal orbits P € X are
singular for g, then the selfadjoint extension in H(lp) of the Casimir operator w
does not have a compact resolvent. It is the Fourier term at P of order 0 that causes
the trouble. The idea from [12] is to throw away the offending Fourier term. Here
we even omit a finite number of Fourier terms. In this way we can avoid ‘offending
Fourier terms’ not only for xq, but for all x¢-exp (¢) with ¢ € U for alarge U C V,
if we might wish so.

We consider a growth condition ¢ such that 0 ¢ Np ~\ c[P] for all P € X°°.

8.3.1 Truncation points. For each P € P, we fix a real number a(P) € Ip; if
P € X°°, this number has to satisfy the additional condition

!
a(P) > ol o atl v Np ~ c[P] with lov > 0.
27|y

Put &YV = X < UpepUp(a(P)), “Up = (AP,CL(P)] if P e X, 4Up =
[a(P),Ap) if P € Py, and 9p = Ip~ Up. So Ip is the interval on which the

AP?AP—I Ap a(P)
Ipo
Ipo
“Ipo °
afpo >
0 a(P) Ap Ap =2A4p
Ipo o)
Ipo o
'Ip e o
afpo o)

Figure 8.1 The intervals fp, Ip, “Ip and “fp, for P € X*° (top) and P € Py (bottom).

Fourier expansion is transformed term by term. On Ip \ Ip we have carried out
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the gluing in the proof of Lemma 8.2.1. The truncation will be carried out at a(P).
(See Figure 8.1.)
8.3.2 Truncation. For a xg-lp-equivariant function f € Coo(ép) we define (Vf :

Gp — C to be the xo-lp-equivariant function satisfying
@f = f onpr !
@f = fle,P] on pr~Up(a(P)) for each P € P.

Of course this truncation may be defined for more general functions than those in
C>*(Gp). We use it for f € H(lp) too. In the orthogonal decomposition

o) > 2 (Fpr ) © @) @) 10T, dvr).

PePveNp

it amounts to omitting the L?(“Ip, dvp) with v € c[P].
The truncation depends on the growth condition ¢. This is not visible in the
notation.

8.3.3 Definition. We put

“H(ly) = the image of H(ly) under h — (“p
aK(lQ) = aH(lo) N K(lo)
(@WK (ly) = the image of K(ly) under h — (“p.

Often we shall use an abbreviated notation: °H = °“H(lp), *K = *K(lp), and
(WK = (WK(ly). In the notation we cannot see that these objects depend on ¢ as
well.

Truncation may destroy differentiability, hence (YK ¢ K (ly). The space (YK
is dense in “H, as h +— (¥ is continuous and K (l) is dense in H(ly). Even °K is
dense in “H; this may be seen by considering separately L> (F Npr 19, du) and
L? (F Npr Up(a(P)), du) for P € P. In each case h € L? may be approximated
by k € K(lp) with support modulo [ x K in the interior of the corresponding
subset of F. If h € “H, then removal of the Fourier coefficients of k corresponding
to n € ¢[P] improves the approximation in L2(F Npr 'Up(a(P))) and brings k
into °K.

8.3.4 Hilbert subspace. *H (lp) may be characterized as the closed subspace of H ()
orthogonal to all ©p,, ;.9 with P € P, v € ¢[P], ¥ € C=(“Ip) (see 6.3.1 for the
definition of the theta series ©p, ;,9). So *H(ly) is a Hilbert subspace of H (lp).

If there are no singular cusps for xo, then we may take ¢ = n. In that case
“H(ly) = H(lp). The space °H in 1.6.2 is obtained by taking I' = Tmod, X0 = 1,
lp =0, P =Tpoqa - ico, P = {P}, and ¢[P] = {0}.

8.3.5 Automorphic forms. We consider families of automorphic forms on Q C V' xC,
and we transform and truncate them. This gives holomorphic maps @ — °®H
characterized in the next proposition.
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Actually, we do not restrict ourselves to families on a subset of V' x C, but
consider, more generally, families on a parameter space W that allows a morphism
of parameter spaces j : W — V x C. Recall the notation convention in 7.1.6: a
subscript (j) denotes objects living on W. The growth condition c(;) is defined by
cjy(P)={voj:vec(P)}.

8.3.6 Proposition. Let j: W — V x C be a morphism of parameter spaces. Define
m e Wty bym =1loj:wwr g+ p(j(w))/m. Let Q@ C W be open. For each f €
A (c(j): Q) there exists Fy : Q — H(ly) given by Fy(w) = (@ (e~ et f(w)).
This gives a bijection from Ay, (c(;);§2) onto the space of F': Q — “H satisfying

i) F:Q — °H is L*-holomorphic,

i) (F(w),M (W@) k)lo — 0 for all w € and all k € °K.

Remark. This characterizes (V) (e~ Ay ¢y /= (X0 - €Xp (@), €1, 5)) inside °H (lo) in

the case that W consists of one point. Here ¢, (P) = c[P] + %ﬂp) if P e X and
c1(P) = c[P] + vpp(ep)/m otherwise.

Proof. We have defined A;,(c(;)) in such a way that we get L2-holomorphy on
neighborhoods of P € X°°. On compact sets in the fundamental domain, the
pointwise holomorphy gives L?-holomorphy by Lemma 7.4.3. So condition i) for Fy
is clear. As M (p,s)*K C °K for all ¢ € V, s € C, we obtain

(Fy(w). M (o). 5Tk ) = (7w (), M(p(w). sw))k)

for all k € °K. Use M(p,5) = e % o (w —
obtain ii).

To prove the converse, consider F' : @ — *H satisfying i) and ii). We shall
consider the distribution ® on Qxpr—'Yp C W x § corresponding to the family F.
We suppose 2 to be small enough to admit complex coordinates wq, ..., wy.

To define the distribution ® we consider x € C° (€2 x £). Define the function
e C®(Q x Q) by &(w; p(2)k(0)) = k(w; z)e?. Then

1 +8%) oes and Lemma 6.1.4 to

ke(wig) = > xo(7) " R(w;vg)

~EZ\T

defines k,, € C°°(Q2xG) with compact support in Qx (I'\G/K) such that k. (w;.) €
K(lp) for each w € Q. This gives a C*°-map w — k,(w;-) on Q with values in
H(lp). So ®(k) = [o(F(w), ku(w))i,dvol(w), with dvol(w) = (—2i) =" dwy A dwi A
-« Ndwpy A dwy, is well defined. If we restrict the support of x to a compact
set in © x §), then kK — ®(k) is continuous in the sup-norm. So k — ®(k) is a
distribution.
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The sum defining k, is locally finite, hence ka—n = Oy, k. This pointwise

derivative represents the derlvatlve in L%-sense. Hence %@( )=—-o (%ﬁ) =

— Jo (F(w), 0,k )l dvol(w) = [, (0w; F(w), "‘)lo dvol(w) = 0, see condition i).

There is a differential operator D(w) on Q x $) such that M (ap(w), s(w)) ke (w) =

Ep(wyrs(w). Its transpose D(w)" is the operator M (¢(w), s(w)), acting on the func-
tions on  x 9.

Suppose supp(x) C Q X interior (ﬁ_laY). Then k. (w) € %K for all w € Q.
Condition ii) implies that ® is annihilated by D(w)" on © x interior (pr~'%).
Add the sum of the —d,, 0z~ to D(w)" to get an elliptic differential operator. As
in 7.3.2, we conclude that ® is given by a C°°-function on 2 x interior (ﬁ_laY)
(not real analytic this time, as the coefficients of M(y, s) are only smooth). On
Q x pr*Up(a(P)), we proceed similarly. From supp(x) C Q x pr 1Up(a(P))
does not necessarily follow that k.(w) € *K; but removal of the Fourier terms
corresponding to v € ¢[P] does not change (F(w), k. (w));, -

We have shown that ® is given by a smooth function outside the truncation
sets Qxpr! (boundary(Up(a(P))), satisfying d7=® = 0, and D(w)'® = 0; remem-
ber that D(w)? is nothing else than M (¢(w), s(w)) written down as a differential
operator on ).

It now makes sense to form Fourier terms of ®. The reasoning above shows
that ®[c, P] is smooth even at the truncation sets.

Consider v € ¢[P]. The Fourier term of ® of order (P,v) is an element of
Wi (P,1,;Q) on the interior of Q x (pr—'Up(Ap) \ r 'Up(a(P))). This we use
to extend it as a function on Q x pr—'Up(Ap) annihilated by M (¢(.), s(.)). Doing
this for all v € c[P] for all P € P, we obtain ® € C°°(Q x pr'Yp), holomor-
phic in w € §; for each w € Q it is an eigenfunction of M (p(w), s(w)). Further,
F(w; p(2)k(0)) = <I>(w z)e'lo? defines F on Q x Gp such that WF(w) = F(w).
The properties of ® imply that F(w) = e~ f(w) for some f € Fp,(Yp; Q). At
each P € P, the c-remainder fc(;), P] is regular, as it corresponds to F'(w) on

Q x pr_lUp(a(P)).

J)s

8.4 The subspace for the energy norm

In Section 6.2 we have used the space D(lp) C H(lp) to get the selfadjoint ex-
tension A of w on H(ly). Here we consider the analogous space *D(ly) in “H (Ip).
Proposition 8.4.5 will give conditions under which reasonably smooth functions in
“H(lp) are elements of “D(ly).

The important advantage of the truncated set-up is the compactness of the
inclusion *D(lp) — *H(lp) (Lemma 8.4.8). Complications, however, are caused by
the fact that (VK (o) ¢ K(lp).

Lemma 8.4.11 is rather technical but quite important. It gives an estimate
for the difference E* () — E* considered as an operator °D(ly) — “H (lp & 2). We
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need this lemma in the application of analytic perturbation theory in the next
chapter.
8.4.1 Definition. *D(ly) = “H (lp) N D(lp). So *D(lp) consists of those f € *H(lp)
for which the distribution derivatives ET f are square integrable.

If f € “D(lp), then E¥ f € H(lg%2). Sofor P € P,v € ¢c[P] and ¢ € C°(“p):

(EX£,0p,00420) 1042 = —(f,Op 10+ )1, = 0,

with 1y € C°(“Ip) given by v (y) = 2y¢'(y) + (E(dmvy —lo) —2)Y(y) if P €
X, and ¥4 (u) = 2vu? + wp’ (w) £ (—v + (lo £2)(2u+ 1)) ¥(u)/2Vu? + uif P €
Py, compare Lemma 6.3.6. This shows that E¥2D(lg) is contained in °H (ly + 2).
On *D(ly) we put the scalar product (.,.)p,, and the energy norm ||.||p, of
D(lp). For this norm, “D(ly) is a Hilbert subspace of D(ly). Note that °K(lp) C
“D(lp).
8.4.2 Fzample. If ¢ # n it is easy to obtain elements of ®*H(ly) that are not in
“D(ly). For example, take v € ¢[P], P € P. Choose ¢ € C2°(Ip). If ¢ vanishes on a
neighborhood of a(P), then ()05, ; 1 € “K(ly) C *D(lp). For general ¢ € C°(Ip)
consider Fp,,,Ei(“)@leow as the distribution on Ip sending n € C°(Ip) to

(E:i: (a)GP,u,lo Y, Op 10+21) 10 +2

= —(“99p,.1,0, EFOp,1y12m)1, = — <(a)®P,u,lg¢aE:':GP,u,lo:tQT_])l
0
— a(P
—20analP) 4 (97 2y (y) £ (—dmvy + D () n(y) 2
if Pe X°°

— { sraPP T alP(a(P)n(a(P)) +
f:z; (2\/u2 T uy (u) £ %\/%ﬁ;j) (u)) n(u)dm du
if P € Py,

compare Lemma 6.3.6. This distribution is in L?(Ip, dvp) if and only if ¢ (a(P)) =
0. So (WOp, ;1,9 & *D(ly) if and only if ¥(a(P)) # 0.

We may carry out this reasoning in a bit more complicated situation and
obtain the next lemma. (See Figure 8.1 on p. 138 for Ip, “Ip, and “Ip.)

8.4.3 Lemma. Let f € °D, P € P, v € c[P]. Suppose that the restriction of Fp, f to
“Ip is represented by a C™°-function on interior(“Ip). Then Fp, f has a continuous

extension to Ip with value 0 on afp, and Fp7,,Eif is represented by the function
on Ip ~ {a(P)} given by

(2y0y Fdmvy £1o) Fp, f if Pe X
(2\/u2 Tud, + %) Fp,f  if P€Py.
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Proof. Let 1 € C*(%Ip ~ {a(P)}) be given by the formula in the lemma. By
Lemma 6.3.6, it represents Fp, E¥f on Up \ {a(P)}. As CZ(Up ~ {a(P)}) is
dense in L2(“Ip,dvp), the extended function ¢y, zero on {a(P)} Ul p, represents
prl,Eif. In particular it is in L?(Ip,dvp).

For b € “Ip ~ {a(P)} put I(b) = (Ap,b) if P € X* and I(b) = (b,Ap)
otherwise. For n € L?(Ip,dvp) we have

nprdvp = lim N1 dvp,
/IIP b—a(P) J1(b)
with b varying in the interior of “Ip.

Consider n € C°(Ip). Partial integration shows that

(BXf,0p 1004201942 = —/ Fp,f-n+dvp
Ip

—2Fp, f(b)n(b) if Pe X>®

= lim / w1 -ndvp +
I(b) 81V b2 + bFp, f(b)n(b) it Pe Py

b—a(P)

The limit of the integral exists. Hence Fp, f has a continuous extension to “/p.
The value at a(P) can be nothing but 0, otherwise n — (E* f,0p,, ;,7)1,+2 would
not be given by an element of L?(Ip,dvp).
8.4.4. Let us consider the converse situation: f € C=(Gp), (Wf € H(ly), WE*f €
H(lop+2), Fp,f(a(P)) =0 for all P € P, v € ¢[P]. The question is whether this
suffices to conclude that (4f € *D(1y).

That amounts to the question whether E* f represents E=(®f. So we want
to know whether

<(¢1)Eif7 ]f)
Consider first k € K(ly + 2) with (2% = k, and hence also (YETk = ETk.

Take b(P) € “Ip for each P € P. Denote F, = F \ Jpcppr ' (Up(b(P))). For
each such choice of b’s,

(W)Ei f, k) n ((“)f, E”Fk) .
= [ (B FGEDTGET + N ETFGED) dule).

n (<a>f, E:Fk)l =0 forallke K(ly+2).

lo +2 0

lo£2

In the same way as in the proof of Lemma 6.1.4, this turns out to be equal to
the integral over the boundary of F} of the 1-form —2f(p(z))k(p(z))@. The
contributions of most of the boundary components cancel each other. We are left
with a component for each P € P, its image in X encircles P once. For P € X,
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we take b(P) large, such that the corresponding path is outside the support of k.
The corresponding contributions vanish.

Consider P € Py. The Fourier terms of order (P,v) with v € ¢[P] are zero
for k. So we replace f by (¥f, without changing the value of the integral. We
obtain

-9 /io (“)f(gpk(n)a(tb(P)))k(gpk(n)a(tb(P)))i

with z,, = gpk(n) - ity and y,p = Imz,,. Note that limy gty = 1. A small
computations shows that

dzpp  cosn+itpsing J

Yn,b cosn — ity sinn

If (9)f is smooth at p(zp), then the integral has limit 0 as b | 0. If (4)f is singular
at the points above P € Py, the limit of the integral need not to vanish.

So we have to add a continuity condition on (*)f to the assumptions we started
with, if we want to be sure that (¥E* f represents E=(@)f,

A general k € K(lp = 2) can be expressed as k = k, + ZP,V Opuiy+2VP,y,
with k, € K(lp &+ 2) satistying k, = (@), and Yp, € C*(Ip) vanishing on a
neighborhood of Ap. If P € X then ¢p, € C°(Ip). We still have to check the
desired equality for the 1 p,; it amounts to falp Fp7,,Eif “Yp, dvp + faIp Fp,f-
(Ypy)xdvp =0, with (¢p, )+ defined as in 8.4.1. Partial integration shows that
this equality follows from the assumption Fp, f(a(P)) = 0.

This reasoning and Lemma 8.4.3 together yield the following proposition.

8.4.5 Proposition. Let f € C™(Gp) be xo-lo-equivariant, and suppose that (Vf
“H(ly), that (Df is C> on a neighborhood of pr~'{P} for each P € P, and that
(@WE*f € *H(ly +2).

Then (@f € °D(ly) if and only if Fp,, f(a(P)) =0 for all P € P, v € ¢[P)]. If
this holds, then EX(9f is represented by (VEE f.

Remark. f itself need not be smooth at the points above P € Py, but this non-
smoothness is allowed to involve only the Fourier terms specified by the growth
condition c.

8.4.6 Examples. We apply this proposition to f € Aj,(xo,¢,s). We know that
(WE*f € °H(lp % 2), see Proposition 4.5.3. So all f € S, (xo,¢,5) give (If = f €
2D(ly).

If one accepts the meromorphic continuation of the Eisenstein series in the
modular case, as given by the Fourier series expansion in 1.4.4, one may obtain
examples from this family of non-cuspidal modular forms. Denote by Ey(s) the
modular form on G corresponding to the Eisenstein series F(s) on ). The propo-
sition implies that (¥Ey(s) € *D if and only if a?* = —A(2s)/A(2s + 1), with
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A(u) = 77%?T(u/2)¢(u). Consider s = it, t > 0. The equation becomes
. 1
t loga+arg A(1+ 2it) € 7r(§ +7Z),

for a continuous choice of arg A. One may check that arg A(14-2it) = 3t log t+O(t)
as t — oo; use Stirling’s formula and a reasoning as in 9.4 of [58] for arg ¢(1 + 2it).
This implies that for each a > 5 there are infinitely many ¢ such that (¥Ey(it) € D.

8.47 Lemma. “K (ly) is dense in “D(ly) with respect to ||.||p,i,-

Proof. Suppose f € “D(ly) is (.,.)p,i,-orthogonal to “K (Ip). Then
1
(fs @+ 14 3@)k), =0 for all k € *K (lo).

Asw+1+ il% = M(0, sp), with i — st =-1- il%, Proposition 8.3.6, applied
to W = {(0,s0)} C V x C, shows that f = (“h for some h € A, (x0,¢, S0)-
Proposition 8.4.5 implies that EE f is represented by (YEEh.

For each v € ¢[P], P € P, we multiply the Fourier coefficient of order (P,v)
of E*h by ¢» € C>(Ip), ¢ = 1 on a neighborhood of “Ip, but ) = 0 on Pp N
(a neighborhood of a(P)). Thus we obtain hy € D(lp +2). As (WE*h = E*f ¢
aH(lo + 2) and f € GH(ZO)

(EXfEXf)igee = (EXf,“E*R), 00 = (EEf,hy)igan

= —(f,EThy), (Lemma 6.2.7)
_(f7 E¥Eih)lo (f7 ( dw — lO + 2l0)h)
(—4 = 200)(f, h)i, = (=4 £ 210) | f1I7,-

We obtain || |2, = & S, (~4 = 200)[If |2 + | ]2 = 0.

8.4.8 Lemma. The inclusion “D(ly) — *H(ly) is compact.

Proof. Given € > 0, choose a(P) > a(P) for P € X such that o(P) > llo] +2//2

N 47r\u\
for all v € Np \ ¢[P]. Take Uy = Upcx=~ Up(2a(P)), Y =Y N Uy, Y = YUuU,
U = Upexe Up(a(P)). Lemma 6.3.7 implies for f € D:

1
/ |f|2dus€/ <|f|2+ §ZEif|Q> dp.
Fnpr—'U Fnpr— U T

We multiply a given f € “D by ¢ € C’OO(I‘\G/K) such that ) = 1 on pr='Y \ U
and v = 0 on pr~'U;. We apply Lemma 6.4.1 with Y as given here. Then ¢- f € D.
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We conclude that for all f in a subspace of finite codimension in ¢D:
/ fPaw < [ 1P
FApT—lY~U FApr— 'Y

2 1 + 212
. <|f| TR ) .

8.4.9 Perturbation of E*. The operators E* : 2D(ly) — °H (I + 2) are continuous
if we provide “°D(lp) with the norm || - ||pi,, and “H(lp £2) with || - ||;,. For ¢ € V,
we may view E¥(p) = e7"» o E* o v = E* + b as a perturbation of E*. The
question is whether E* (i) gives a continuous operator *D(lg) — ®H (Iy £ 2). This
is a question concerning the operator ‘multiplication by bi’. Lemma 8.4.11 gives a
positive answer, and expresses the norm of this operator in terms of two seminorms
on V.

8.4.10 Definition. |||l = maxpex= |p(mp)| defines a seminorm on V. It does not
depend on the truncation data, and satisfies ||@||c = [|¢]|e-

IN

8.4.11 Lemma.
i) Let o € V. The map f — b5 f sends “D(lo) to “H(lo +2).
i1) Put
£= Pexx,lz?eirjirp\c[P] Aa(py(lo, V),

with Ag(.,.) as in Lemma 6.3.7. There are a number ny > 0 and a seminorm
I-lle on V' satisfying |@|ls = ||¢lls, such that for each e > 0

05 s < (1ol + (o + 22 ) ol 1
4 4
+ (g 20 Wl

for all f € *D(lp), p € V.

Remarks. In the proof we shall see that the seminorm ||.||, depends on many
choices, but that ||.||. and n; do not.

Ap(lp,v) ~ 27|v| as |v| — oo for fixed ly. So £ becomes a large quantity, if
we sufficiently enlarge the c¢[P] for P € X*°. Then the influence of || f||p,, on the
estimate is small. In the application of analytic perturbation theory, the factor in
front of || f||p,, will determine the region in V' on which we have a holomorphic
family of operators. If we want meromorphic families of automorphic forms on a
large region, we should take the ¢[P], with P € X°°, large. If our aim is only local,
it is more sensible to take ¢ minimal.
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Proof. From 8.2.3 it is clear that b;ff is xo0-(lp £ 2)-equivariant. From Lemma 6.3.7
we obtain the square integrability of bi f.

We take Y and U as in the proof of Lemma 8.4.8, but with a(P) = a(P).

Clearly
1212 s < /

FNpr—

CEfR / bE FP? dp
1y FOpE—'U

Define ||p|lp = supy ,cor-1y ’bg(p(z)ﬂ The integral over F Npr—'Y is bounded
by ||<p\|%||f||120 On pr—!U we define f; and f, by

filgrp(2)) = F20(mp)yf(gep(2))
falgpp(2)) = £77'0(0)f(9rp(2)),

for P € X and gpp(z) € pr_'Up(a(P)), see 8.2.3 for the relation with bZ. We
use Lemma 3.4.4 and Lemma 6.3.7 to obtain for the integrals over F Npr— U

1/2 1/2 1/2
(/y@ﬂ%) §</|f1|2du> +</|f2|2du)

1/2 »
M 1 + 2 < 5 >
3 </8§|E 7l dﬂ) + Bllelle /|f| dy

2
< Yol <g||f||D,lo +ﬁ||f||zo) 7

IN

A

with 8 = 27| X>°| vol(T\$) L. Use zy < L%+ ey? for z,y > 0 to obtain

4 4
WEFR s < (Ilwlli + (52 ; i) leli) 112+ (f n ?) BT

Take n; = (2.

8.5 Families of automorphic forms

Proposition 8.3.6 gives a bijection f +— F; between families of automorphic forms
and families of elements of “H(lp). Under what conditions is Fy(w) € *D(lp)?
Could Fy be a holomorphic family with respect to the energy norm |.|p,, as
well? Our tool is Proposition 8.4.5, but before we can apply it, we have to relate
E* and E*(yp).

8.5.1 Differentiation of families of automorphic forms. We use the notations of
Proposition 8.3.6 and consider f € A, (c(;); ). We have already seen that Etf e
Am:l:Q (C(j); Q) Let

F(w) = e o0 f(w)),  Fi(w) =@ e "0 E* f(w)).
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Proposition 8.3.6 shows that F' : Q — °H(lp) : w — F(w) and Fy : Q — *H(lp%2) :
w +— Fy(w) are L?-holomorphic.

8.5.2 Lemma. In the notations given above:

{weQ: F(w) e D) }
= {weQ:Fp,f(w;a(P))=0 forallvec[P], PeP}.

Proof. We fix w € Q, and write f, F, F1, and ¢ instead of f(w), F(w), Fyi(w),
and p(j(w)).

We want to apply Proposition 8.4.5 to g = e~ %« f. Clearly (g = F € “H(l).
The transformation preserves regularity. So (Yg is smooth above P € Py. The
problem is to show that (YE*g € “H (ly & 2). Once we have done that the lemma
follows.

(Op*g = (a)Ei(e—itw f)
_ (G)Ei(go) (efitg,f) _ (a) (bi:efitgjf)
— (o) (e—itinf) _ bi . (a) (e—itsof)
= Fy—0b5-F

So the question is whether bi}F € *H(lp £2).

The square integrability of biF is clear outside the sets F' N ﬁ_lUp(Ap)
with P € X°°. Change the Fp,, f with v € ¢[P], P € X°°, smoothly on Ip such
that they vanish on “Ip and on a neighborhood of a(P). This results in a function
f, and in the corresponding function F' = () (e‘“v’ f) Proposition 8.4.5, applied
to e~ f, shows that F' € “D(ly). Hence be € °H(lp £ 2), see Lemma 8.4.11.
The functions F and F coincide outside Upex= (pr'Up(Ap) ~ pr=tUp(a(P))).
So bt (F - F) € “H(ly + 2) as well.

Now we have got bij € “H(lp + 2), and apply Proposition 8.4.5 to complete
the proof.

For the implication from left to right we have I € “D(ly) directly, and do not
need the introduction of f and F.

8.5.3 Cusp forms. In particular, if f € Sp(c(;);€2), then F(w) € “D(lp) for all
w € Q.

8.5.4 Lemma. Use the notations given above. The family F is holomorphic Q —
*D(ly) with respect to the norm ||.|pi,, if and only if Fpy, f(w;a(P)) =0 for all
weQ, veclP], PeP.
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Proof. By the previous lemma it suffices to prove that the ||.|| p ;,-holomorphy of F’
follows from the fact that F'(w) € *D(lp) for all w € 2.

By Proposition 8.3.6, the families F' : Q — “H (lp) and Fy : Q — “H(ly+2) are
L?-holomorphic. Proposition 8.4.5 implies that Fly(w) — bi(j(w))F(w) represents
E* F(w). So if we take 2 small enough to have || F'(w)][,, || Fx (w)|l1y+2, [ (w)) ||,
and ||¢(j(w))|l¢ bounded for all w € €, then we obtain boundedness of || F(w)||p.i,
as well; see Lemma 8.4.11. For k € K (ly) consider

w = (F(w),k)p,i,
= %Z ((Fc0) B Rt — (F(w), bE——E¥k), ) + (F(w), k).

" e(i(w)
If this is holomorphic for all k& € %K (lp), we obtain the lemma by application

of Lemma 7.4.3. For w — (F(w), bi(j(w))k)lo the holomorphy is not immediately
clear. But w — F(w) is holomorphic 2 — ®H(ly). For fixed k1 € “K(lp £ 2) the

map Q — “K(lp) : w— b$( T ))k:l is antilinear in the coordinates of ¢(j(w)) with
o(j(w
respect to some basis of V,.. As the morphism of parameter spaces j: W — V x C

is a holomorphic map, the coordinates of ¢(j(w)) depend on w in a holomorphic

way. This gives the holomorphy of w — (F(w), bMEik)lo.

8.5.5 Remark. These results reinforce the message of Proposition 8.3.6: study fam-
ilies of functions in “H (ly) or “D(ly) to obtain information on families of automor-
phic forms.




Chapter 9
Pseudo Casimir operator

In this chapter we consider — in a more general context — the operator A dis-
cussed in 1.6.2, and its resolvent. We call ®?A the pseudo Casimir operator, as it is
the generalization of the pseudo Laplacian of Colin de Verdiére, [12]. We use the
resolvent to prove a central result of this book, Theorem 9.4.1. This theorem gives
the existence of meromorphic families of automorphic forms that satisfy certain
conditions on their Fourier terms. The theorem implies that — generically on an
open neighborhood in V x C of any point in V,, X C — there are as many fami-
lies of automorphic forms as the Maass-Selberg relation allows, see Section 9.5. In
the context of Section 1.6, Theorem 9.4.1 amounts to the construction of “E(r, s)
in 1.6.4.

The pseudo Casimir operator “A depends on a parameter ¢ in V = hom(f‘, C)
(or on the weight r in the notations of Section 1.6). So it is actually a family
of operators, which extends the differential operator M (¢, %), defined in 8.2.6.
We obtain this extension by the same procedure we used in Section 6.5 to get
the selfadjoint operator A(y,!) extending w. When we discuss in Section 9.1 the
sesquilinear form we need, we have to take into account the dependence on ¢. We
obtain a family of sesquilinear forms that has nice properties on a neighborhood
of 0 in V. Section 9.2 gives the construction of *A, and the relation between its
eigenfunctions and automorphic forms.

The proof of Theorem 9.4.1 uses the resolvent of the family “A. In 1.6.4, we
could just refer to Kato’s book [25] for the properties of the resolvent as a function
of (r,s). But here the parameter r € C is replaced by ¢ € V, and the dimension
of ¥V may very well be larger than one. Section 9.3 shows that the resolvent of A
has the properties we shall need in Section 9.4.

I emphasize that this chapter is largely built on Colin de Verdiere’s approach
of the meromorphic continuation of the Eisenstein series, [12].

We keep fixed a unitary character xo, a suitable real weight [y for xo, a
linear subspace V of V), a set of exceptional points P, a growth condition ¢, and
truncation points a(P), as in the previous chapter.

9.1 Sesquilinear form

We obtained the selfadjoint extension A(x,!) of the Casimir operator w : K(I) —
K(I) with help of the sesquilinear form s on D(I) introduced in Section 6.5. In
this chapter we associate a family of operators to a family ¢ — s(¢) of sesquilin-
ear forms in “D(ly), corresponding to ¢ — M(p, 3) with ¢ € V. Remember that

151



152 CHAPTER 9 PSEUDO CASIMIR OPERATOR

under the transformation introduced in the previous chapter, the differential op-
erator M (¢, s) corresponds to w— £ + s® acting in the X - exp (¢)-I(¢)-equivariant
functions.

We shall show that there is a neighborhood Vj of 0 in V' on which s(y) is
relatively bounded with respect to ||.|[p,; this is a condition under which the
family of operators associated to s has nice properties.

9.1.1 Definition. We define for ¢ € V, and f, g € *D(lp),

SOl = § 5 (E LR, 1 (0 2 ) (o

+

5(¢) is a sesquilinear form on *D = *D(l).
9.1.2 Casimir operator. For ¢ € V., k € *K(lp), and f € *D(lp):

(F, M(Z, 3)R), = s(@)IF K]~ (5~ )F, B

M (o, s) is the differential operator corresponding to w — % + 52 under the trans-
formation discussed in the previous chapter.

To see that (E*(p)f,E*(@)k)i,+2 = —(f,ET(@)E*(@)k);,, we use the fact
that E¥(¢)k € K(lp £2), and apply 6.2.1 and 8.2.3.
9.1.3 Decomposition. If f, g € °D, then ¢ — s(p)[f, g] is a quadratic polynomial
in the coordinates of ¢ with respect to any basis of V. The decomposition into
homogeneous parts is s(¢) = s¢ + 51(p) + s2() with

solf 9] = é ;(Eif, E*g)iot2 — ilg(ﬁ 9o
51(90)[]07 g] = é Z <(Eif7 ig)loiQ + (bif’ Eig)loi2> - %@(C)(.fv g)lo

—_

T I S = PP ST
+

9.1.4 Remarks. sqg is the restriction to D of the form s in Section 6.5.

50 is a symmetric closed sesquilinear form in “H, densely defined, and bounded
from below by —3I3 |||}, On its domain “D(ly), it is relatively bounded with
respect to ||.|[pi,; in fact, so = [|.|13,,, — (1 + 38) [I-1I7,-

A form t is relatively bounded with respect to a sectorial form ¢, if dom(t) C
dom(t,), and if there are a,b > 0 such that [tfu,u]| < alt,[u,u]| + b|ju||*> for all
u € dom(t); see Kato, [25], Ch. VI, Remark 1.32.

Sectoriality generalizes the concept bounded from below. The values t,[f, f],
with f € dom(t,), of a sectorial sesquilinear form t, are situated in a sector of the
form {z € C: |arg(z — )| < 0}, with v € R and 0 < 6 < 7/2; see [25], Ch. VI,
§1.2.
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9.1.5 Lemma. Let p € V.

i) The adjoint form s(p)*[f, 9] = s()lg, f] is given by s(p)* = s(p).

it) 51(p) and sa2(p) are relatively bounded with respect to ||. HDl ; there are

@j.q,05,4 >0, with j € {1,2}, q € {b,c}, such that for alpeV, f eD:

ls1(2) (S, f1I
< (avpliely + avellelIFIE + Grollells +orellelle) 115,
[s2(0) [, f1I

< (azpllelly + azcl@l2)IFIE, + b2

with the seminorms || - || and || - || as defined in 8.4.10 and Lemma 8.4.11.
Take n1 and & as in Lemma 8.4.11, and let ¢ > 0. Then the a; 4 and b; 4
may be chosen such that

2
bl,b = 4e )

bi. = 4/6+2/ne+ 4e%\/ny + Vni/e€,

bre = 267%+eym/e.

Remark. The relative boundedness with respect to sg is equivalent to relative
boundedness with respect to ||.||3, ;. ; see [25], Ch. VI, §1.6.

Proof. The first part follows directly from the definition. From Lemma 8.4.11 we
Obtain, with o« = ny + aﬂfl and 6 — g% + éla\g/ﬁ7

s1(2) [/, 1l

IN

A

2y

1
2%:8||Eif||loﬁ:2\/(”§0||12;+O‘||§0||g)”f” + BllellZI 11D, + ol

RVALAH
gﬂoIHwIICHfIIi, +2(lells + vallelle) 1l Do +2vBlelell flID -

Lemma 3.4.4 shows how to express |¢(¢)| in terms of [¢||c. Use zy < glya?+2e%y?
for 2,y > 0 to obtain the estimate of s1(¢)[f, f] with

aipy = 1/462
are = |X®vol(T\H)™ ! + Va/4e?
bl,b = 452

bie = 4vae? +2v/B <4e®\/ng 4+ \/n1/e€ +4/€ + 26 /7.



154 CHAPTER 9 PSEUDO CASIMIR OPERATOR

Finally
1 e
S S < 5 SIS lusalbE Slhoss + 22
+
1 e(QF
< 5 (ol + alll) 1117, + 81121 s, ) + 2 151
gives
a21b = 1/4
aze = ni/d+/ny/de€ + | X2 vol(T\$H) 2

b = £2 +ey/n1 /€.
9.1.6 Lemma. There is an open subset Vo = Vy(lo, xo0,¢) in V such that:
i) Vo(lo, x0,€) is invariant under ¢ — @ and @ — to with t € C, |t| < 1.
i1) s(¢) is a closed sectorial sesquilinear form on °D for all ¢ € Vo(lo, x0,€)-
iii) Vo(—lo,xg *, —¢) = Vollo, X0, €).-

If P and the a(P) have been fized, we can choose Vy(lo, xo,¢) arbitrarily large,
provided we take the c[P] with P € X*° large enough.

Remarks. In 9.1.4 we have indicated the meaning of ‘sectorial’.

Assertion ii) is the main one. It says that s behaves nicely on V;. Assertion iii)
is convenient when we apply the Maass-Selberg relation.
Proof. Theorem 1.33 in [25], Ch. VI, §1.6, gives a sufficient condition for s(p) to
be a closed sesquilinear form:

s (), f] +s200)[f, 1l < AlFIE + Bl By, forall fe D
for some constants A and B with B < 1. By the previous lemma, this is the case
if
¢lle + bacllpllZ < 1.

bipllelly + b1e

So we can easily arrange Vj as desired.

9.1.7 Remark. The family ¢ +— s(p) is a holomorphic family of type (a) on Vj
in the sense of Kato, [25], Ch. VII, §4.2, except for the fact that in loc. cit. the
parameter runs through an open set in C, whereas the dimension of V{, may be
larger than one.

9.1.8 How large can Vi be? Consider the modular case with P = [poq, P = {P}.
The seminorm |||, in Lemma 8.4.11 is of the form ||ral|y = |r|Np; see 13.1.7 for
the definition of a. The positive number N, is not known explicitly (it depends on
choices we have made). The other seminorm is |ra|. = %|r|.
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First take ¢ = n, lp = ro € (0,6], and let x,, play the role of the center
ol for y € Cp, lpy > 0 in 8.3.1

27 |v|
amounts to a(P) > &. But we have to take a(P) > Ap = 2 anyhow. We obtain

£ =¢&(ro) = (3 - ﬁ) 7o. In the proof of Lemma 8.4.11 we have chosen n} =

21| X |/ vol(T\$); so ny = v/6. If

<4€2Nb+g (2+2\/65+452\/6+\/6/T§>>| |+ <£2 +€\f> Ir2 <1

then ra is an element of V). Hence Vj contains each open disk around ro with
radius strictly smaller than (3v/6 — 1) r. Indeed, the terms 27 |r| and 2 3662 \r|2 i
the inequality are the main ones. The other terms can be handled by making €&
small. To come near to |r| = (3v/6 —1) 7y we have to choose a(P) sufficiently
large.

Another case is lp =79 =0, and ¢c[P] ={v € Z: |v| < N} with N > 0. We
may take any a(P) > 2, and find £ = 27 N. In this case, V can be chosen as a
disk around r¢ = 0 with radius proportional to N.

In 15.5.2 we discuss an example where V;(lp, x0,¢) is unbounded even for a
small growth condition c.
9.1.9 Comparison at real points. Let ¢ € V,, = VN V.. The map U, : f — e'te f
gives a unitary isomorphism of H(xo,lo) — H(xo - exp (¢),lo + ¢(¢)/7).

For ¢ € V. we have the following relation between theta series

of perturbation xg. The condition a(P) >

it
e W®P7V7107X0¢ = ®P7n17517)(1¢7

with ny = n,(p), 1 =lo+¢(C)/7, and x1 = X0 -exp (¢). (See 6.3.1.) This implies
that U,“H(xo0,l0) = *H(x1,l1) as long as ¢ is a growth condition for x;. (The
additional condition in 8.3.1 on the truncation points a(P) with P € X > does not
matter here.)

As U, oE*(¢) = E*olU, and biaD(lo) C H(lop£2), we obtain U,*D(x0,lo) C
'D(x1,11). We can reverse the roles of xo and x1 = xo-exp (¢) and use U_,, = U
to obtain equality.

This gives, for f,g € “D(xo, ),

Vel U, =s(lfesl + (14 1) (o,

hence (f, g) — s()[U—, f, U_,g] is a restriction of the sesquilinear form introduced
in Section 6.5, but taken in the weight I1 = Iy + ¢(¢) /7.

In particular, for ¢ = n the family ¢ — s(p) on {p € V;. : n,(p) # 0 for
all v € Cp, P € X°} describes the sesquilinear forms in the various subspaces
D(lp + ¢(¢)/); c.f. Section 6.5.
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9.2 Pseudo Casimir operator

In Section 6.5 we used the form s to define the selfadjoint extension of the Casimir
operator w : K(I) — K(I) in H(l). Here we do the same for s(¢). This leads to
an operator “A(p) in “H (ly) extending M (¢, ) : °K (lo) — “K (lp). If the weight is
zero this is the pseudo Laplacian of Colin de Verdiere, [12].

This works well for ¢ € V5. We obtain a family ¢ — %A(p) of operators in
®H (lp) with compact resolvent. We have to pay a price for the truncation. We may
view the extension A(xo, ) of the Casimir operator w as given by the action of w
on the distributions. This is no longer true for the pseudo Casimir operator. In
distribution sense, A(¢) differs from M (y, ) by an operator that is described in
Proposition 9.2.5.

9.2.1 Definition. Let ¢ € V. We define the pseudo Casimir operator °A(yp) :
dom *A(p) — “H as the operator in *H associated to s(¢); see [25], Ch. VI, Theo-
rem 2.1. So dom®A(p) = {u € *D: (Fw € “H) (Yv € °D) s(¢)[u,v] = (w,v);, }. If
the w in the equality s(¢)[u, v] = (w,v);, exists, it is unique, and then “A(p)u = w.
Lemma 8.4.7 implies that we can replace Yv € “D by Vv € “K.

The adjoint is “A(p)* = %A(®). In particular, if ¢ € V. NV, the operator
?A(y) is selfadjoint and bounded from below:

2
(“Alp)f, )y, = —i (lo + @) I£IIZ -

9.2.2 Proposition. The operator “A(p) has compact resolvent in *H for each ¢ €
% (ZOa $o, C) .

Remark. The compactness of the resolvent is an important advantage of working
in °H instead of H(ly). The set of eigenvalues of each *A(y) is discrete.
Proof. Theorem 3.4 in Ch. VI of [25] shows that having a compact resolvent is
a rather stable property. Apply it to the sesquilinear forms (.,.)p;, = (il% + 1)
(-, )io +5(0) and s(¢) = (.,.)pue + (51(9) +52(0) — (318 + 1) (-, .)1,) to see that
“A(p) has compact resolvent if the resolvent of “A(0) + (43 +1)1d is compact.
By loc. cit., Ch. III, Theorem 6.29 it is sufficient to show that “A(0) + (113 + 1) Id
has a compact inverse.

The adjoint Id* : “H — D of the compact inclusion *D — “H is compact
as well, see Lemma 8.4.8 and [25], Ch. III, §4.2, Theorem 4.10. We show that
(*A(0) + (412 +1)1d) Id" is the indentity on “H. Let g € “H. For each h € “D:

1 " *
<(QA(O) + <Zlg + 1> Id) Id g7h) = (Id gvh)D,lo = (galdh)lo = (gah)l()'
lo

9.2.3 Lemma. “K C dom “A(p) and “A(p) = M (g, 3) on °K.
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Proof. Let k € °K, v € *D. Lemma 6.2.7 implies

2
(o = 3 S @K@~ (1470 ) o,
= s(p )[kﬂ)}'

9.2.4 Distributions. Let f € dom *A(p). Then “A(p)f € *H C H defines a linear
form k — (k,%A(v) f)i, on K (lp), which we view as a distribution on ). Similarly,
k +— (k, f)1, corresponds to a distribution. We denote this distribution by f. The
distribution derivative M (¢, 3)f : K(lo) — C : k +— (M(®, )k, f)i, coincides with
the distribution “A(y)f on pr—* (interior %) and on all open sets pr—'Up(a(P)).
This follows from the previous lemma. As f € ?D, we can ignore Fourier terms
specified by the growth condition.

9.2.5 Proposition. Let f € dom *A(y). For all P € P, v € ¢[P] there are dp,(f) €
C such that for all k € K(lp)

CAQLRY, = S M@ DR+ Y deu () ka(P))

PeP,vec|P]

If Fp, f is represented by a C'°°-function on “Ip, then

~(Fpuf) (a(P)) if Pe X

dP,u(f) = / .
47 (a(P)? + a(P)) (Fpuf) (a(P))  if P € Py.

Remark. Differentiability on “Ip is to be understood as differentiability on the
interior, and as one-sided differentiability at the boundary point a(P) € “Ip. In
particular, all derivatives of Fp,f € C°°(“p) are bounded functions on “p.

Fp, f vanishes on 5. So Fp, f need not be an element of C*°(Ip).
Proof. The first result holds for k € K, as we have seen above. It is sufficient to
consider k = ©p, 1,9 with P € P, v € Cp, ¢p € CX(Ip). Put

1

506) = (A Ky — (. M@, )R
Note that E* f € H (ly 4 2). We obtain
-1
5(0) = / (Fpu [ =5 Y P ) @)

+
2

s (lo + #) Frof- w) dvp,
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with e®(p)y € C®(Ip) such that EX(0)Op, 1,00 = Op,1,+2eT(¢); see 6.3.1
and 6.3.4. As Fp ,°A(p)f, prl,Ei(go)f and Fp, f are square integrable on Ip and
vanish outside */p, the distribution ¥ +— §(¢) on Ip is an element of the first
Sobolev space (i.e., it is continuous for the norm ¢ — ||¢|| + [|¢/||; see, e.g., [29],
App. 4, §1). Its support is contained in “/p. But if supp® is contained in the
interior of “p, then k = ©p,,;,1 € °K, hence 6(¢p) = 0. So ¢ — (1)) has support
inside {a(P)}. This is possible only if it is a multiple of the d-distribution at a(P);
see [26], Ch. XI, §4, Theorem 4.1. This shows that (“A(¢)f, k)i, — (f, M (&, 3)k)i,
has the form indicated in the proposition.

Let Fp,f € C*(%p). We want to rewrite the expression for d(1) as J(¢)) =
falp g dvp + C - 9(a(P)) for some g € L?(“Ip,dvp). Then the integral has to be
zero, and C equals dp,(f).

2
The terms with Fp,*A(¢)f and } (lo + @) Fp,f already have the form

fa[p g dvp. The functions prl,Ei(gp)f are in C*°(%Ip), so their derivatives are
bounded on “Ip. We have, modulo terms of the form falp g dvp:

/P(——)ZFPVEi \f () dvp

= *gZ/lI FP,uEi(@)f'{ 2\/%&2,(@ }'dVP

_ { V1 ey (FPuEX(0)) (al(P) - (a(P)
735 Va(P)? + a(P) (Fp E*(9))) (a(P)) - d(a(P)).

Lemma 8.4.3, with v and Iy adapted, gives the form of Fp,E*(p)f. We work out
the case P € X°°, and leave the other case to the reader. Write a(P) = a.

(Fr E*(9)f) (a)
= 2a (prf)/ (a) F (4mva —lo)Fp, f(a) £ (—2<p(7rp)a + #) Fp,f(a)
= 2a(Fp7,,f)/(a).

We have used Fp, f(a) = 0, see Lemma 8.4.3. This leads to the desired value of
dp,f.

9.2.6 Proposition. Let (i, s) € Vo x C. Then f — (@) (e~ f) gives a bijection from
{f € Ayrocy/=(Xo - exp (¢), ¢, 8): Fpnf(a(P)) =0 for all P € P, n € ¢(P)(p)}
onto ker (“A(p) — 1 +5%).
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Remark. We have seen 8.4.6 that Eisenstein series for the modular group cor-
respond to elements of “D(0) for an infinite sequence of values of the spectral
parameter. This proposition tells us that those functions are eigenfunctions of the
pseudo Casimir operator.

Proof. Proposition 8.3.6 and Lemma 8.5.2 show that the map f — (@ (e‘”m”)
gives a bijection onto {h € °D : (h, M(®,5)k);,, = 0forall k € K }. To see
that this set is equal to ker (“A(p) — = — %), note that 9.1.2 gives s(¢)[h, k] —
(3 -5% h,lc)lO = (h, M(p,5)k);, for all h € °D, k € °K.

9.2.7 Corollary. Let ¢ € V. The set of s € C such that the space of cusp forms
Siot(c) /= (X0 - €xp (), ¢, s) is not trivial, is discrete in C.

Remark. This gives the discreteness of X°(, ) not only for unitary x and real I,
but for nearby (x,!) as well.

Proof. Use the compactness in Proposition 9.2.2.

9.2.8 Gluing. The treatment of the pseudo Casimir operator in this book is local
on V.. We use it in Section 10.2 to obtain Poincaré families that are meromorphic
in several variables. There we glue the local results of this chapter on sets that we
call cells of continuation. In [5]-[7] the gluing was done for the family of pseudo
Casimir operators itself. As that may be useful in other situations, we indicate the
principle.

For x¢ € X,, ¢ a growth condition suitable for xq, and V,. an R-linear subspace
of V., let J be the connected component of 0 of the set of ¢y € V,. such that c is
suitable for X - exp (o). For each ¢g € J we may take xo = Xo - €xp (o), and
obtain a holomorphic family of pseudo Casimir operators ¢ — “A, (¢ —¢o) in the
space “H,. This family is defined on an open neighborhood ¢¢ + Vo(I(x0), X0, ¢)
of ¢y in V. For a neighboring point ¢, € J such that its neighborhood intersects
that of ¢, the families *A,, and “A,, correspond to each other on the intersection,
by means of the unitary map U,, _, discussed in 9.1.9. This one sees by checking
that the sesquilinear forms agree.

Thus we may identify all “H,, to “H = “Hy, and glue the various families A,
to one family “A in “°H, holomorphic on a neighborhood of J in V. This family
has the properties discussed in this section. If dim¢cV = 1, the eigenvalues of
?A(¢) depend on ¢ € J in an analytic way, see [25], Ch. VII, Theorem 3.9 and
Remark 4.22.

9.2.9 Untruncated case. Suppose ¢ = n. Take J as above. All P € X°° are regular
for xo - exp (o) with ¢ € J. Under the transformation U, discussed in 9.1.9 the
form s(¢) corresponds to the form s used to define A(Xo - exp (¢), lo + @ (¢)/7). So

“A(p) is Uy 0 A(xo - exp (), lo + ¢({)/m) o U_.
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9.3 Meromorphy of the resolvent

The pseudo Casimir operator “A(y) depends on a parameter ¢ that varies in
a space that has in general complex dimension larger than one. So we cannot di-
rectly consider *A(.) as a holomorphic family of operators in the sense of Kato, [25],
Chap. VIL Instead, we use the resolvent (“A(¢) — A)~'. We prove that the resol-
vent is meromorphic in ¢ and A jointly. Most of the results we need are somewhere
in [25]; we prefer to work it out here in order to get some idea of what is going on.

We keep fixed xo, lg, P, a(P) for P € P, and truncation data as before. In this
section we do not use s as the spectral parameter, but the eigenvalue A = i — 52,
We use the subscript A if we consider objects as a function of A.

9.3.1 Resolvent. Let ¢ € Vj. The resolvent set “P\(¢) consists of those A € C for
which the resolvent Ry (¢, ) = (“A(p) — A) " exists as a bounded operator on “H.
(The subscript A in °P(¢) is just a symbol. It is not an instance of the variable \.)
Proposition 9.2.2 implies that C \ R () is a discrete set, the spectrum of “A(yp).
We put B, = {(p,\) € Vg x C: X € R (yp) }.
Later on, when s will be the spectral parameter, we shall use P(¢) = {s € C:
% -5’ € Bl P ={(p3): (o i - 82) € B } and R(y, s) = Ra(y, % - 82)'

9.3.2 Proposition. P, is a dense open subset of Vo x C; its complement (Vo x C) N\ Ry
is a complex analytic set.

If (0, A) € B and p € VoNV,, then A €R and A > —5 (lo + ©(¢)/m)%.

(¢, A) = Ra(p, A) is a bounded-holomorphic family of operators *H — °D on
B, and a bounded-meromorphic family of operators “H — °D on V x C.

Remarks. By bounded-holomorphy of Ry on P, we mean that for each (pg, Ag) € R\
there is, on a neighborhood of (g, Ag), a power series representation of Ry (¢, A)
in A — )¢ and the coordinates of ¢ — ¢y with bounded operators “H — “D as
coefficients. The series has to converge with respect to the operator norm. See [25],
Ch. VII, §1.1. By the family Ry being bounded-meromorphic on Vy x C, we mean
that for each wy = (g0, Ao) € Vo x C there is a non-zero holomorphic function v
on a neighborhood Q of wy such that ¥ - Ry : (¢, A) — (o, \)Ra(p, A) extends
as a bounded-holomorphic family on 2.

In terms of s instead of A we obtain: °P is dense in Vo X C; it is the complement
of a complex analytic set.

If (p,5) € (Vo x C) NP, and ¢ € VoNV,, then s € RUIR and § — s*> >

2

—3 (lo+0(¢)/m)".

(¢, 8) — R(yp, s) is a bounded-meromorphic family of operators *H — °D; it
is bounded-holomorphic on °P.

The proof of Proposition 9.3.2 is completed in 9.3.8. It is prepared in a se-
quence of lemmas. Lemma 9.3.7 is interesting in its own right. It gives information
on how ker(*A(¢) — A) behaves locally on V' x C.
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9.3.3 Lemma. There ezists a self-adjoint operator H in ®°H, with dom(H) = *D,
such that (f,9)p.1, = (Hf, Hg)i, for all f,g € *D.
H has an inverse H™1 which is bounded as an operator “H — °D.

Remark. H=2 = Id*, the compact operator in the proof of Lemma 9.2.2. Indeed,
for f,g € “H:

(H2f.9)p,, = ' f,Hg), = HHf,g), = (f, 9,

Proof. Apply [25], Ch. VI, §2.6, Theorem 2.23 to the form (.,.)p;, on “D to
obtain H. (In loc. cit. our H is called H'/2.) As H > 1, it has a bounded inverse
H~':%H — °H. Clearly H*(“H) = °D and [[H™*f||p1, = ||fll;, for all f € °H.

9.3.4 Lemma.

i) For each ¢ € Vj there exists a bounded operator T(p) : *H — °H such that
(T()f:s 9y = s(@)[H f,H " g] for all f,g € °H.
T(p) is a polynomial in the coordinates of v with coefficients in the algebra
of bounded operators “H — “H.

ii) Letp € Vo, A € C. Suppose that T(p)—AH™2 has a bounded inverse Q(p, \) :
“H — “H. Then (¢, \) € R, and Rx(p, \) = H1Q(p, \)H L.

Remark. The operator H is used to associate a family of bounded operators ¢ —
T(p) to s(-). These are easier to handle than the unbounded operators *A(¢p).
Proof. (f,g) — s(p)[H1f,H 1g] is a bounded sesquilinear form on “H, hence it
is given by a bounded operator T'(p). For all f,g € °H and ¢ € Vj

(T gk, = 530 (B +bH f(EX 100 ),
+
2
-1 (0 29Y ),

hence the map Vo — C : ¢ — (T(p)f, 9)i, is a polynomial of degree 2 in the
coordinates of ¢. Each coefficient of this polynomial may be obtained as a lin-
ear combination of the values at some elements of Vj, hence it corresponds to a
bounded operator too.

Suppose T(p) — AH™2 has a bounded inverse Q(p,\) : °“H — %H. Then
H='Q(p, \)H™! is an injective bounded operator “H — °D. For f € *H, h € °D

s()[H™'Q(p, VHT £, 1] (T()Q(p, VH™ £, Hh),,
(f + )\HilQ((pa )‘)Hil.ﬂ h)lo'

So H™'Q(ip, VH™" f € dom "A(p) and (*A(p) — N H'Q(p, VH 1 = f.
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9.3.5 Lemma. Let ¢ € V. Take Ao < —1—%18—a15/¢0ls—a1,cll¢ollc—az,sll¢ollf —
azc||¢oll?, with the a;, as in Lemma 9.1.5. Then there is a neighborhood Q0 of
(00, Ao) in Vo xC such that T'(p)—AH=2 has a bounded inverse Q(p, \) : *H — °H
for all (p, \) € Q. Moreover, Q is bounded-holomorphic on §Q.

Proof. Lemma 9.1.5 implies for f € °H:
Re ((T(¢o) — AH?)f, f)zo =Res(o)[H' £, H ' f] = Nl[H'FI1Z,
_ 1 _ _ _
I, — (14 38) IR, + Resa(po)fE 1,74

+ Resa (o) [H' £, HT ] — Ao [HT' f|I7,

> (1= buyllgoll — brellgolle — bacligol) [H 7
1
+ (-1 78 - avalloll — a lol
~ aapllall = anclienll = Yo ) 11117,
> (L =buplleolls = brcllpollc = bzclwoll2) /17

As ¢g € Vo, we have 1—b1 4 /¢0llo—b1.cl|@olle —b2.c|l¢ol|? > 0. Hence T'(¢g) —AoH ™2
has a bounded inverse in “H; let us call it Q.

Consider C(p,\) = (T(¢) — T(0) + (Ao — A)H™2) Qu; it is a bounded oper-
ator “H — “H for all ¢ € Vy, A € C. It is a polynomial in the coordinates of ¢ — g
and A — Ao with bounded operators *H — °H as coefficients, and C(yg, Ag) = 0.
So Id + C(p, A) has a bounded inverse, bounded-holomorphic in (¢, A) on a neigh-
borhood Q of (¢g, A\o), and Qo(Id + C(p, \))~! is the inverse of T'(p) — AH2.

9.3.6 Lemma. “P, is open and dense in Vy x C, and the resolvent Ry is bounded-
holomorphic on P, as a family of operators *H — D.

Proof. As C\ B\ (p) is discrete in C for each ¢ € Vp, the set °R is dense in Vj x C.
As soon as we have proved the bounded-holomorphy of Ry, it is clear too that R
is open.

Take g € Vy and choose Ay satisfying the condition in Lemma 9.3.5. By the
two preceding lemmas, (¢g, Ag) has a neighborhood 2 contained in R, such that
Ra(p, A) = H1Q(p, N H™? for all (p, \) € Q, with Q bounded-holomorphic *H —
?H on ). Each coefficient X in the power series expansion of @ at (wg, Ao) gives
a coefficient H"'XH~! in a power series expansion of Ry at (g, \o), converging
in the norm for operators “H — “D. So the resolvent R is bounded-holomorphic
‘H — *D at (300, Ao)

Consider \; € C, A1 # \g, such that (g, A1) € “R. Theorem 3.12 in [25],
Ch. IV, §3.3 states that Rx(p,A) = ®(A — Ao, Ra(ep, Ao)) for all (o, ) € B,
where @ : (n, B) — ®(n, B) is defined on an open set in the product of C and the
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algebra of bounded operators in “H. This shows that R is bounded-holomorphic at
(¢o0, A1) as a family of operators *H — °H. To get bounded-holomorphy *H — ¢D
we use the resolvent equation

R, A) = Ra(p, Ao) (Id + (A = Ao)Ra(p, A)) -

The factor Ry (¢, Ag) is bounded-holomorphic °H — “D in . The other factor is
a bounded holomorphic family *H — “H.

9.3.7 Lemma. Let ¢y € Vi, A\g € C such that (po, \o) &€ °P\. Then there exist the
following objects:

e a bounded-holomorphic family P of operators “H — ®D on a neighbor-
hood Q2 C Vi of ¢o;

e a bounded-holomorphic family U of operators *H — °H on the same neigh-
borhood Qg; the family of inverses ¢ +— U(p)~! emists as a bounded-holo-
morphic family of operators “H — “H on gy,

e a finite dimensional subspace N (o, No) of °D;
with the properties
i) P(p)* = P(p) for all ¢ € Qo,
i) P(¢)"H = U(p)N(po, Xo), and U()P(po) = P(p)U(p) for all ¢ € Qo,

i11) (p, A) — Ra(p, \)(Id — P(p)) is a bounded-holomorphic family of operators
°H — 2D on Qg x W, for some neighborhood W of Ag,

w) U(e)N (o, No) C dom *A(p) for all p € Qy,

v) A(p) = U(p) 1 A(p)U () determines a linear operator in N(pg, Xo) that
depends on @ in a holomorphic way.

vi) If (p, N) € Qo x W, then ker (“A(p) — A\)™ C U(¢)N (o, Xo) for each m > 0.

Remark. Compare [25], Ch. VII, §1.3, Theorem 1.7, for the ideas behind this
lemma.

Proof. Fix a positively oriented contour C in P\ (¢p) encircling Ag once, but not
encircling any other points of C \ "R\ (¢p). Then C C R (p) holds for all ¢ in a
sufficiently small neighborhood g of ¢q in Vy; c.f. loc. cit., Ch. IV, Theorems 2.14
in §2.4 and 3.1 in §3.1. Take the open region enclosed by C' as the neighborhood W
of )\0.

Define for ¢ € Qg
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This is a bounded operator *H — “D and a compact operator *H — “H. The
proof that P(p) satisfies property i) may be found in loc. cit., Ch. III, §6.4, proof
of Theorem 6.17 and Ch. I, §5.3. We give it here for the convenience of the reader.
We fix ¢ € €, and in this proof we omit ¢ from the notation. We assume that C
is a circle, and we adapt the coordinate A such that C' is given by |A| = 6.

Define for n € Z

B, = ATTTIRA (M) dA.
2mi c

This defines the B,, as bounded operators “H — D, with || B, || = O(d~"). Note
that P(¢) = B_1. The resolvent equation implies

B2, = — A\ dy.
17 om 2772//\ u RA () - Rk(u)) #

As (p,\) — /\+u (RA(A) = Ra(u)) is holomorphic on a neighborhood of C' x C

in C2, we can replace the cycle of integration by Cy x C, with Cy given by |u| = do,
where § is slightly larger than §. We obtain

B = 2m/ 271'2/)\ ,u RA ()= RA(M)) dAdys
5o 2 (5) (R = mn) ana
- QTI'Z/COZHH Bt d
— ;m/ce pw " tduB_,_, = B_,.

This shows that P(p) is a projection operator.

As C C R (p), the bounded-holomorphy of Ry on “R implies that ¢ — P(p)
is a bounded-holomorphic family of operators *H — “D.

Define for ¢ € Qp:

Ulp) = P(¢)P(po) + (Id = P(p))(1d = P(p0)).

U is bounded-holomorphic “H — *H and U(pg) = Id. So U(p)~! exists and
¢ — U(p)~! is bounded-holomorphic *H — “H, if we take Qq sufficiently small
(use the series Y >° / X™ with X = U(pg) — U(p)). We have used the method in
[2], Supplement, §2, Theorem 3 to construct the family U, and not the method in
[25], Ch. II, §4.2 and Ch. VII, §1.3, proof of Theorem 1.7. The latter construction
does not work immediately in the higher dimensional case.
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Note that
U(p)P(po) = P(p)P(p0) = P(¢)U(p)-
We put N(po, Ao) = P(po)®H. Then U(p)N(po, do) = P()U(p)"H = P(p)"H;
this is property ii).

We define A(p) = U(p) ' “A(p)U(¢)P (o). It is bounded-holomorphic as a
family of operators “H — “H. To see this, we write it as U () ™! (*A(0) P(¢)) U(y);
we shall show that “A(¢)P(p) is bounded-holomorphic *H — *D.

The compactness of the projection operators P(p) : °H — °H implies that
the spaces P(¢)*H have finite dimension. The relation U(y)P(vo) = P(©)U ()
implies that U(p) : N (o, o) — P(¢)®H is an isomorphism.

We have s(¢)[Ra(e, \)f,h] = (f,h)i, + ORx(p, N f, h), for ¢ € Qo, A €
R(¢), f € ®H, h €D . Hence

NP1 = (5% [ ARaenan-1.h)

lo

This shows that P(p)*H = U(p)N (g0, Ao) C dom *A(¢p). This is property iv). We
also conclude that

APP(e) = /C AR (¢, )) dA (9.1)
is bounded-holomorphic “H — “D for ¢ € . So
A(¢) = U(e) M Alp)U(#)P(%0) = U() ™ (“A@)P(9)) U(9)

defines a bounded-holomorphic family of operators N (¢o, Ao) — “H.
We show that P(pg)A(¢) = A(y) by proving the equality P(p)%A(p)P(p) =
“A(@)P(p). For A € "Br(p):

Ralp, VA(@)P(9) = P(g) + ARy (. \P(p).
POSA@QPY) = o [ (P4 AR (0 ) P(9))
= w)P(w)

see Equation (9.1). So A(p) gives a holomorphic family of operators in the space
N (o, Ao); this is property v).

Consider f1,..., fm € dom®A(y), fo = 0, with (*A(p) — A)f; = fj—1 for
j=1,...,m.For \; € R(p), 1 <j<m:

1 1
A—)\lfj_)\—)\l

Ra(o, M) fj = Ra(p, A1) fj—1,

hence

PO, = Fi+ 5o [ 55 Rale A1 b,
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For j = 1 we obtain f1 € P(p)*H = U(p)N(po, o). We proceed inductively to
show that f; € P(¢)*H. It suffices to show that 3= [, ﬁR)\((p, A1) dh P(p) =
0. The induction hypothesis f;_1 € P()*H gives (P(p) —1Id)f; = 0. This implies
that vi) holds.

Note that ]

-1
X = — A1) dA
(1) 2M/C)\1_MRA(<P, 1) d\y

is holomorphic on Qo x W. For (¢, 1) € (Qo x W)N R, the resolvent equation gives

-1
X = —R 4
(1) A1) 2mi /c w— A1

1
= —Ru(p,p)+ %Rx(%u)RA(% A1) dA\

= Ru(p,p) (P(p) —1d).

In this way we have obtained iii). The equality X (¢, u)P(p) = 0 extends to (¢, u) €
Qo x W by holomorphy. This concludes the proof of vi).
9.3.8 Proof of Proposition 9.3.2. The statement for real ¢ follows from the bound
in 9.2.1. The resolvent is bounded-holomorphic on “R, by Lemma 9.3.6.

For the bounded-meromorphy of the resolvent as a family of operators “*H —
?D on a neighborhood of a point (pg, Ag) € (Vo x C) \ R, we need consider only
(o, \) — Ra(p, \)P(yp), see iii) in the previous lemma.

For (¢, A) € B N(2y x W) we have

U(#) " Rale, MU (9) - (Alg) = A) Plo)
= U@ "Rale: ) (Al) = A) U@)P(20) = Pl).

Hence U(p) " 'Ra(, ) P(9)U(p) = U(p) 'Rale, MU () P(po) is the inverse of
A(p) — A on the finite dimensional space N (o, Ao)-
As A(p) @ N(po, o) — N(po, o) depends on ¢ in a holomorphic way, the

determinant ¥ (p, A) = det (fl(ap) — )\) is a holomorphic function on €y x W that

(Rx(so, 1) — Ra(e, Al)) dAy

is non-zero on °R. So Q(p, \) = ¥(p, \) (fl(gp) - /\) extends as a holomorphic
family of linear operators in N (g, Ag). For (¢, A) € (Qp x W) NR:

ble VU () (Alp) = A) U@) " Ple)
U(@)Qe: VU () P(p).

1 - Ry - P extends as a bounded-holomorphic family of operators “H — “H on
Qo x W. From

U()Q(p, VU (9) "'Ple) = Ulp)P(0)Q(e, NU(p) ' P(yp)
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follows that it is even bounded-holomorphic as a family °H — “D. (The leftmost
P(y) is bounded-holomorphic as a family of operators *H — *D.)

Near (¢g, \o) the set °R, is described by det(A(p)—\) # 0. So its complement
is a complex analytic set.

9.4 Meromorphic families of automorphic forms

We are ready to prove Theorem 9.4.1, which is a central result. In the context of
Section 1.6, this theorem gives the existence of af (r,s), see 1.6.4. In the general
situation, it gives the existence of many meromorphic families of automorphic
forms on V x C.

We use the the resolvent family R(.,.) in the way indicated in 1.6.4. In the
previous section, we have seen that the resolvent forms a bounded meromorphic
family of operators in “H.

We return to the use of s as the spectral parameter. The relation (¢, s) —
(o, A) = (¢, % — 52) connects the spaces Vy x C here and in the previous section.

9.4.1 Theorem. Let Q@ C Vi x C be open; denote by m : (p,s) — Iy + @ the
weight with value ly at pg. For each collection p = (ppm)nec[P] pep 0f holomorphic

functions on Q there exists a unique meromorphic family of automorphic forms
ep € (M ®0 Am(c))(Q) such that

Fprey(a(P)) = ppn  forallnec(P), PeP.

This family is holomorphic on 2 N “P.
Let (0, 50) € Q, o € Vi If (Fpne,) (a(P)) is holomorphic at (o, o) for
alln € ¢(P), P € P, then e, is holomorphic at (o, So).

Remarks. The set °P is open and dense in Vj; x C, see Lemma 9.3.6. It intersects
each line {¢} x C discretely.

We may take Q = Vg xC,and V =V = hom(f, C). In that way we obtain
the existence of many meromorphic families of automorphic forms on the rather
general parameter space Vp x C C V x C. In particular, the M(Vy x C)-dimension
of (M ®0 Ap(c))(Vy x C) is at least |c|. Enlarging ¢ enlarges V; sufficiently to
cover X by sets of the form xo - exp (V5).

From a suitable choice of ¢ and the pp, we shall obtain the meromorphic
continuation of Poincaré series in ¢ and s jointly, see the next chapter.

Near real points ¢ the holomorphy of e, is implied by the holomorphy of
its Fourier terms that are specified by ¢. I do not know whether this or a similar
result holds for non-real ¢.

Theorem 9.4.1 has the following truncated version:
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9.4.2 Proposition. Let 2 C Vo x C and p = (pp’l,)uec[P]_P673 a collection of

holomorphic functions on . Then there exists a unique L?-meromorphic map
E,:Q— “H(ly) such that

i) (Ep(p,s), M(p,38)k), =0 for all (p,s) € Q, k € *K(lo).

i) Let P € P, v € ¢[P]. The corresponding Fourier term has the form Fp,, FE, =
PPLOAPy, + Up,yﬂp,nu on Y p with opy € M(Q)

iii) E, is L*-holomorphic on N “P.

For wy = (¢o0,50) € Q, ¢o € V;, the holomorphy of the op, at wy implies
the L*-holomorphy of E, at wy.

Remarks. ap,, and Bp,, have been introduced in 7.6.2. They are determined by
their values and derivatives at a(P).

The orthogonality of E, to M (g, 5)°K implies that Fp,, E, is given by a linear
combination of ap,, and Bp,,, on “Ip. Property ii) states that the extension of this
function to Ip has value pp,, at a(P). Proposition 8.3.6 shows that this proposition
implies Theorem 9.4.1.

9.4.3 Remarks on the proof. We give the proof of Proposition 9.4.2 in 9.4.4-9.4.14.

In 1.6.4, we have explained the main idea of the proof. The role of L(r)— % +52
there is played here by M(y,s). The E, to be constructed here correspond to
“B(r,s) in 1.6.4. Property ii) in the proposition amounts to Fp,, E, (¢, s;a(P)) =
PP, (@, s) for all P € P, v € c[P]. This replaces the property Fy®E(r, s;a) = 1.

We construct E, in the form E,(p, s) = Wh(p,s) — G(p, s), with families h
and G. The h in 1.6.4 corresponds to (“h here.

We first give h, pointwise holomorphic on € and satisfying

Fpuh(p, s;a(P)) = ppu(p,s)

for P € P, v € ¢[P]. The relation between (@h and G is given by property i). For
h sufficiently nice, this amounts to

(#4060 = 1+ ) Glio9) = 0I5,

So we can get hold of G(ip, s) by means of the resolvent, and iii) is fulfilled auto-
matically.

Here we are interested also in the relation between holomorphy of £, and of
the Fourier terms specified by ¢. We did not consider that aspect in Section 1.6.
9.4.4 Construction of h. For each P € P, choose 7p € C*°(Ip) such that 0 < 7p <
1, 7p = 0 on a neighborhood of Ap and 7p = 1 on “fp and on a neighborhood of
a(P) in Ip. (See Figure 8.1 on p. 138 for the intervals Ip, “p, ....) Put

QP,V(<)07 8) = PP,:/(% S) TP Qpn, (‘Pv S) for (307 S) c Qa IS C[P}
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Define h(¢p, s) by

Mg s) = 0 on pr1 (Y < Upep Ur(Ap))
Fp,h(p,s) = 0 for P e P, v € Np \ c[P]
Fpoh(p,s) = 0pu(p,s) for P € P, v € ¢[P].

This gives h as a family of functions satisfying property ii) in Proposition 9.4.2 on
a neighborhood of the sets pr=Up(a(P)). Moreover, M (¢, s)h(p,s) = 0 on these
sets. By construction, h is pointwise holomorphic on 2, and M (¢, s)h(y, s) is an
element of °K for all (p,s) € Q. The map Q — *H : (p,s) — M(p,s)h(p,s) is
L?-holomorphic, and so is (¢, s) — (“h(ep, s). The Fourier coefficient Fp,(“h(p, s)
is represented by pp. (@, S)apn, (¢, s) on a neighborhood of a(P) in “Ip.

Lemma 6.1.4 and the definition of M(.,.) give, for each k € K,

(“nip,s), M@, 5)k) = (hlp, ), M(@,5)k)i, = (M(p, )2, 5), Ry

lo

9.4.5 Construction of G. Property i) in the proposition means that we want to
solve the equation M(y,s)E,(¢,s) = 0 in distribution sense. We have already
obtained h that satisfies property ii). We try to solve M (g, s)G = M (¢, s)h(y, s)
in another way. The resolvent enables us to do this in L2-sense.

G(‘)O’ 8) = R((p7 5) (M((p, S)h((pv S))

defines a meromorphic map G :  — D, holomorphic on ©Q N “P (see Proposi-
tion 9.3.2). This map satisfies

(#4066 = {4 ) Gl ) = Mlp () Tor cac (55) € 20°P.

Let k € °K. On the one hand, ((*A(¢) — 1 + s?) G(yp, s), k)z =s5(p)[G(p,s), k] —
(5 —5%) (Glp,5),k), = (G(e, ) (<p 5)k),,- On the other hand, this equals
(M(p,5)h(p,5), k)i, = (h, M(p,5)k)i, = (©

obtain
(Gl 5) = “n(e,5), M(2,5)k) =0

lo

)h (p,s), M(p, )k)lo' In this way we

for all k € °K, (p,s) € QN P.

9.4.6 Construction of E,. Now E, = (@, — G defines an L?-meromorphic map
1 — “°H satisfying i) and iii). On the interior of “Ip the Fourier coefficient Fp, E,
satisfies weakly

1
(ZP,n,/(QO) — Z_L + S2> FP,”EP = 0
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(see 4.1.2 and 4.1.3 for lp,, ), hence it is given by a linear combination of ap.,,,
and Bpp,. Lemma 8.4.3 shows that G(¢, s) can provide only a multiple of Bp,,,,.
So (@h, gives us the value at a(P) prescribed by property ii).

9.4.7 Uniqueness. Let F satisfy the properties i)-iii). Property ii) and Proposi-
tion 9.2.5 imply that (F — E,) (p,s) € ker (“A(p) — + + s?) for (¢,s) € QN P,
hence F' = E, on 2N “P, hence on .

9.4.8 Singularities of E, not reflected in the op,. The Fourier coeflicients op,,
introduced in ii) are holomorphic on N “P. Suppose wy € Pol(E,), and suppose
that all op, are holomorphic at wg. Write £, = iLQ/, with 7 a non-zero element
of O() such that Ly : Q; — °H is L?-holomorphic on some neighborhood €;
of wy. Choose ¢ minimal with respect to divisibility in the stalk O,,. Apply
Lemma 7.4.14 to the family of eigenfunctions corresponding to E,. This shows
that there is an element g € Gp such that Ly(wr;9) # 0 for some point w; =
(¢1,51) € N(¢). The holomorphy of the pp, and the op, implies that

FpyLy(wi) = ¢(wr) (PP,u(wl)aP,u(wl) + UP,u(w1)ﬂP,u(w1)>
vanishes on */p. Furthermore,

Ly(wy) = p(w1) @h(wi) — @G)(w1) = —(¥G)(w1).

We arrange that ¥G : 1 — “D is holomorphic by taking €2y sufficiently small. For
each g € *D:

s(p1)[(VG)(wr), g = lim s(p1)[(¥G) (1, 5), ]

= lim ¥(p1,s) ( G(p1,5), )
§—S81 l()
= Shﬂnsll Y(p1,s < (p1,8)h(p1,s) + (i —5%)G (e, 5)#1)
lo

o+ (3-4) (wG)(wl),q) . 92)

So Ly(wy) = —(¢G)(w1) is an element of the kernel of “A(p1) — § + s3. We have
proved the next result:

9.49 Lemma. Let wy = (o, S0) € Pol(E,), but op, € Oy, for all P € P, v € c[P].
Take ¢ € Ouw,, ¥ # 0, minimal with respect to divisibility in Oy, such that YE,
is holomorphic at wy. Then for each wi = (p1,51) € N(¥):
1
(VB ) e e (*AGp) - | +52)
Fpy,(YE,)(w1) =0 on Ip for all P € P, v € c[P)].
Moreover, there are wy € N (1)) such that (YE,)(w,) # 0.
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Remark. Here, and in the next lemma, we do not suppose that ¢g € V.. Only when
combining these lemmas to prove the holomorphy statement in the proposition,
we shall take ¢q to be real.

9.4.10 Lemma. Suppose f € ker(“A(p1) — 1 + s2) for some (¢1,51) € Vo x C
satisfies Fp,f =0 on “Ip for all P € P, v € c[P]. Then

(fs Ep(#1,5)),, =0  for all 5 € "P(¢1).

Proof. The vanishing of the Fp, f implies

B9, = = (619, =~ (R Mo Dh(ens))

lo
() o

51 lo

9.4.11 Holomorphy at real points. Suppose wy = (o, 50) € Pol(E,), but op, €
Oy, forall P € P, v € ¢[P]. Now we suppose @g € V,. as well. We have to show that
this leads to a contradiction. First we show that the assumptions imply % -s2 eR.
Secondly we apply Lemma 9.4.10 to get a contradiction. We shall use the Lemmas
9.4.12 and 9.4.13; these contain general results from the theory of several complex
variables.

Take ¢ € Oy, as in Lemma 9.4.9. A holomorphic factor of ¢ that has no
zeros in a neighborhood of wy does not matter, and N(¢) C (Vo x C)\ “P intersects
{¢o} x C discretely. So we rnay assume that 1) has Weierstrass form in s — sg, i.e.,
P(p,s) = (s — s0)F + Z] o a]( )(s — s0)? with k > 1, the a; holomorphic on a
neighborhood of ¢y, and a;(¢g) = 0; see [23], Corollary 6.1.2, or [17], Ch. 2, §1.2.

In each neighborhood of wy there exists a point w; = (¢1,51) € N () such
that (¥E,)(w1) # 0. Apply Lemma 9.4.12 to 7(z,t) = ¥(po + 2(¢v1 — ¢0), S0 + ).
Use the resulting d and 7 to define a holomorphic family

frum (E,) (g0 + u(e1 — o), so + n(u))

on a neighborhood of 0 in C with values in “D. The family f is not identically zero,
hence there exists m > 0 such that fy = lim, o« ™ f(u) is a non-zero element
of “D. Like in Equation (9.2) on p. 170, we obtain

ston-+uor = el J (el = (§ = (o 0(w)?) (7S (wha)

for all g € “D Take the limit as u — 0 to see that fy is an element of the kernel
of “A(pg) — 1 + s3. As “A(yo) is a selfadjoint operator, this implies } — s% € R.
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Suppose there exists w1 = (1, s1) € N(¢p) with (YE,)(w1) # 0 and ¢1 € V;.
Then s; € RUR (selfadjointness). We obtain from Lemma 9.4.10, with 57 = +s1,

IWE) @R, = (WE,)wn). (WE,) (@1, E)),
= lim (pr)(wl),w(sol,s>Ep<w1,s>)

s—+tsq
lo

i, T3] (WE)(w). Ey(e.))

= lim ¥(¢1,5)-0 = 0.

s—+ts1

lo

So we are left with the situation that (Y E,)(¢1,s1) = 0 for all (¢1,51) €
N(3) 0 (V, x C). There exists g € Gp such that | = (¥E,)(g) is not identically
zero on N (). So 9 has an irreducible factor ¢1 in O,,, not dividing . As [ vanishes
on (V. x C)NN (11 ), Lemma 9.4.13 shows that this is impossible. Hence for real ¢y,
the condition wy € Pol(E,) implies that some op, has to be singular at wy.

9.4.12 Lemma. Let T be of the form
k—1 ‘
7(z,t) = t* + Z a;(2)t
§=0

with k > 1, and the a; holomorphic on a neighborhood of 0 in C, a;(0) = 0. Then
there are d € N and n holomorphic at 0 € C such that n(0) = 0, and 7(u?,n(u)) =0
for all w in a neighborhood of 0 in C.

Remark. This result is often called the theorem of Puiseux. See §5 of [1] for a
discussion in the context of formal power series.

In the Lemmas 12.1.5 and 12.1.10 we shall return to this result.
Proof. Use [14], Chap. III, §1.4-6, especially p. 132, 133. (In the second line of
formula (21) one should replace 29" by z2("~1+1 ) Egssential in the reasoning is
the symmetric role of z and t.

9.4.13 Lemma. Let 1), h € O(Q) with Q C CN*! a neighborhood of 0. Suppose that
Y is irreducible in Og and that h = 0 on (RN x C) N N(v). Then v divides h
m Oo.

Proof. We use the fact that if a function f is holomorphic on an open neighborhood
B of 0 in C™ and vanishes on BN R™, then f = 0 on a neighborhood of 0. To see
this, note that the property of vanishing on B NR™ is inherited by the derivatives
0., f, where z; = x; +iy; for 1 < j < m are coordinates on C™. Indeed, for
be BNR™ we have 0., f(b) = 0, hence 0., f(b) = =0z, f(b) = 0.
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Consider ¢ and h as in the lemma. By the irreducibility of v it suffices to
show that ¢ and h cannot be relatively prime at 0.

Suppose h does not vanish along the line C - (0,...,0,1). Suppose h and 1
are relatively prime at (g, Ao). We may assume that ¢ and h are Weierstrass
polynomials in zy41; c.f. [23], Corollary 6.1.2, or [17], Ch. 2, §1.2. We proceed as
in the proof of Theorem 6.2.3 in [23]: ¥ and h are relatively prime in K[zn41],
with K the quotient field of the ring of germs at 0 of holomorphic functions on
CN. This means that

1) = A1 2n )N 2y ) + (™) 2 )R 2n )

on a sufficiently small neighborhood 0y = W x U of (0,0), with [ holomorphic on
W C CY and not identically zero, and f; and f» holomorphic on Q;, polynomial in
Zn41. By shrinking W, we may ensure that for each z() € W there is an element
zn+1 € U such that (V) 2y,1) € N(¢); see [17], Ch. 2, §3.5. In particular, for
each real (V) € W NRY we obtain I(2(N)) = 0. So [ vanishes on W after all, and
1 and h cannot be relatively prime at 0.

h might vanish along the line {(0,...,0,zn41)}. If ¥ and h are relatively
prime at 0, they are so on a neighborhood ([23], Theorem 6.2.3), which we may
suppose to be of the form W x U. It might happen that A does not vanish along
{z()} x C for other real points zM) € WNRY. In that case, the reasoning above
leads to a contradiction. If h vanishes at all points of (W NRY) x C it vanishes on
all real points of a neighborhood of 0, and hence is zero.

9.4.14. Lemma 9.4.13 finishes the proof of Proposition 9.4.2, and hence the proof
of Theorem 9.4.1 as well.

We reformulate the Lemmas 9.4.9 and 9.4.10 in terms of families of automor-
phic forms.

9.4.15 Proposition. Let 2 C Vy x C be open, let ppn € OKY) for all P € P, n €
c(P). Take e, as in Theorem 9.4.1. Suppose wy € Pol(e,) and (Fpne,) (a(P)) €
Oy, for all n € c(P), P € P. Then there exists 1 € O(Qg) for some open neigh-
borhood Qg of wg inside Q such that e, is holomorphic at wo, but does not vanish
identically along N (). For each (p1,51) € N(¢),

(Yep) (@15 81) € Sig4p(¢)/x (X0 - €xP (¢1), €, 51)-

9.4.16 Proposition. Let @ C Vy x C be open, let ppn € O) for all P € P,
n € ¢(P), and let (¢, s1) € Q. Suppose f € Sy 1o, (¢c)/=(Xo - €xp (¢1),¢,51). Then

ﬁ  faGnadg=0
MG/ K

for all 5 € C such that (p1,5) € 2\ Pol(e,).
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Remark. This integral is not an ordinary Lebesgue integral if e,(¢1,5) grows too
fast at some P € P. Onpr ' (%Y)NF it is a Lebesgue integral. On pr—*(Up(a(P))N
F' it is given by

/ FPn(apl)f FPn cp1)eP(Lpla )dVP

neCp \C

Proof. Under this interpretation the integral equals
(e—itm f Ep(@l, g))lo = ((a) (e—itm f) 7Ep(¢17 g))l
0

Use Proposition 9.2.6 to see that Lemma 9.4.10 can be applied to the truncated
function (*)e~%e1 f). The integral vanishes for 5 € %P(¢;). By the L?-meromorphy
of E,, this extends to all 5 such that (¢1,5) & Pol(e,).

9.5 Dimension results for spaces of automorphic forms

Our main use for Theorem 9.4.1 will be in the proof of the meromorphic contin-
uation of Poincaré series in character and spectral parameter jointly. That is the
subject of the next chapter. Here we show that the theorem gives us a supply
of families of automorphic forms that is sufficient to obtain some results on the
dimensions of spaces of automorphic forms.

9.5.1 Proposition. Let Q@ C Vo x C be open, m : (¢,5) — lo + ¢(C)/m. Then
M @0 An(c;Q) has dimension |c| as a vector space over M( ). It has a basis
consisting of sections e, with the p chosen in O( )'C‘

Remark. For any parameter space there are locally morphisms of parameter spaces
j: W —V x C, with image contained in Vj x C if the growth condition has been
chosen suitably. This proposition gives a lower bound on the M ;y-dimensions of
sheaves of automorphic forms on W. We do not obtain an equality in the general
case, as there may be non-zero families of cusp forms. (Think about the case that
J(W) is contained in (Vy x C) \ 9P.)

Proof. Clearly M ®o A, (c; ) is a vector space over the field M(€2) and Theo-
rem 9.4.1 enables us to give |c| linearly independent elements. Take for each P € P,
n € ¢(P) the collection p(P,n) given by Kronecker deltas:

p(P,n)g.m = 0pgdnm for @ e P, mec(Q).

Evaluation at w = (i, s) € N P gives [c| elements of A, (X,c(w), s) that are
C-linearly independent. (We write x = xo - exp (¢).) Hence

dimc Am(w) (X7 C(U)), 8) > |C‘ + dimc Sm(w) (Xa C(IU), S)a
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and in the same way

dime A0y (X, —c(w), 8) > || + dime S_ 0y (X1, —c(w), ).

The Maass-Selberg relation implies that we have equality, c.f. 4.6.6. Proposi-
tion 9.2.6 shows that w = (i, s) € 9P implies Sy, () (X, c(w), s) = {0}.

Consider f € M®o Ay, (¢; ). Subtracting a linear combination of the e, p ),
we arrange Fp, f(a(P)) to be identically zero for all P € P, n € c(P). So
Fp,f(w;a(P)) = 0 for each w € QN %P. Hence if we express f(w) in the ba-
sis of A, w)(Xo - €xp (¢),c(w),s) given above, it turns out to be the zero linear
combination. Hence f vanishes on Q NP, and f = 0.

9.5.2 Remark. We have also shown for w = (p,s) € (Vo x C) N P:

i) Sm(w)(XO - €Xp ((P)v c(w), 5) = {0}7

ii) fr (FP’"f(a(P)))PeP,nec(P) gives a bijective linear map
Ay (X0 - €xp (), c(w), s) — Cl°L.

9.5.3 Restriction to a vertical line. The statements of Proposition 9.5.1 are true
on more general subsets of Vj x C. We consider one-dimensional sets of the form
{¢} x C with ¢ € Vy. Let U C C be open. For each s € U N %P(yp) the space
Amm(p) (X0 - €xp (), c(¢), s) has dimension |c|. As in the proof of Proposition 9.5.1
the values of the e,(p,) form a basis.

Consider the parameter space W =C, x : s — x, s: s — s. Take d = c(ip),
and put ¢ = m(p). The M(U)-linear space A4(d; U) has dimension at least |c|. As
in the proof of Proposition 9.5.1 we conclude that this dimension is exactly |c|.

9.54 Lemma. Let ¢ € Vy, s € C. Suppose that at least one of the following
conditions holds:

i) p eV,
“) Sm(go)(XO - €Xp (@)vc(@)a 5) = {0}
Then dlm(C Am(g&) (XO - €Xp ((10)’ C((,D), 5) = ‘C| + dlm(c Sm(w) (XO - €Xp (90)7 C((p), S)'

Proof. The parameter space W in 9.5.3 has dimension one. Consider sy € W.
The local ring Oy, = (Ow),, is a principal ideal domain. A,(d)s, is a torsion-
free (Ow ), -module. Any finitely generated (O ), -submodule U of Ay(d)s, is
of the form U = @;:1 (Ow),, - fi, see [24], 3.8, p. 181. From 9.5.3 it follows
that ¢t = dima,, Ms, @ U < |d] for all such U, and also that ¢t = |d| for a
suitably chosen U;. There exists ¢ € Oy, ¢ # 0, such that pA,(d)s, C Ur. As
dimg O, /9Oy, < 00, the C-dimension of A(d),, /U is finite. Hence A,4(d),, itself

is finitely generated, and Aq(d)s, = @‘dll Os, - [, with f; € Ag(d)s,-

j=

S0
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Let f be a C-linear combination f Zldl i - f; vanishing at so. By
Lemma 7.3.9, the section s — Sfsof( ) is in Ag(d ) so- S0 there are ¢; € O,
such that ¢; = (s — s0)9;(s). This shows that all ¢; vanish and that A,(x,d, so)
has C-dimension at least |d|.

By 4.6.6, it is sufficient to show that dimc (A4 (x,d, s0)/S¢(x,d, s0)) > |d|.

Suppose that the C-linear combination f = Z‘_l ¢;j - f; has the cuspidal value
f( ) S (Xad SO) It Sm(tp)(XO exp( ) (QD) ) - {O}v then f(SO) =0 1If (ZS
Vy, we use pp, = Fp,f(a(P)) to express f as the restriction of some e, and
apply Proposition 9.4.16 to see that (f(so), f(s)),, = 0 for all s near so. Hence
f(so) vanishes. This means that the f;(so) give linearly independent elements of
Aq(Xv d? 80)/Sq(X, da 5())~

9.5.5 Remarks. It is essential that the parameter space W has complex dimension
one. Otherwise the stalk O, is not a principal ideal domain.

This proof shows that under the conditions of the lemma, each automorphic
form in A, ) (xo - €xp (©),c(p), s) is the value of a family of automorphic forms
on a parameter space of the form {x} x ©Q with Q C C open: enlarge the growth
condition till condition ii) in Lemma 9.5.4 holds.

If ¢ € V, the proof shows that there are sections fi,..., fq, of Aq(d; Q) for
some neighborhood €2 of sy in C such that

Id|
Aq(x,d, 50) = Sy(x,d, 50) EB@ fi(s0).

9.5.6 Proposition. Let x € X, s € C, d a growth condition for x and q a weight
for x. Then dimc Sy(x,d, s) < co.

Proof. Take xo € X, and V,, C V, such that x = xo - exp(¢) for some ¢ €
V = C®g V,. Take a growth condition ¢ on V' x C such that d C c(p,s) and
(p,5) € Vo(xo,¢). This is possible, see Lemma 9.1.6. Take I(¢, s) = g — ¢({)/7.
Propositions 9.2.6 and 9.2.2 imply

1
dime Sy (x, c(p, 8), s) < dime ker(“A(p) — 1 + 5%) < 0.
As S,(x,c(p,s),s) is a subspace of S,(x,d, s) determined by finitely many linear
conditions, the proposition follows.

9.5.7 Proposition. Let x, s, d and q be as in the previous proposition. There are
growth conditions d1 D d such that dimc Ay (x,d1, s) = |d1] + dime Sq(x, d1, s). If
X 1s unitary, this holds for d; = d.

Proof. If x € X, we apply Lemma 9.5.4 with xo = x. Otherwise take d; O d large
enough to have di = c(y), with ¢ as in Lemma 9.5.4, and also S,(x,dq,s) = {0}
(see 4.3.10).



Chapter 10
Meromorphic continuation of Poincaré series

In Section 1.6 we have sketched the proof of the meromorphic continuation in
two variables of the Eisenstein series in the modular case. Most of this proof we
have carried out for the general situation. Now we come to the last step, indicated
in 1.6.5. This step amounts to adjusting and gluing the families of automorphic
forms obtained in the previous chapter. In 1.6.5 we normalized one Fourier term
of E(T, s) by prescribing the value 1 at a. We have brought this term into the form
uo(r,s) + (constant) - pu2(r, —s) by multiplying it with a suitable meromorphic
factor. We have used a functional analytic argument to show that this factor does
not vanish identically.

Here we have not one, but a finite number of Fourier terms, specified by
the growth condition c¢. The transition will consist of a linear transformation with
meromorphic coefficients. The families e, obtained in Theorem 9.4.1 have Fourier
terms with a simple form when expressed in the basis apy, Bp,,. This basis is
characterized by value and derivative at the truncation points a(P). This amounts
to the same as the condition in 1.6.5. Our aim is to obtain a similar existence result
with respect to the more canonical basis of W;(P,n) used in Proposition 5.2.1.
That will imply the meromorphic continuation of the Poincaré series introduced
in Section 5.1.

In Section 1.6 we were content to obtain the meromorphic extension of the
Eisenstein series in (r, s) for  in a neighborhood of 0. Here we try to obtain the
continuation on regions that are as large as possible. These regions are determined
by the cells of continuation, as discussed in Section 10.1.

In Section 10.2 we prove the meromorphic continuation of Poincaré series. The
conditions on the Fourier terms uniquely determine these meromorphic families of
automorphic forms. This leads to the well known functional equation for s +— —s,
discussed in Section 10.3.

10.1 Cells of continuation

In the modular case, discussed in Section 1.6, we used the basis u(r, s), p2(r, —s)
for the space of Fourier terms of order {5. All other Fourier terms of E(r,s) are
multiples of w¥(r,s) with v € Z. Consider v = 1. The definition in 1.5.8 shows
that (r,s) — w}(r, s;y) has no meromorphic extension to a neighborhood of the
line {—12} x C in the (r, s)-plane. Similarly, the term with v = —1 gives a problem
at 7 = 12. This means that the bases used to characterize E(r,s) by its Fourier

terms cannot be used near r = £12. We can expect a meromorphic continuation
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of the Eisenstein series only to a set U x C, with U a neighborhood of (—12,12)
in C. In principle one could let U protrude out of the set {r € C: |Rer| < 12},
provided one avoids r = 12 and r = —12. But if one does so, some w!(r, s) are no
longer quickly decreasing. That would mean that the Fourier term corresponding
to the growth condition c¢o[P] = {0} no longer determines the growth behavior.
We call the interval (—12,12) the cell of continuation. As long as Re s stays in this
interval, we may hope that E(r,s) has a sensible meromorphic continuation.

If we consider a Poincaré series given in 1.5.9, with 0 < r < 12, then the basis
pE(r,s), w¥(r,s) is suitable for all Fourier terms. The presence of w?(r, s) implies
that meromorphic extension at r = 0 is not possible. Here (0, 12) is the suitable
cell of continuation.

In this section we consider cells of continuation for a general discrete cofinite
group I
10.1.1 Parameter space. The Poincaré series defines a continuous map (x, s, g) —
Pi(P,n,x,s;9) on X, x Cy/g x (G~ pr~'{P}); here | and n vary as functions of
x- The obvious parameter space in this context would be X x C, but this space is
not necessarily simply connected. So we fix x; € &), and use the parameter space

W=VxC, x:(ps)—x1-exp(¢), s:(p,s)—s.

We fix [ € wt(W); it has the form [ : (¢,s) — I; + ¢(¢)/m with ™ = y1(().
If P € X*, the elements of Cp are n, : (¢,s) — 5=¢(7p) +v. If P € Py, and
n € Cp, the functions | — n are constant on W.

10.1.2 Null cell. Put J(0) = {@ € V, : =27 < ¢(mp) < 27 for all P € X }. We
call it the null cell.

As X, = Xp - exp(V,), it suffices to study the Poincaré families (¢, s) —
P(P,n,x1 - exp(p),s) for a set of representatives x; of Xy/ (Xp Nexp(V)). The
domain of these families will be a subset of UXC, withU = {¢p € V:Rep € J(0) }.
The group A&j is trivial for the modular group and the other example groups in
Chapters 14-15. So we take x1 = 1 in these cases. See 3.4.7 for an example where
Xo # {1}.

We use the following M-basis of M ®o W;(P,n) on J(0):

ul(P,n0)7 [J,l(P,no) ifPEXOO,TL:no

w(Pn), w(Pmn) otherwise.
This is the basis used in Proposition 5.2.1 to describe the Fourier coefficients of the
Poincaré series P, 1, (¢)/x (P, n(p), x1-€xp (¢), s) for those ¢ that satisfy n(p) € Z
if neCp, Pe X.

10.1.3 Cells of continuation. For pg € J(0) we define J(pg) as the connected
component of g in

{p €V : VP € X®Vn € Cp(V) :n(py) #0=n(p) #0}.
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We call J(po) the cell of continuation of yo. Note that pg € J(po), and that J(0)
is the cell of continuation of 0 € V.
w0, 1 € V, may determine the same cell of continuation. We call

I (o) = {p1 € Vi 2 I (1) = J(p0) }

the defining part of J(pg).

10.1.4 Ezamples. We parametrize V for the modular case by r — ra (see 13.1.7).
As a(n(1)) = %, the null cell corresponds to the interval (—12,12) on the r-line.
If ro € (—12,12), then

J(ro) = (=12,0)  JO%rg) = (=12,0)  if —12<7ro <0
J(0) = (=12,12) J°(0) = {0}
J(ro) = (0,12)  J%re) = (0,12) if 0 < ro < 12.

See 14.5.1 and 15.1.12 for more complicated examples. If there are no cuspidal
orbits at all, then V), is the sole cell of continuation.

10.1.5 Ezplicit description. The cells of continuation are determined by the map

1
YV, —RP : p (5@(7@)) ;

pPex>

p = | X*°| is the number of cuspidal orbits. We have defined J(0) as 1)~! ((—17 1)”).

Let P € X then Cp = {n, : v € Z} with n,(¢) = v + =¢(rp). If
€ J(0), the only n € Cp for which n(p) = 0 may happen is n = ng. We put, for
o € J(0) and P € X°°,

(-1,1) if p(rp) =0
Jp(po) = (—=1,0) if —27 < po(mp) <0
(0, 1) if0< <p0(7rp) < 27
e = {50 S

Then

<

J(po) =9~ < 11 JP(@O)) :

Pex

(o) =9 ! < 11 JIOJ(SDO)) «
pPeXx®™
In particular, J(0) = ¢! ([]pey=(—1,1)) and J°(0) = v ~'{0} (with 0 € RP).

10.1.6 Minimal cells. J(po) = J°(po) if and only if pg(mp) # 0 for all P € X°°.
We call such a cell of continuation a minimal cell.
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10.1.7 Growth condition. To a cell of continuation J we assign a growth condition
cs by
c/(P)={ng} ifPeX>® o(rp)=0forallpecJ
c;j(P)=10 if Pe X ¢(rp) #0 for all p € J°
CJ(P):® if P € Py.

This implies that the growth condition c; is suitable on Q = {(¢,s5) € V x C :
Reyp € J}. So A;(c) is an eigenfunction module on §2 for each ¢ D ¢;.

For given P € P, n € Cp, we indicate by ¢, the growth condition ¢y, D ¢;
given by ¢, (Q) = ¢s(Q) if Q # P, and ¢ (P) = ¢s(P) U {n}.
10.1.8 Basis. Let J be a cell of continuation. Put = {p € V: Rep € J} x C.
For P € P, n € Cp(V), put

UZ(P,n) = nl(vavn)
_ (P, n) if P€ X°° n=ng, o(rp) =0 for ¢ € J°
B o.)g(P,

n
n) otherwise.
We shall use p;(P,n), mi(P,n) as M-basis of (M ®o W;(P,n))(2). This is the
basis used in Proposition 5.2.1. The tilde has been defined by (P, n;¢,s) =
Ml(Pvn; 12 78)'

10.2 Meromorphic continuation

We are ready to complete the proof of the meromorphic continuation of Poincaré
series. We follow the idea sketched in 1.6.5.

10.2.1 Theorem. Let J be a cell of continuation, let P € P, n € Cp(V). Let x1 € X,
I a weight as in 10.1.1. Let c;,, and m(P,n) be defined as in 10.1.7 and 10.1.8.
Letwp =1 if P € X*°, and wp = vp otherwise.

i) There exists a unique family Q;(J, P,n) € (M ®p Ai(csn)) (U x C), with U
a neighborhood of J in V, such that for all Q@ € P, m € Cq(V)

FomQu(J, P,n) € 5p.Qbnmwppu(P,n) + M(U x C) - m(Q,m).

ii) Let @9 € J°. Then the restriction s — Q(J, P,n;x1,0,5) exists as a
meromorphic family of automorphic forms on the parameter space (C, s —
X1-€xp (o), s+ —5%). OnCyjp = {s € C:Res > 3} this restriction
coincides with the holomorphic family of Poincaré series

S Pl(c,aU)(Pvn(QDO)Jﬂ -exp (¢o0), ).
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Remarks. The family Q;(J, P,n) depends on x; € Xy. When confusion threatens,
we shall write Q;(J, P,n, x1).

We have seen in 7.5.3 that Poincaré series define holomorphic families in s
for Res > % The theorem implies that these holomorphic families have a mero-
morphic extension to C. This is well known, see, e.g., Hejhal, [21], Ch. VI, §11,
p. 108, for the Eisenstein series, and Neunhoffer, [40], for other Poincaré series with
trivial character. As far as I know, it is a new result that this meromorphic family
in one variable is the restriction of a meromorphic family of automorphic forms
on the open set 2, which has in general complex dimension larger than one. The
family Q;(J, P,n) has a good claim to the designation ‘meromorphic continuation
of a Poincaré series in character and eigenvalue jointly’. We shall call it a Poincaré
famaly.

Qi(J, P,n) is uniquely characterized by the coordinates of its Fourier terms
corresponding to ¢, with respect to the basis given in 10.1.8. For cells of contin-
uation J C Ji, this characterization implies that the families Q;(J, P,n) and the
Qi(J1, P, n') satisfy a relation on the intersection of their domains. The uniqueness
also implies a functional equation for s — —s, see Section 10.3.

The neighborhood U in part i) is not unique. The uniqueness refers to the
germs of Q;(J, P,n) at the points of J x C.

The existence of the restriction of Q;(J, P,n) to vertical lines {¢o} x C with
real ¢q is not trivial. It takes some work to show that such vertical lines are not
contained in the polar set of Q;(J, P,n). I do not know what happens for non-
real @p.

The restriction to a vertical line may be holomorphic at points where the
full family is singular. This may occur at points of the intersection of the zero
set and the polar set. So part ii) does not state that Q;(J, P,n) is holomorphic at
(0, 8) with o € J° and Re s > % Proposition 10.2.12 will give more information
concerning the holomorphy at such points.

10.2.2 Poincaré families on linear subvarieties. If V. is a linear subspace of V.,
V =C®gV,, and g € V. N J°, the restriction of the Poincaré family (¢, s) —
Q(J, P,n,x1;p0 + ¢, s) exists as a meromorphic family of automorphic forms on
Up x C with U; a neighborhood of (pg + V) N J in ¢o + V. The existence of
the restriction to {po} x C implies the existence of the restriction to a larger
region. (Here we use the assumption ¢ € J°.) The uniqueness carries over to the
restrictions.

We use the notation @Q;(J, P,n) for this restriction as well. This has the
danger that one might forget that the restriction may be holomorphic at some
points where the full family is not. On the other hand, the notation is quite heavy
already.

10.2.3 Generalization. The Poincaré families are characterized by the coordinates
of their Fourier terms with respect to a particular basis of the M @0 Wi (P,n).
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The basis used above is natural in view of Proposition 5.2.1. But it will be useful
to have part of the theorem available for other bases.

We first prove a more general result, Proposition 10.2.4. We give the proof
of Theorem 10.2.1 in 10.2.9.

In 10.2.3-10.2.8 we use J, P, n, x1, and [ as in Theorem 10.2.1. We fix
wo € J and an R-linear subspace V. of V.. We put V.= C Qg V.. We as-
sume that there is a neighborhood Uy of ¢y in ¢g + V for which there are
AQ.m» VO,m € (M ®@o Wi(Q,m)) (Uy x C) for each @ € P, m € ¢;,(Q), such
that the restrictions Ag.m : 8 — Ag.m (20, 8) and vg.m : § — vg.m (o, s) exist. We
further assume that they are M (C)-linearly independent, and that rg ,, is equal
to s — m(Q, m)(po, s), with 7;(Q, m) as introduced in 10.1.8.

We shall often denote the restriction to a ‘vertical line’ {¢} x C by a dot. In
the next lemmas we put N = [cj,,|.

10.2.4 Proposition. Under the assumptions in 10.2.3, there is a unique meromor-
phic family
R(Pa n) € (M R0 Al(cJ,n)) (U(<p0) X C)7

with U(pg) a neighborhood of o in wo + V', such that for all Q@ € P and m €
csn(Q):

Fo.mR(P,n) € 6p.00mnwpApn + M(U(po) X C) - vg.m-
The restriction R(P,n; o) : s — R(P,n; o, s) exists.
Proof. In 10.2.5-10.2.8.
10.2.5 Lemma. Define ¢ : M @0 A;(csn) — MY on Uy x C by
(@) = et e
QmsVQm)

This is a morphism of M-modules on Uy x C. If the restriction of f to {po} x C
exists, then the same holds for the restriction of qf.

for Q € P, m € cj,(Q).

Remark. The morphism ¢ computes the coefficients of Ag,, in the Fourier terms
of automorphic forms with respect to the basis Agm, VYg,m. To prove Proposi-
tion 10.2.4 means to invert q.

Proof. Clear from the assumptions on A\g,, and vg .

10.2.6 Lemma. Define F : M ®0 Aj(cjn) — MY on Uy x C by

(Ff)Q,m = FQ,mf(a(Q)) fOT’ Q €EP,me CJ,TL(Q)'

If f is holomorphic, then so is F f.

There exists a neighborhood U(pg) of o in wo + V, contained in Uy, and
an M-morphism e : MY — M ®o Ai(cy,) inverting F on U(pg) x C. If the
restriction of the section p of M™N to {¢o} x C exists, then the same holds for the
restriction of ep.



10.2 MEROMORPHIC CONTINUATION 183

Remark. Like the morphism ¢, the morphism F' gives Fourier coefficients of Fourier
terms of automorphic forms. But this morphism works with respect to the basis
aQ,m, BQm-

Proof. We have already inverted this morphism in Theorem 9.4.1. Use x1 -exp (¢0)
as the xog € X, in the application of perturbation theory carried out in the previous
chapters. Put U(po) = Uo N (g0 + Vo(l(¢0), X1 - €Xp (0),€n)). Then e: p — e,
with e, as in Theorem 9.4.1, determines e with the desired properties.

10.2.7 Lemma. Let o € J°. Then the M-morphism ge : MY — MY on U(pg)xC
is invertible. Its inverse can be restricted to {po} x C.

Proof. qe is given by a N x N-matrix with elements in M(U(pg) x C). We have
to show that its determinant does not vanish identically in M(U(pp) x C).

The matrix elements of ge are not singular along the vertical line S =
{¢o} x C. It suffices to show that det(ge) # 0 along S. We denote the restriction
along S by a dot. If the determinant would vanish along S, then there would exist a
non-empty open set R C Cy/, and f € Oc(R)Y such that gef = 0, f # 0. The sec-
tion ef is holomorphic on an open dense subset Ry of R. This section is a family of
automorphic forms. From ¢ef = 0 it follows that (éf)(s) € H(x1 - exp (¢0), (o))
for all s € R;. Here we use ¢y € J° and Res > 0. Proposition 6.6.2 and the self-
adjointness of A(x1 - exp (¢o0),!(vo)) imply that ef vanisheson {s € Ry : s ¢ R}.
Hence f = 0.

Remark. Here we need the additional assumption ¢y € JY to apply L2-methods.
10.2.8 Proof of Proposition 10.2.4. The M-morphism e(ge)~! : MY — M ®¢
Ai(cyy) inverts g over U(pg) x C. Take R(P,n) = e(qe)~'p with p defined by
PQm = 6P,Q6n,me-

10.2.9 Proof of Theorem 10.2.1. We apply Proposition 10.2.4 and the Lemmas
10.2.5-10.2.7 with V. = V.. If we take Ag ., = w(P,n), vom = m(Q,m) as
in 10.1.8, we can take Uy = {¢ € V : Rep € J} for each ¢y € J. These A\g.m
and vq n, satisfy the assumptions in 10.2.3. All morphisms ¢ (see Lemma 10.2.5)
for the various g € J are the same, and the morphisms F' in Lemma 10.2.6 also
coincide for all g € J.

We define U as the connected component of J in J, <7 U(vo). As the e,
are unique, the various e may be glued together to give one morphism e : MY —
M@0 Ai(cs,) on UxC. The morphism ge : MY — M is given by a matrix with
elements meromorphic on U x C. The determinant of this matrix has a non-zero
restriction to {¢o} x C for ¢g € J°, hence it is non-zero on U x C. Thus we see
that ge is invertible on U x C, and that e(ge)~! can be used to define Q;(.J, P,n) on
U x C, just as we did in the proof of Proposition 10.2.4. This gives i). If pg € J°,
we have Q;(J, P,n) = R(P,n).

Let @9 € JY. We have seen that the restriction of Q;(J, P,n) to {po} x C
exists as a meromorphic family. 7.5.3 implies that

5= Qi(J, P,n, x1;00,8) — Pig) (P,n(0), X1 - €Xp (©0), 5)
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is a meromorphic family of automorphic forms on C; /5. By Proposition 5.2.1 and
part i) of the theorem, it is square integrable at all points where it is holomorphic.
The same reasoning as in the proof of Lemma 10.2.7 shows that this family has to
vanish. This gives part ii) of the theorem.

10.2.10 Differentiation. Part i) of Proposition 7.2.9 implies that the E*Q;(.J, P,n)
are meromorphic families of automorphic forms as well. The differentiation formu-
las in Table 4.1 on p. 63 and the uniqueness imply that

Ein(‘LPan;(pﬂS) = 9(1 +28:|ZZ)QH:2(J,P,TL;QO,S),

with 6 = 1if P € X*°, and 8 = —1 otherwise.
10.2.11 Restricted parameter space. Statement ii) of Theorem 10.2.1 may be im-
proved if we work on a smaller parameter space.

Let J be a cell of continuation. Define V;, as the R-linear subspace of V,
spanned by J°, and V; = C®r V.. We shall show that the restriction of Q;(J, P,n)
to QN (Vy x C) behaves nicely at points of J* x Cy s.

We call any subset UxC C VxCwithU C {p € Vy: Rep € J } a restricted
parameter space.

Vy =V if J is a minimal cell, and V;(0) = {0} for the null cell. In general,
Vy D Vy if J C Ji. See 14.5.2 for an example. Non-trivial examples do not occur
for the modular group.

10.2.12 Proposition. Let J, P, n, and U be as in Theorem 10.2.1. Put Q; =
(UNV;)xC; consider it as a parameter space, with x and s inherited from (VxC) D
Qy. Then the restriction Qi(J, P,n) of the Poincaré family to Q; exists as an

element of (M ®4 Al(c‘]’n)) (Qy). It is holomorphic at each point (vo, so) € Oy
for which o € J° and Re sg > %

Remarks. The hats denote that we mean sheaves on € ;.

If J = {0}, the proposition amounts to nothing more than part ii) of Theo-
rem 10.2.1. In all other cases it provides us with new information. In particular,
if J is a minimal cell, it says that Q;(J, P,n) itself is holomorphic at all points of
J x CI/Q'

Proof. Part ii) of Theorem 10.2.1 implies that the set £; cannot be a subset of
the polar set of Q;(J, P,n). Hence the restriction QI(J, P,n) exists.
1

Let o € JY Resy > 5. Put wyg = (@0, 50). Suppose that the restricted

Poincaré family Q;(J, P,n) is not holomorphic at wg. Take 1y € @wo, minimal
with respect to divisibility in O, such that f = 1 - Q;(.J, P,n) is holomorphic at
wp. The zero set N (1)) has a discrete intersection with each of the lines {¢1} x C,
with ¢ € J°, 1 near ¢y. Consider an irreducible factor 1) of 1 in @wo. For all

wp = (@1,81) S N(T/J) n (JO X (Cl/g),

flwn) = lim (o1, 5) - Py (Prnl0n)s xa1 - €xp (1), 5)) = 0.
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Lemma 9.4.13 implies that f is divisible by 1. Hence g was not minimal after all.

10.2.13 Holomorphy determined by the Fourier terms. Let J be a cell of contin-
uation and wy = (po,s0) € J x C. Let ¢ be a meromorphic function at wy.
Then ¢ - Q;(J, P,n) is holomorphic at wy if and only if ¢ - FQ,le(J, P, n) is holo-
morphic at wg for all Q@ € P, m € ¢;,(Q). In one direction this follows from
part iii) of Proposition 7.2.9. In the other direction apply Theorem 9.4.1 with
Xo = X1-€xXp (o) and V =V; take pgm = ¢ - FomQ:i(J, P,n; a(Q)).

In Theorem 9.4.1 we can take for V' any linear subspace of V defined over R.
We obtain:

10.2.14 Proposition. Let J be a cell of continuation. Let V,. be an R-linear subspace
of V. Put V.= C®g V,. Let wy = (po,s0) € J x C. Let ¥ be meromorphic on
a neighborhood Q of wo in (po + V) x C. Then (¢, s) — ¥(p,$)Qi(J, P,n;p,s)
defines an element f of (M ®o Ai(csn)) (1) for some open neighborhood €1 C
(po+V)XC of (o, s0). It is holomorphic at wy if and only ifﬁ‘me is holomorphic
at woy for all Q € P, m € cj,(Q).

The same statement holds if one replaces Q;(J, P,n) by R(P,n), as defined
in Proposition 10.2.4.

10.2.15 FEisenstein families. Let J be a cell of continuation. We put
X>®(J)={PeX>®:p(mp)=0forpeJ’}.

In the modular case X°°(J(0)) = X*°, and X°°(J) = 0 if J is a minimal cell, i.e.,
J =(—12,0) or (0,12) in the notations of 10.1.4.

For P € X°°(J) we use the notation E;(J, P) = Q,(J, P,ng). We call E;(J, P)
an Fisenstein family.

In the modular case, the E;(J(0), P) are the sole Eisenstein families.

10.2.16 How large can Q = U x C be? The construction of U in 10.2.9 uses the
sets Vo(lo, X, €J,n) introduced in Lemma 9.1.6. Here ¢, is fixed; we cannot enlarge
Vo(x,crn) by changing the growth condition. In general, it is difficult to say how
far U extends in imaginary direction in V. See 15.5.2 for a special case.

Question. Can one always take U ={p €V :Rep € J}?

10.3 Relations and functional equations

The uniqueness in Theorem 10.2.1 implies functional equations and relations be-
tween Poincaré families on intersecting cells of continuation. In this section we
consider some examples. To formulate these relations we need the Fourier coeffi-
cients.
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10.3.1 Fourier coefficients. Let J, P, n and ¢ be as in Theorem 10.2.1. Propo-
sition 7.2.9 implies that for each pair (Q,m), Q@ € P, m € Cq(V), there is a
meromorphic function D;(Q, m; J, P,n) = Dy(Q, m; J, P,n, x1) on  such that

FQ,le(Ja Pa n) = 6P,Q5n,mwp,u/l(Pa n) + Dl(va; J, Pa TL)'I]Z(J, Q,m)a
with 7; as defined in 10.1.8. The restriction
Dl(Qam; J,P7n;900) S Dl(Qam; vavnaXUQDOvs)

exists as a meromorphic function on C for each ¢y € J°. It is holomorphic on C; /25
with the coefficient ¢;,)(Q, m(¢0); P,n(¢0), x1-€Xp (©o), s) of Proposition 5.2.1 as
its value at s. In the case Q € X, m = ng, p(np) = 0 for ¢ € J°, one might fear
that the singularities of /(Q, m) at (o, s) with s € 3N, destroy the holomorphy
of the restriction. But the restriction of f1;(Q, m) to {¢o} x C has no singularities
at half-integral points in C.

For Fisenstein families we put Ci(Q,m;J, P) = D;(Q,m;J, P,ng) if P €

X>®(J), Qe Pandme Cqy. If Q € X°(J) as well, and m = ng, then we put
Ci(J:Q, P) = Ci(Q, no; J, P).
10.3.2 Relations. Let J and J; be two cells of continuation with non-empty in-
tersection. We can express Q;(J, P,n) in the Q;(J1,@, m) on the intersections of
their domains. The following principle works for any f € A;(c;;) with ¢ D ¢y
and ; contained in the intersection of the domains of the @Q;(J, P,n) with P € P,
n € ¢(P): Take the Fourier coefficients Ep,f for those (P,n); let ¥p, be the
first coordinate of Fpmf with respect to the basis p(P,n), n;(J, P,n). Then f =
Z(P’n) ¢p7nw;1Ql(J, P,n). Indeed, the Fourier terms of the difference is a multi-
ple of m;(Q, m), so if the difference would be non-zero it would give a contradiction
to the uniqueness in Theorem 10.2.1.

The null cell J(0) contains all other cells of continuation. So we restrict
our attention to a comparison of Poincaré families for J(0) with those for J =
J(p1). We work on an open set containing J(¢1) x C such that all functions under
consideration are defined on it.

The difference in the choice of bases in 10.1.8 concerns only the pairs (Q, no)
with @ € X for which ¢i(mg) # 0, ie, @ € X®° N X>(J). Let P € P, n €
Cp. We use the relation w;(Q,n0) = >, vi(Q, no, £5)(Q, no, =s) for Q € X°;
see 4.2.8. We define v;(Q,n0) : (¢, ) — vi(4)(Q,n0(), s), and 0(Q,no; ¢, s) =
v (Q, no; v, —s). Computation of the Fourier terms shows that

QZ(J7P7n) = QZ(J(O)7P777’)
+ > vi(Q;10) Di(Q, mos J, P,n) Ey(J(0), Q),
QEX®X>(J)
Q1(J(0),P,n) = Qi(J, P,n)

S ) b g g(0), P Qi Qo).

QEX®—X>(J) vl(Qan(])
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In this form the relations are not fully satisfactory. For instance, Q;(J, P,n) is
expressed in terms of Poincaré families on J(0) with its own Fourier coefficients as
coefficients in the right hand side. These coefficients might be expressed in Fourier
coefficients of the families on J(0). In 10.3.4, we shall carry out these computations
for the case P € X*° n = ng. See Equation (13.4) on p. 251 for an example.

10.3.3 Scattering matriz. We consider the Eisenstein families for a cell of con-

tinuation J. Taking them together for all P € X°°(J) gives a vector E;(J) =
(Ei(J, P)) pex=(); We consider this as a row vector. We combine the correspond-

ing Fourier coefficients into a column vector F(J) = (FQ no) . Then
T/ Qex=())

F(J)E;(J) is the matrix with FQWOEI(J, P) in the row indexed by @ and the
column indexed by P. We obtain

F()E(J) = m(J) + fu(J)Ci(J).

Here p;(J), respectively fi;(J), are diagonal matrices with (P, ng), respectively
(P, ng), at position P, and Id is the identity matrix. C;(J) is called the scattering
matriz. It has C;(J; Q, P) at position (Q, P). Its restriction to {po} x C for ¢g €
J°(0) is meromorphic in s. That restriction is the usual scattering matrix in the
spectral theory of automorphic forms; see, e.g., [29], Ch. XIV, §14.

10.3.4 Relations, special case. Let J # J(0) be a cell of continuation. We want to
express the Q;(J, P,ng) with P € X in terms of Eisenstein families on J(0).

Consider the row vector Py(J) = (Qi(J, P,no)) pc xoo- As J C J(0), there is
an open set on which P;(J) and E;(J(0)) are both defined. By the uniqueness in
Theorem 10.2.1, there is a unique invertible matrix X with meromorphic coeffi-
cients such that P;(J) = E;(J(0))X.

We write the cuspidal Fourier terms of order zero in vector notation. This
gives F(J(0))P;(J) = i (J(0)) + n(J)Dy(J), with D;(J) the matrix of the coeffi-
cients D;(Q,no; J, P,ng), and n;(J) a diagonal matrix with f;(P,ng) at position
P e X°(J) and wi(J, P,ng) at position P € X \ X>(J).

For ¢ = 0 or 1, write v{(J) for the diagonal matrix with ¢ at position P €
X°(J) and v; (P, ng) at position P € X°~\X°(J). Put v/ (J; ¢, s) = v{(J; p, —s).
Then 7;,(J) = pu(J(0))v?(J)+ iy (J(0))¥; (J). This leads to the following equations:

X = Id+v)(J)Di(J)
CIONX = FHIHDI().
Hence X = (Id — v0(J)¥} (J)~'C,(J(0))) ', and

Pi(J) = E(J(0) (1d = v (J)¥} ()" Ci(J(0))

Di(J) = ) TICUJ(0)) (1d = vI(I)THI) T Cu(J(0))
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10.3.5 Functional equation for Eisenstein families. The map o : (¢, s) — (@, —s)
is an involutive automorphism of the parameter space W = V x C. Composition
with o gives a map of : A;(¢;U) — Aj(c;0~'U) for each open set U C W. We
have already used the convention to denote off by f.

Let J be a cell of continuation for which X°°(.J) # @ (if X°°(.J) is empty there
are no Eisenstein families for J). We work on a o-invariant neighborhood € of J xC
contained in the domain of all Ey(.J, P) with P € X>°(.J). Then E;(J) = o*E;(J) is
a row vector of elements of A;(cs; Q) and F(J)E;(J) = fiy(J) + p(J)Cy(J). On the

other hand, E;(J)C;(J) is a row vector with F(.J) (EZ(J)CI(J)) = w(NCi(J) +
fi(J)Ci(J)Cy(J). The uniqueness in Theorem 10.2.1 implies
E(J) =E(J)Ci(J),  C(J)Ci(J) =1d.

These are the functional equations for Eisenstein families. If we fix our attention
on one coordinate, we obtain

Ei(J,Pig,—s) = > Ci(J;Q,P;0,—5)Ei(J,Q; 0, 9).

QEX™(J)
For Q € P, m € Cq such that Q ¢ X°°(J) or m # ng we define the row
vector Cy(J,Q,m) = (C’l(Q,m; J, P))P X The functional equation of these
E oo

Fourier coefficients takes the form Cl(J, Q,m)=C/(J,Q, m)él(J).

10.3.6 Functional equation for other families. Let P € P, n € Cp, and either
P ¢ X>°(J)orn# ng. As 0 (P,n) = wi(P,n) = v (P,n)w(P,n)+0,(P,n)u (P n),
we obtain from the uniqueness in Theorem 10.2.1:

Ul(Pa n)Ql(‘]a Pa TL) +f}l(P7n)Q~l(Ja Pa TL)
= 1~)Z(P7n) Z Dl(QanO;J,P,n)El(JaQ)
QEX™(J)
v (P,n)Dy(P,n; J, P,n) + 0;(P, n)Dy(P,n; J, P, n) +wp
= 1~)1(P,7’L) Z Dl(QanO;J,P7n)Cl(P7n;J»Q)
QeEX>(J)
Ul(Pan)Dl(Q>n0;JaP7n)

= w(Pn) Y DiRng;J Pn)Ci(J;Q,R) for Q€ X>(J).

ReX>(J)
To write the second and third line in vector notation, we define a column
vector Dy(J, P,n) = (DZ(Q, ng; J, P, n)) . We obtain
QEX™>(J)

Ul(Pv n)Dl(Pana J,P,TL) +/Dl(P7n)Dl(Pana J7 P,Tl) +wp
= (P,n)Cy(J, P,n)Dy(J, P,n)
’Ul(P, Tl)Dl(J, P7 'fl) = ’DZ(P7 n)cl(J)Dl(Ja P7 7’?,),
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and if R € P, m € Cg, (R,m) # (P,n), such that R ¢ X°°(J) or m # ny:

v(P,n)Dy(R, m; J, P,n) + o(P,n)D;(R, m; J, P,n)
= (P, n)Ci(J, R, m)Dy(J, P,n).

10.3.7 Ezamples. See 13.2.5, and Sections 13.4 and 14.5 for examples of the Fourier
coefficients in special cases.



Chapter 11
Poincaré families along vertical lines

Theorem 10.2.1 gives the meromorphic continuation of Poincaré series in (i, s).
One may ask where the resulting Poincaré families are holomorphic. Propositions
10.2.12 and 10.2.14 give some results in this direction. The final Chapters 11 and 12
of Part I of this book discuss the singularities of Poincaré families at points (¢, s)
with ¢ € V,. and Res > 0. At which of these points are the Poincaré families
not holomorphic? How bad are the singularities? It turns out that often there
is a relation with the presence of eigenfunctions of the selfadjoint extension of
the Casimir operator. The restriction to ¢ € V, is essential for these results: in
general it is difficult even to define the extension A(xo - exp (¢),lo) for other (.
The restriction to points with Res > 0 is less essential; the functional equation
can be used to obtain assertions for other s.

In this chapter we consider the singularities of the one-dimensional Poincaré
families s — Q;(J, P,n; g, s). Most of these results are known, but it is quite some
work to find them, e.g., in [21]. The study of the singularities of families depending
on more than one parameter is based on the one-dimensional results. Hence it is
worthwhile to discuss the one-dimensional case in detail as a preparation for the
next chapter.

The results for Eisenstein families differ from those for other Poincaré fami-
lies. In Section 11.1 we give results that are common to both cases. In the other
sections we specialize: first to Eisenstein families, and then to other Poincaré fam-
ilies.

11.1 General results

In Theorem 10.2.1 we have characterized the Poincaré families by the coordinates
of their Fourier terms with respect to the basis p;(Q,m), i (Q, m), given in 10.1.8.
We shall see that singularities are mainly due to two causes:

i) The presence of f € H(xo,l0) N Aiy(X0,Csn,So) With Fp’nf #0.

ii) The fact that the sections y; and 7; form an unsuitable basis at the point
(0, 50)-

I consider the first cause as the essential one. Here we avoid the latter one by
not working with a Poincaré family, but with a family R(P,n) as introduced in
Proposition 10.2.4.

191
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11.1.1 Conventions. We keep fixed x1 € Xp, o € J(0), ! € wt. We put J = J(¢0),
Xo = X1 - €xp (vo), lo = l(x1,%0). We consider P € P, n € Cp, and sy € C with
Resy > 0.

We use a dot to indicate the restriction of functions and sheaves to the vertical
line given by s — (o, s). So we shall study the Poincaré family Q;(.J, P,n), which
is an element of (M ®p Aj(c;.,))(C). In this notation g is not visible.

Let @ € P. The elements of Cg are constant on the vertical line {¢o} x C.
In this chapter we identify elements m € Cq and their value m(¢y).

QReX® m=0

s0 # 0 AQm = u(Q,m) i(Q,m) =0
so =0 Ag.m = N(Q,m) i(Q,m) =1

QeX>® em>0,eec{l,-1}
0 < 50 < (elo — 1)/2 and
so = (elp —1)/2 mod 1
other sg Ag,m = u(Q,m) i(Q,m) =0

QEPy,p=c(m—1)/4 >0,

g=¢(m+1)/4>0,¢e,e{1,-1}

0§80§q—p—%and

Aom =i(@Q,m)  i(Q,m) =1

)\Q,m = (bl(Q7ma C) Z(Q7m) =

sozq—p—%modl

other sg AQm = fu(Q,m) i(Q,m) =0

Table 11.1 Choice of AgQ,m.

11.1.2 Choice of a basis for the Fourier terms. We shall apply 10.2.3-10.2.8 with
V., =V ={0}. For Q € P, m € ¢;,(Q) we choose A\g ., and vg ., in the space
Wi(Q, m)(C) for a neighborhood C of sq in C such that the conditions in 10.2.3 are
satisfied. Here we impose the condition of holomorphy. The meromorphy of families
of automorphic forms is the main point of interest of Chapter 10. Holomorphy of
the basis elements was not necessary.

These conditions leave no choice for v: necessarily vg , = 7(Q,m). The
section 7;(Q, m) is holomorphic at sg, even if sg € %N, Q € X and m = 0.

Table 11.1 shows how we can choose A\ . See 4.2.8, 4.2.9 and 7.6.13-7.6.15
for the definitions of the families of eigenfunctions that we use. With these choices,
both Ag,m,m and vq ., are holomorphic at s, and their Wronskian does not vanish
at sg.
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There are holomorphic functions f and g on a neighborhood of sg such that

(Q,m) = fAg.m + gmi(Q,m). We denote by i(Q,m) € Z the order of f at s,
ie., lim, ., (s — s0)""@™ f(s) exists and is non-zero.
11.1.3 The family R(P,n). Proposition 10.2.4 provides us with the family of au-
tomorphic forms R(P,n) in the space (M ®é Al(c,]’n)) (C). As we have taken
V;- = {0}, we need not put a dot upon R(P,n) in this chapter. With (;(P,n) =
fApn + gm(P,n) as above, the uniqueness implies that Q;(J, P,n) is equal to
f-R(P,n).

We can assume that R(P,n) is holomorphic on Cy = C \ {so}. Let ¢ € Z
be minimal such that R, : s +— (s — s9)?R(P,n;s) is holomorphic at sg. Then
R, € Ai(cy)(C), and Ry(so) # 0. In this section we investigate what values of ¢
can occur, and what we can say concerning Rq(so).

11.1.4 Lemma. ¢ > 0.
If g=0, then Ry(so) = R(P,n;so) is not regular at P.
If ¢ > 0, then FvaRq(sO) € C-m(Q,m)(so) for all Q@ € P, m € Cq.

Remark. In 4.1.9 we have defined regularity as square integrability at cusps, and
as smoothness at interior points.

Proof. The holomorphy of the basis Ag m, (€, m) implies that the first coordinate
s+ (s—s0)? of Fp’an is holomorphic at sg. Hence g > 0. If the space Wl% (P,n,so)
is non-zero, then it is spanned by 7(sg) (see Proposition 4.2.11). So, if ¢ = 0, then
Fme(P, n; sp) is not regular (use 4.1.10). The assertion concerning ¢ > 0 is clear.

11.1.5 Resolvent. We use spectral theory to obtain more information on R(P,n).
Let R(A\) = (A — X\)~! be the resolvent of the selfadjoint extension A = A(xo,lo)
of the Casimir operator (see 6.5.2). The proof of the next lemma comes from [12],
proof of Théoreme 3. We have used the same idea in the proof of Proposition 9.4.2.

11.1.6 Lemma. For all s € C, Res > —1, there ewists h(s) € C®(G ~ pr~{P})
such that

i) s — (w— 5 +5*)h(s) is L*-holomorphic on {s € C: Res > —1 } with values
in K (xo,lo) C H(xo,lo)-

it) R(P,n) is holomorphic at s for each s € S ={s € Co:Res >0, ; —s* ¢
[—113, 1) } and its value satisfies

R(P,n;s) = h(s) — R (i - 52) ((w - % + 52)h(5)) .
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Proof. For Q € P, m € ¢5,(Q) we put 89 m(s) = 6p,00mnwp-Tp-Apn(s), with 7p
as in 9.4.4. Define h(s) just as we defined h(¢p, s) in 9.4.4. As Ag m(s) determines an
eigenfunction of w with eigenvalue  —s?, the function (w—%+s%)h(s) is compactly
supported in Y. In fact, it vanishes outside the set pr=! (Up(Ap) \ Up(a(P))).
Part i) follows.

As 59 € S, the family s — R(P,n; s) is pointwise holomorphic on S.

Put G(s) = R(1 —s?)(w— 1 +s2)h(s). The resolvent R(4 — s?) is holomorphic
on S. So G is holomorphic on this region. We want to show that R(P,n) —h =G

on S. To do this, it suffices to show that G(s)+R(P,n;s)—h(s) € ker(A—3$+s?) for
all s € S. We have chosen h(s) in such a way, that R(P, n; s)—h(s) is smooth on G,
even if P is an interior point. As Res > 0 on S, the contribution of the multiple of
M1, (@, mo) at the cusp Q is square integrable. So R(P,n;s) — h(s) — G(s) is square
integrable for s € S. We show that R(P,n) —h — G is orthogonal to (w — 1 + §?)k
for all k € K(lp) to complete the proof. The definition of G implies

(G(s), (w— i + 52)k>

lo

1
= siG(s)H = (4= ]+ )60, ’“)l — ((w =L+ sDh(s) ), -
0
(w—2+5%)(R(p,n;s)—h(s)) = —(w—1+s?)h(s) outside pr~! Py, and each point
of pr~—1Py has a neighborhood on which this quantity vanishes. Hence

(R(P, n;s) = h(s), <“’ - % * 32) k) lo

= ((w - %1 + 32) (R(P,n;s) — h(s)),k) = —((w— 5+ 5°)h(s), k).
lo
This gives the desired equality.

11.1.7. Take b > ¢, where ¢ is the order of R(P,n) at so. Put Fy(s) = (s — s0)°
(R(P,n; s) — h(s)). This extends as a pointwise holomorphic family on a neighbor-
hood of sy. It determines an L2-holomorphic family on S, but at sq it may leave
H (xo0,lo)- Nevertheless, we have the following continuity result:

11.1.8 Lemma. Let f € A} (xo,50) and b > q. Define the family Fy by Fy(s) =
(s —50)" - (R(P,n;s) — h(s)). Then

lim Fy(5: p(2)) (=) du(z) = /M Fy(s0: p(2)) F0(2)) da(2).

s—8g, SES f\\ﬁ

The integral on the right exists if interpreted in the sense of Remark 9.4.16.
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Proof. Take truncation data as in Section 8.3, for the growth condition c;,. As
FNpr (%) is relatively compact in $, we have

lim FusFdu= [ Fy(s0)F dp.

s—8p, SES Frpr—1(eY) Frpr—1(aY)

Let Q € P. As F, is a section of A;(cy,,), the truncated family Fjlcj ., Q)
corresponds (under transformation as in Chapter 8) to an L?-holomorphic family
on FNpr~Uqg(a(Q)). Hence

lim Fy(s)esn, Q) flesn, Ql dp
$750,5€5 JPapr 1 Uq (a(Q))

Fb(so)[cJ,n7 Q] f[cJ,n7 Q] d/L

/FﬂﬁlUQ(a(Q))

We are left with finitely many terms corresponding to (@Q,m), Q eP,mEe
csn(Q). The presence of h(s) cancels the Ag m,-part of F ., R(P,n). Hence each
term is of the form

l (5= 50) ()@ m)() - o)

with d,,(s) the coefficient of 7(Q,m)(s) in Fg ., R(P,n;s). The coefficient of
m(Q,m)(sp) in FQ’mFb(sO) is equal to limg_,4,(s — 50)2dm(s). fm # 0or Q ¢
X>°(J), then the integrand is holomorphic in s, and the limit lims_,s,, scs can be
taken inside the integral, to give fan FomEp(s0) - Fomf dvg. The same holds for
m =0 and Q € X*°(J), provided Re sy > 0. But if Resy = 0, then the square
integrability of f implies ¢, = 0.

2 —s2 at s =sg. Then

11.1.9 Lemma. Let gy be the order of s — s
i) ¢ < qo-
i) If Ep,f #0 for some f € A (05 50), then ¢ = qo.
ii) If ¢ = qo and Ry(so) € A} (x0,50), then FpRy(s0) # 0.
i) If Ry(s0) € AIQ0 (X0, 80), then Ry(so) is orthogonal to Si, (X0, C€J.n;S0)-

Remarks. Ry : s — (s — s9)?R(P,n; s) has been introduced in 11.1.3.
We have o = 2 if s = 0, go = 1 if s2 € R and sg # 0, and qo = 0 if s2 ¢ R.
Proof. The function s +— ff\é/[( R,(s;9)¥(g) dg is holomorphic on a neighborhood

of so for each ¢ € K(xo,l0). We can choose 1) such that this integral is non-zero
at s = sp, and such that 1 vanishes on a neighborhood of pr='{P} in G. As
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g > 0, the function s — (s — s9)? ff\é/f( h(s; g)¥(g) dg is also holomorphic at sg.
Lemma 11.1.6 implies, for s € S (i.e., s # so, Res > 0 and 3 — s? ¢ [-112,00)):

[ (Rl 5 s0)h(e)) T

1
— st (RG - ) - 0.0
lo
[(w— 34 s?)h(s)[li, = O(1) as s — so, and ||R (3 — s?)|| < m for s € S,
I,
see [25], Ch. V, §3.5, (3.16). This gives

[ (R(s19) = (s — 50)h(s:9)) ¥(g) dg = O <(5_80)q)
MG/K

Im(% — s?)

as s — sg, s € S. We choose a path in S approaching sy on which the values of
(s —s0)%/Im(1 — s?) stay bounded. If ¢ > ¢o , then

0# [ Ry(s0;9)¢(9)dg
I\G/K

= lim (Rq(s;g) — (5 —s0)7h(s; g)) ¥(g) dg

ST JI\G/K

= hm(’)(M) =0

550 Im(1 — s2)

leads to a contradiction. This gives i).
Let f € A} (X0;Csm,50), f # 0. Hence so € iR U (0,00). For s on the path
indicated above:

(st ) (R(Pi )~ (0. £ )

lo

— (s ) (RG-S )

lo

~(s ) (0= D RG =) )
S R (CEF R ENEE i)

= — ((w - i +52)h(s),f>

lo

The square integrability of f implies that Fp’nf = cn(P,n)(sp) for some ¢ € C
(and c=0if P € X°°(J), n =0 and Re sg = 0). We have constructed A in such a
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way that

(-3 + 1)

lo

1 —_
— / (lppn — 1 + 52)Fp7nh(s) ~eni(Pyn)(so) dvp
Ip

¢ [, CTE@APA(s3Y) = 275 (1) AP (5) (1))
m(P n)(So; y) dy if Pe X°°(J)
42 [ {~ (02 + ) () A (55 )
= 2(u® + u)tp (W) Apn(s) (u)
— 2u+ 1)1 (W) Apn(s;u) }Wdu
if P € Py.

This is holomorphic in s on a neighborhood of sg. The definitions in Section 4.2
imply 7;(P,n)(so) = Mi(P,n)(sg) for the present value of so. We apply partial
integration, and end up with

(@ 3+ stno. 1) )

= ¢ Wr(Apa(so), m(P,n)(s0)) fAPTf'D(y)dy if P e X*(J)

47rf u) du if P € Py
1 if Pe X>(J)
47 if P € Py.

—¢- Wr(Apn(s0), (P, n)(s0))

So the limit lims_ s, (—s2 +52) (R(P,n;s) — h(s), f);, (over the path chosen above)
exists. It is non-zero if and only if Fp’nf #0.

Suppose that ¢ < qo. As limg_, s, (—s2 +5%)/(s—s0) "% exists and is non-zero,
we obtain from Lemma 11.1.8

lim (—sf + s%) (R(P,n;s) — h(s), f),,

$—3So

. —sp st -
= i g (e o)™ Jlim (Re(s) = (s~ s0)"h(s). ),
= O’

hence Fp,,f = 0. This gives ii).
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Suppose Rq4(so) € A120 (x0,50). Then ¢ > 0 by Lemma 11.1.4. Application of
Lemma 11.1.8 with b = ¢ and f = R4(so) gives

s—80,8€S

lim (s— so)q[ (R(P,mn;s) — h(s)) Rq(so)dp > 0.
e
Let ¢ = go. Then

lim  (—s2 +s?) /1:\55 (R(P,n;s) — h(s)) Ry(s0) dp # 0.

s—Sp, SES

The computation given above shows that Fip,, Ry(so) # 0. This gives iii).
To prove part iv), suppose Ry(so) € A120 (x0, S0), and take f € S;, (x0,Csn, So)-
Note that g has to be positive, see Lemma 11.1.4. Lemma 11.1.8 implies

s—Sp, SES

(Ry(s0), )y, = lim (s — 50)" /F (R(P.n: ) — h(s)) F du,

with the interpretation of the integral as in Remark 9.4.16. As R(P,n) has been
defined as an e,, Proposition 9.4.16 implies that the integral [, R(P,n;s)fdu
vanishes for all s € S. The integral [ h(s)f du vanishes, as prnf =0.

11.1.10 Lemma. Let F' be any family in AI(CJ,n; U), with U a neighborhood of s
in C. If F(so) € A} (x0,50), then F(so) is orthogonal to Si,(x0,C7.n,0)-

Remark. This generalizes part iv) of the previous lemma.
Proof. We follow the ideas in the previous lemmas.

The uniqueness in Theorem 10.2.1 implies that F' = 3", BomR(Q,m),
with 8., holomorphic on U, @ € P and m € ¢;,(Q). Define h(s) as in the proof
of Lemma 11.1.6, with 8¢ ... (s) = woBg,m(s) - TQ - AQ,m(s). The statements in this
lemma hold for the new h, and for F instead of R(P, n). Define Fy(s) = F(s)—h(s),
repeat 11.1.7 and the proof of Lemma 11.1.8 for this Fj, with b = 0. The last
paragraph in the proof of Lemma 11.1.9 gives the desired result.

11.2 Eisenstein families

We apply the results of the previous section in the case P € X*°, n = 0. This gives
well known properties of the meromorphic continuation of the Eisenstein series as
a function of the spectral parameter.

We take x1, X0, @0, J, | and Iy as in 11.1.1. We consider P € X°°(J) and
n = 0. Hence ¢ = ¢ in this section.

- We investigate the singularities in { s € C : Res > 0} of the Eisenstein family
El(J7 P) PSS El(Jv P7X1; ©o, 8)'
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11.2.1 Maass-Selberg relation. Take ¢ = ¢y, and apply Theorem 4.6.5 to the auto-
morphic forms

f:El(‘]aanl;(pOas)a h:E—l(_JaR7X;1;_§OOaS)

with @, R € X*°(J) and s € C such that both functions exist at s. The second
dot indicates the restriction to the line {—po} x C. We find C_;(—J; Q, R;s) =
Ci(J; R, Q; 5), or in matrix notation (see 10.3.3) C_;(—J) = C;(J)*; the t means
the matrix transpose.

11.2.2 Complex conjugation interchanges the elements of A;(x1 - exp (¢o),cs, )

and A_;(x;" - exp (—po),c_,5). This implies that h : s — E;(J,Q, x1; @0, 3) is a
section of M ®.A_;(c_y; {0} xC). We inspect the Fourier terms, and apply the
uniqueness in Theorem 10.2.1 to conclude that h(s) = E_l(—J,Q,Xl_l; —0, 8).
Thus we obtain CZ(J; s)* = CZ(J; 5), where x denotes conjugate transpose. In
particular, Cl(J ;8) is a unitary matrix for all s € ¢{R at which it is holomorphic.
(Use the functional equation in 10.3.5.)

11.2.3 Proposition. El(J, P) is holomorphic at all sy € iR.
Proof. By Proposition 10.2.14 it suffices to prove the holomorphy of
s+ F())E)(J, Py s) = fu(J, s)Id + fu(J,—s)Ci(J, s).

The restrictions fi;(Q, ng) are holomorphic on C, as they are given by s s y5+1/2,
(It does not matter here that the unrestricted families may have singularities at
(¢0,s) with s € —2N.) The scattering matrix C;(J, s) is unitary for all s € iR at
which it is holomorphic. Hence its matrix elements are bounded on iR. So poles at
imaginary points are impossible. (Here it is important to have only one complex
parameter.)

11.2.4 Proposition. Eisenstein families. Let P € X*°(J).

i) The meromorphic extension E|(J,P) of s — P, (P,0,x0,58) is holomorphic
at all points sg € C that satisfy Reso > 0 and so € X¢(xo,lo)-

Let sqg be such a point.

a) If so # 0, then the value E;(J, P;so) is not an element of H(xo, lo).

b) At so = 0 the Eisenstein family may have a zero of at most order
one. If Ei(J, P;0) # 0, then it is not in H(xo,lo); in the other case
lim,_o 1 E,(J, P;s) & H(xo,l)-

ii) There are two possibilities at points so € (X0, lo):

a) Ei(J,P) has a first order pole at so. Then lim, ., (s — s0)Ei(J, P;s)
is a smooth square integrable automorphic form, orthogonal to the cusp
forms; its Fourier coefficient at P of order zero does not vanish.
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b) El(J P) is holomorphic at so. In this case EZ(J P;so) € H(xo,lo) and
Fpof =0 for all f € A? (xo, so)-

Remarks. ¥¢(xo,lo) is the set of s with Re s > 0, for which there are smooth square
integral automorphic forms that are not cusp forms.

In the previous section we distinguished the spaces H(xo,lo) N A1, (X0,¢7, So)

and AZQ0 (x0,50). When P is an interior point that distinction is necessary; square
integrable automorphic forms are not necessarily smooth. Here both spaces are
equal.
Proof. First consider sg = 0. In this case EZ(J, P;s) =2sR(P,0;s), with R(P,0) as
in Proposition 10.2.4 with the basis chosen in the previous section. Take a € Z such
that F; = lims_,g S“E’I(J, P;s) #0. The q and R, in 11.1.2 satisfy ¢ = a + 1, and
R,(0) = 1Fy. Lemmas 11.1.4 and 11.1.9 imply —1 < a < 1. Proposition 11.2.3
implies a < 0. If a = 0, then FQ@E.I(J, P;0) # 0 for some Q € X*°(J) (apply
Proposition 10.2.14 with V,. = {0}). Hence EI(J, P;0) cannot be square integrable.
If a = —1 we conclude Fy € H(xo,lp) from Lemma 11.1.4.

Consider Re sy > 0, so # 0. The choice A\g,o = (@, 0) for all Q € X°(J)
leads to Ey(.J, P) = R(P,0). We apply Lemma 11.1.4 and part i) of Lemma 11.1.9.
This gives ¢ = 0 or 1. If ¢ = 0, then El(J, P) is holomorphic at sg, and not
in H(xo,lo). If ¢ = 1, then E;(J, P) has a singularity at so, and F, defined as
limg ., (s — s0)Ei(J, P; s), satisfies FgoF) € C - 1,(Q,0, —s0) for all Q € X*°.
Proposition 11.2.3 shows that ¢ = 1 cannot occur for Resy = 0. Hence, if ¢ = 1,
then Resg > 0, and Fy € H(xo,lo). This implies sg > 0. Let so > 0, and suppose
Ey(J, P) is singular at so. Then ¢ = 1. Parts iii) and iv) of Lemma 11.1.9 imply
that FROFl # 0 and that Fy is orthogonal to Sj, (xo, ¢, S0). As F1 # 0, this shows
that sg € X¢(x0,l0)-

The statements i) and ii)a) have been proved. Assertion ii)b) follows from
part ii) of Lemma 11.1.9.

11.2.5 Finiteness of X¢. If so € ¥¢, then some Ej, (J, P) is singular at so. As each
meromorphic family of automorphic forms on C has a singular set that is discrete
in C, we conclude that ¢ is a finite set.

11.2.6 Proposition. Let so € 2¢(xo,lo). The residues lim, ., (s — so)Ei(J, P; s),

with P € X°°(J), span the orthogonal complement of the space of cusp forms
Si,(X0s €7, S0) in the finite dimensional space AZQ0 (x0, 50)-

Proof. Put m = |cy|. In 9.5.5 we have seen that there are fi,...f, € Al(CJ,QO)
on a neighborhood €y of sg such that

Aty (X0, €., 50) = 51, (X05 €75 50) @C fi(s0)-
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Put D = @j‘:lc - fj(so) and Dy = D N A} (xo0,50). A suitable C-linear
transformation of the f; gives Dy = @le(C - fi(so) with 1 < k < m. In the
sense of Remark 9.4.16 the f;(so) are orthogonal to S, (xo, ¢, so); for j < k this
coincides with L2-orthogonality. So we have to express the fi(so) with j < k as
linear combinations of the residues at so of some E;(.J, P) with P € X°°(.J).

For each P € X°°(J) we have FP’()fj = ap;u(Q,no) + bp’jﬁl(P, ng). Note
that so > 0, hence we are working with a basis of W;(P,ng). The ap; and bp
are holomorphic on Q2. We obtain f; = 3 pex=(y apjE;(J, P) from the Fourier
expansions. Let j < k. For Q € X*°(J),

Fg.ofj(s0)
= aqj(so)u(Pno,so))+ > api(s0)Ci(J; Q, P;so)fu(Q,no, —so0).
PeXx(J)

The square integrability implies ag_;(s9) = 0. So only the Ej(J, P) that are singular
at so can contribute to f;(so).
11.2.7 Residue at % For xo =1, 1o =0:

. 1, . . = -1
51—1>r1I1/2(s N §)EO(Ja Pa 5) - VOI(F\ﬁ) -1

Indeed, we know that this limit is a smooth square integrable automorphic form;
it has the form ap -1 with ap € C (see the proof of Proposition 6.7.8). In the
proof of Lemma 11.1.9 take f =1, R(P,0) = Fy(J, P), and obtain

Jim (0 — i + %) (Bo(J, P.s) — h(s). 1)

s—1/2 0
1
i (0 (). D
_ . 1. . 1 _
= CWT(/J/O(P70; 5),/110(P,0; _5)) = ¢
with FROI = cﬂo(P,O;f%), hence ¢ = 1. This gives (ap -1,1)g = 1, and ap =

1/ vol(T\$).
If | X°°(J)] > 1, the difference of the Eisenstein families for two cusps is
holomorphic at % See 14.4.7 for an example.

11.2.8 Definition. For s € C, and J a cell of continuation,
Azkg (XOa J, S)
- {f € Ay (x0,¢7,5) : Fg.of € C- fu(P,ng;—s) for all Q € X*(J) }

Clearly Si,(xo0,¢7,5) C A} (x0,,8) C Ai,(x0,¢s,5). The space A} (xo,J,s) con-
tains the residues of Eisenstein families.
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11.2.9 Lemma. If Res > 0, s # 0, then A} (xo,J,s) = A7 (xo0, $)-
The space Aj (Xo,J,0) is spanned by Si,(xo,¢s,0) and the El(J, P;0) with
Pe X(J).

Remark. This implies that A} (xo,J,—s) = A, (xo,/,s) for Res = 0. Moreover,
for s # 0, Re s = 0, this space is equal to the space of cusp forms S, (xo, ¢, S).

The E; (J, P;0) may vanish. This is the case for the modular group, see 13.2.6.
Proof. Let Res > 0. Then A*(xo,J,s) C A7 (xo,s), as we see from the Fourier
expansion. If AZ0 (X0, $) # Siy(X0,¢€s,5), then se e (x0,10), and Proposition 11.2.6
implies the converse conclusion.

For Res = 0, s # 0, the E;(P,J), P € X*(J), are holomorphic at s, and
the values at s induce a basis of Aj, (xo,¢s,s) mod Si,(Xo,¢s, s). From the Fourier
expansions we see that they induce a basis of Aj,(xo,¢s,s) mod A (xo,J,s) as
well.

Let s = 0. We start as in the proof of Proposition 11.2.6. Let m = |c;|. There
are fi,..., fm € Aj(cs,Q) on a neighborhood € of 0 in the s-plane, such that

AZU(XO7CJ7O) = Slo XO)CJ7 @ @f]

ATO(X(%J’O) = Slo XOacfa @ @f]

with 0 < k < m. For P € X*°(J) we use the basis Ap, fi;(P,n0) of Wi(P,no)
discussed in 11.1.2. There are holomorphic functions apj,bp; on € such that
Fpof; = apjApo + bp i (P,ng) for P € X*°(J), 1 < j < m. Hence f;(s) =
Y opexe () P (S)R(P,0y5) = 3 pcxe(p Ll (S)EI(P 0;s). Suppose 1 < j < k.
Then ap ;(0) = 0 for each P € X*°(J). So fJ( ) = Y pex=() 3P, (0)Ei(P,0;0).

11.2.10 Lemma. If Re sg < 0, the space A} (xo,J, s0) is spanned by the cusp forms
in S, (xo0,€7, S0) and the automorphic forms

lim Y Bo(s)Ei(J,Q;9),

S§——S8¢

QeEX>(J)

where (8q)qex==(s) runs through the vectors of holomorphic functions on a neigh-
borhood of —sqg for which the maps

TR:8— Z Bo(s)Ci(J;Q, R; s) for R € X*°(J)
QEX™(J)

are holomorphic at —sg with value 0.
If, for Re sg < 0, the space A} (o, J, s0) mod S, (xo0, €, S0) is non-zero, then

the scattering matriz Cy,(J) is not holomorphic at sg.
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Remark. This is the only result we state concerning the behavior in the left half
plane Re s < 0. We need it in the next chapter.
Proof. The condition on the 7r implies the existence of the limit, see Proposi-
tion 10.2.14. As 7,(Q, 0; s0) = fu(Q, 0, —s0), the limit is an element of A} (xo, J; s0)-
We take m = |c;| and families fi,..., f;, on a neighborhood Q of —sy such
that f1(—so0),..., fm(—so0) induce a basis of A4, (xo,¢s, —so) mod S;, (x0,€s, —50)-
There are holomorphic functions ag,; on 2 such that f; = 3o c o () @Q.; E(J,Q)
as an identity of meromorphic families on . Up to a cusp form, each element of
Aj (X0, J, 80) is the value at —sg of a C-linear combination f = ZT:1 ¢jf;. The
family f is holomorphic at —sg. We conclude from Proposition 10.2.14 that

TR:SHZC]' Z aQ,j(S)Cl(ﬁRyQ;S)

j=1 QeXxX>=(J)

is holomorphic at —sq for each R € X°°(.J). From Fgof(—so) € C - fu(R,0, —s0)
we obtain 7r(—so) = 0. Take Bg = >"", cjaq;.
For each P € X°°(J) the functional equation, see 10.3.5, gives

Bp(—s) > G PRs) > Bo(—s)Ci(J,R,Q;—s)

REX>(J) QEX(J)

> CGi(J, P, R; )mr(—s).
ReX>(J)

If Cl(J) is holomorphic at sg, then 8p(—s¢) = 0 for each P € X°°(.J). This implies
that the automorphic form f(—so) = lim,_._,, Bo(s)Ei(J, Q;s) is an element of
A} (X0, J, —50). As this space intersects A} (xo,J; s0) in Sy, (X0, €7, 50), We see that
f( 0) does not contribute to A} (xo,J, so) mod S, (x0, €7, S0)-

11.3 Other Poincaré families

The main result in this section is Proposition 11.3.9. It describes the singulari-
ties of those Poincaré families that are not Eisenstein families. Here we have to
separate more cases than we did for the Eisenstein families in Proposition 11.2.4.
The main difference stems from the fact that general Poincaré families may have
singularities at points of iR as well as at points in (0, 2] This can be expected
from Lemma 11.1.9. That result suggests that singularities at so (with Resg > 0)
are due to the presence of elements f of Al20 (x0, 80) with non-vanishing Fourier
term Fpm, f. In the case of an Eisenstein family, P € X°°(J), n = 0, this cannot
happen for Re sp = 0.

11.3.1 Notations. Take x1, ¥o, [, J, xo and lp as in 11.1.1. In this section we
consider Q;(J, P,n) : s — Q(J, P,n,x1;¢0,5) for P € P, n € Cp, with either
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P ¢ X orn(xo) # 0. This is the meromorphic continuation in s of the Poincaré
series Py, (P, n, X0, S).

The growth conditions ¢, and c; are different in this section (see 10.1.7).
11.3.2 Poincaré element. The points where QZ(J, P,n) may have a singularity will

turn out to be elements of ¥ (xo,l0)U{0, |7(x0)[}. The main criterion determining
the order of Q;(J, P,n) at so will be

Fpmf # 0 for some f € AZQO(XO, 50)-

Let us define the Poincaré element p;, (P, n; so) of order (P,n) in A7 (xo, so)-
It is the element of A? (xo,s0) such that Fp,f = (f, plo(P,n;so))l0 wi, (P,m, s0)
for all f € Al20 (x0,80). As the linear form f +— Fp,nf/wlo (P, n, so) is continuous
on this finite dimensional Hilbert space, such an element exists and is unique. The
criterion stated above can be formulated as p;, (P, n;so) # 0.

At sp = 0 we also need to consider the following element of A;,(xo,Cys, So):

EPJL = Z Cl(Panv J7Q7O)EZ(J7Q70)
QeX™(J)

Suppose that Ep, # 0. As Ep, is the value at s = 0 of a family é,, Proposi-
tion 9.4.16 shows that Fg oEp., # 0 for some Q € X (.J). The space Wy, (Q,0,0)
contains no regular elements other than 0. So we conclude that Ep,, & H(xo,lo)
if it is non-zero. A computation shows that Ep, # 0 implies F pnEpy # 0.

The role played by the Poincaré element p; (P, n;so) in the case so # 0 is
partly taken over by Ep,, when sy = 0.
11.3.3 Consequences of Section 11.1. Let sg € C, Re sy > 0.

We consider the family R(P,n) of Section 11.1. We suppose that Ap, and
Ag,0 for @ € X°°(J) have been chosen as indicated in 11.1.2. We take ¢, go and
R, as indicated in 11.1.3 and Lemma 11.1.9. From the Lemmas 11.1.4 and 11.1.9
we obtain:

i) 0<g<qo.
ii) If p;, (P,n;s0) # 0, then ¢ = qo.

i) If Ry(s0) € A7 (x0,50), then p; (P,n;s0) # 0 and Ry(so) is a multiple of
plo(Pan; SO)-

11.3.4 Spaces of automorphic forms. In this section we use many spaces of auto-
morphic forms, see Table 11.2. The growth conditions ¢, and ¢ satisfy ¢z, D ¢,
and |cj.,| = |cs|+ 1. This explains the top and bottom inclusions in the table. The
inclusions in between are determined by the Fourier terms of order (Q,0), with
Qe X>(J).
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so=20 Resg=0, s #0 Resg >0
Ay (X0,€7.0,0) | Ay (X0,€5n550) | Aty (X0, €n5 S0)
U @] @]
Ay (x0,€5,0) | A(xo,€s,50) | Ai,(x0,€,50)
U U U
Af (X0, J,0) A (X0, J, 50) Aj (X0, J; 50)
U I I
A7 (x0,0) A7 (x0, 50) A7 (x0, 50)

I | U
Si,(x0,¢€7,0) Si,(X0,€7,50) Si,(X0,€7,50)
@] @] @]
S1,(X05€7,n,0) | Sty (X0, €5m550) | Sio(X05 €10, 0)

Table 11.2 Inclusion and equality for some spaces of automorphic forms.

The Poincaré element p; (P, n;s0) is an element of Al20 (x0,80). It is orthogo-
nal to Sy, (X0;C€Jn, So). The automorphic form R,(so) is always an element of the
largest space Aj, (X0, Csn,S0). We investigate under what conditions it is an ele-
ment of the smaller spaces in the table. F' p.nRq(s0) is regular if and only if R,(so)
is an element of the second space, A;,(xo0,¢7, So)-

11.3.5 Lemma.

i) Let Rq(s0) € Aiy(xo0,¢,50), but Ry(so) & AIQO(XO,SO). Then sg =0, g =1,
and R4(0) is a multiple of Ep,,.

i) Let so =0. Then FgoR,(s) = co(s)iu(Q,0,—s) for all Q € X°(J), with
1 P —
cq(s) = Zupisq_lC’l(P, n; J,Q,5)Wr(Apn(s),wi(P,n,s)).

Proof. Let R € X°°(J). There is a holomorphic function cg on a neighborhood of s
such that FroRy(s) = cr(s)u(R,0;—s). We apply the Maass-Selberg relation
(Theorem 4.6.5) to R,(s) and E_;(R,—J,s). The non-zero contributions come
from the following Fourier terms:

Fmeq(s) = (s—s0)'wpApn(s)+ multiple of w;(P,n, s)
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FP,anfl(Rv 7J7 3) = Cfl(Pa —n; 7Ja R7 S)LZ),Z(P, -n, S)
FroRy(s) = cr(s)iu(R,0;—s)
FroE_i(R,—J;s) = fi_4(R,0;s)+ multiple of i_;(R,0, —s).

The Maass-Selberg relation and the definition of the map ¢ in 4.2.12 give

up(s — s0)wpC_ (P, —n; —J, R; s)Wr(Ap.,(s), wi(P,n, s))
- QCR(S)WI‘(I[H(R70’S)aﬂl(Ra()? —S))

In 11.2.2 we see that CL;(R —n; —J, R; s) can be replaced by C'l(P, n; J, R; §). For
so = 0 we obtain the expression in part ii).

We use the notations of 10.3.3. We write F(J)Ry(s) = fu(J; —s)a(s), where a
is a column vector of length |c ;| = | X°°(J)|, holomorphic in s. The @Q-th coordinate
of ais cg. Use C(J,Q,n), as defined in 10.3.5, to get

a(s) = s '(s—so)a(s)Ci(J, P,n;5)*
als) = %qupWr()\pyn(s),wl(P,n,s)).

The holomorphic function « is non-zero at sy. The * means conjugate transpose.

Suppose that the assumptions in i) are satisfied: Ry(so) € Ai,(X0,€7,50),
but Ry(s0) & A7 (xo0,50). Lemma 11.1.4 implies ¢ > 0. As Ry(so) is smooth on G
by the assumption R,(so) € A, (xo0,¢s,50), we see that not all coordinates of
F(J)R,(s0) can be regular; otherwise we would have Ry(so) € A7 (x0,50). As
L (W,0,—s; gop(2)) = y'/2=5 we conclude Res = 0. Remark 9.5.7 implies that
R,(s0) may be expressed as the sum of a cusp form and the value at so of a family
feA (€7)s,- The uniqueness in Theorem 10.2.1 implies that f is an Mso—linear
combination of the Ej(J,Q) with Q € X>°(.J). We write f = E;(J)g, with 3 a
column vector, meromorphic in s.

Let so # 0 (and Resg = 0). The E;(J,Q) are holomorphic at s (see Propo-
sition 11.2.4). As f is holomorphic as well, this implies that § is holomorphic
at so. We obtain the relation ;(.J; —so)e(so) = F(J)f(s0) = F(J)E(J; 50)5(s0) =
u(J, 50)B(50) + fu(J, —0)Ci(J3 50)3(s0). This gives B(so) = 0, and f(s0) = 0, in
contradiction to the assumption Ry(so) & A7 (x0,50)-

We are left with sg = 0 and ¢ > 0. In this situation

a(s) = s7 *a(s)Cy(J, P,n; 5)*.

Proposition 11.2.3 implies that s — CZ(J, P,n;5)* is holomorphic at 0. Hence g = 2
would imply a(0) = 0, again in contradiction to the assumption that R,(0) is not a
square integrable function. Thus we obtain ¢ = 1, and ¢(0) = «(0)C;(J, P,n;0)* #
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0. There exists f € A;(cs)o such that R,(0) — £(0) € Sy, (x0,¢7,0). Again take 3
such that f = E;(J)3. Now

FUI) = (jnl59) +in(Ti=5)Ci(T:5) ) 6(5)
= 250(J3)8(5) + ju(J; —s)(1d + Ci(s))B(s).

where \;(J;5) = (28) 7 (i (J, 8) = (J; —s)) is the diagonal matrix with \;(Q, 0, s)
at position @ € X°°(J). The term with \;(.J) has to vanish at s = 0, and we obtain
the holomorphy of 3 at s = 0. Hence

F(J)f(0) = a(0)u(J;0)Ci(J, P,n; 0)* = ju(J;0)(Id + Cy(J50))3(0).

The functional equations in 10.3.5, and the relation CZ(J; 0)* = CZ(J; 0) in 11.2.2,
give (Id — C;(J;0))C;(J, P,n;0)* = 0. Put by = %a(O)Cl(J, P,n;0)*. Then

F()F(0) — u(7:0)(1d + Ci(J:0))by = Ja(0)(d — C(7;0)Co(, p.ns 0)° =0,

and F(J)R,(0) = F(J)f(0) = F(J)E;(J;0)b;. This means that there is a cusp form
g1 € Si,(x0,¢,0) such that

. 1 . . 1
R4(0) — g1 =E(J;0)by = 504(0)E1(J; 0)Cy(J, P,n; 0)" = §Q(O)Ep,n~

As q # 2, we have p; (P,n;0) = 0 (part ii) of Lemma 11.1.9). This means that
the cusp form g1 = R4(0) — %ozEpm is an element of Sy, (xo0,CJn,0). We apply
Proposition 9.4.16 twice. First we take ¢ = ¢ to see that g; is orthogonal to Ep,,.
Next we use ¢ = ¢, to conclude that g; is orthogonal to R,(0) as well. Both times
orthogonality is understood in the sense of Remark 9.4.16. Hence ¢; is orthogonal

to itself, even in the sense of Lebesgue integration, and vanishes; R,(0) is a multiple
of Ep . As Ry(0) & A? (x0,0), we obtain Ep,, # 0

lo
11.3.6 Lemma.
i) If py, (P, m;80) # 0, then so € X(xo,l0), ¢ = qo, and Ry(so) € C-p,;, (P, n;s0).
ii) If so =0, p,(P,n;0) =0 and Ep, # 0, then ¢ =1 and Ry(so) € C- Epy.
iii) In all other cases ¢ =0 and Rq(so) & A, (x0,€J,50)-

Proof. Let p;, (P, n;s0) # 0. Then q = go (see 11.3.3), and A7 (xo, s0) 7 {0}, hence
S0 € X(x0,lo). Lemma 11.1.4 implies that R4(s¢) is an element of A;,(xo, ¢, so). If
R,(so) were not in Al20 (X0, 50), then sg = 0, and ¢ = 1, see part i) of Lemma 11.3.5.
This would contradict ¢ = go. Statement iii) in 11.3.3 shows that R,(so) is a
multiple of p; (P,n,s0).
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Let so = 0, p;,(P,n,s0) = 0. From 11.3.3 we obtain R,(0) & A7 (xo,0)-
Suppose ¢ = 0. We use the formula for the holomorphic function cg in part ii)
of the previous lemma. This formula shows that C'Z(P,n; J, R;0) has to be zero
for all R € X*°(J) to counteract the factor s~!. Hence Ep,, vanishes. If ¢ = 2,
then Fg oR,(0) = 0 for all Q € X>°(.J) by the same formula. Lemma 11.1.4 would
imply Ry(0) € A7 (x0,0). We end up with ¢ = 1. Lemma 11.3.5 states that R,(0)
is a multiple of Ep,,.

Let p;,(P,n,80) = 0, and Ep, = 0 if sp = 0. Assertion iii) in 11.3.3 ex-
cludes Ry(so) € A7 (xo,50), and part i) of Lemma 11.3.5 shows that R,(so) €
A, (X0, €, 80) is impossible as well.

11.3.7 Reformulation. Now we turn to the singularities of the family Q;(J, P,n)
itself.

We denote by r the order of Q;(J, P,n) at so; i.e., r is the integer for which
Fy = limg_4, (s — 80)_’"Ql(J, P,n; s) exists and is non-zero. In 11.1.2 and 11.1.3
we see that r = i(P,n) — q.

i(P,n) =0 i(Pn)=1
89 # 0 Sp = so#0 S0 =
Py, (Pn;s0) #0 | r=—1 r=—2 r=0 r=-1
Fy € C-py, (P,n;s0)

p;, (P,n;0) =0 r=-—1 r=20
and Ep,, # 0 F, eC-Ep, FreC-Ep,
Py, (P15 80) =0, r=20 r=1
and if so =0
then Ep, =0 Fi & A, (x0,€7,50)

Table 11.3 The order of Poincaré families along vertical lines.

Lemma 11.3.6 implies the results in Table 11.3. A singularity corresponds to
r < 0. We see that singularities can occur only for so € {0, |7(x0)|} U Z¢. Indeed,
Resy > % is impossible, as the Poincaré series converge in that region. Further
Py, (P,n; s0) # 0 implies so € . The sole element of Xy in [0, 3] is [7(xo)|-

The next lemma gives more information on the case so = |7(xo0)|- Remember
that 7 = 7(xo) characterizes the weight modulo 2: it is determined by —% <7< %

and 7 = (lp — 1) mod 1.

11.3.8 Lemma. If 7(xo) # 0 and Q;(J, P,n) is singular at |7(xo)|, then either
PePy,n=1=0, and xo =1, orly € 7Z and 7(xo)lo < 0.
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Proof. Let 7 = 7(x0) # 0, hence ly & 1+ 27Z: put so = |7|. Suppose that Q;(J, P, n)
is singular at |7|. Table 11.3 shows that p; (P,n;[7|) # 0, and i(P,n) = 0. The
idea of the proof is to combine the conditions for i(P,n) = 0 in Table 11.1 on
p- 192, with the results in Propositions 6.7.3 and 6.7.6.

PeX*>® n#£0 PePy

losignn < 2|7| 4+ 1 n+1lo| — §ln —lo| < 2|7|+1

A or or
losignn # 2|7| +1mod 2 | 2{n+1lo| — $|n — lp| # 2|7 + 1 mod 2
B bzb>0 077 ifr=>3
b = 27signl otherwise
C nsignly >0 nsignlyg > b
[lo] <2|7|+1 min(|lol, [n]) < 2|7] +1

D or or

[lo] # 2|7| + 1 mod 2 min(|lpl, |n]) # 2|7| + 1 mod 2
E [lo] < b min(|lp],|n]) < b

Table 11.4 Conditions in the proof of Lemma 11.3.8.

Let us first draw conclusions from Table 11.1. In the case P € X*° we have
n # 0. This means that ¢ = signn. The condition 0 < sy = |7| is satisfied
automatically. Hence we have lgsignn < 2|7| + 1 or lpsignn # 2|7| + 1 mod 2. In
the other case, P € Py, there are the quantities p = $|n—Io| and ¢ = % |n+lo|. From
i(P,n) = 0 we conclude that t|n+1lo|—%|n—1lo| < 2|7|+1 or 3|n+1o|— F|n—lo| #
2|7| + 1 mod 2. Thus we have obtained line A in Table 11.4.

P, (P,n;|r]) # 0 implies ker(A(xo,lo) — 1 + 7°) # {0}. Proposition 6.7.3
shows that this is possible in four cases. The first case is immediately seen not to
apply. In the last case l[p = 0, 7 = %7 we use that A120 (x0, %) is contained in the
space of constant functions. This implies n = 0, and hence P € Py. Moreover,
p;, (P,n;|7]) has to vanish if the character x is not trivial. We have obtained the
first possibility in the lemma. It satisfies the top conditions in part A of Table 11.4.

In the remaining two cases in Proposition 6.7.3 there is a positive number b
such that ‘17771‘ = |7|, b = +lp mod 2, and b < +ly. This gives Iy # 0 as new
information. In the case 7 = % we conclude b = 2. Let 0 < |r| < 1. Then
0<b<lpl,b=|lp| mod 2, and b = 14+2¢|7|, with ¢ € {1, —1}. Sosignily (27 +1) =
b =1+ 2(|7| mod 2. Hence b = 27signly + 1. We have put this information in
line B of the table.
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The condition p; (P, n,|r|) # 0 implies ]:ﬁp’npl0 (P,n,|7|) # 0. According to
Proposition 6.7.6, this can happen only if the conditions in part C of Table 11.4
are satisfied, for b as defined above. (We have used that n #£ 0 if P € X°.)

From B and C we conclude that signly = signn. Hence £|n +ly| — £|n — lo|
in part A is equal to min(|lg|, |n|). We replace A by D. We have to show that B,
C and D together imply 0 < || < % and Tly < 0

Let us assume that 7 = % This corresponds to ly € 2Z. Now the bottom
assertions in D in Table 11.4 are false; use n = lp mod 2 in the case P € Py. If
P € X°°, the top assertion in D becomes |ly| < 2, in contradiction to iy # 0. If
P € Py we obtain |n| > 2 from C, and obtain a contradiction to D as well.

We are left with 0 < |7| < 4. The definition of 7 implies 2|7| + 1 = [y sign .
This means that the bottom line in D is equivalent to signiy # sign7. (In the case
P € Py we use that C implies |n| = |lp| mod 2.) This gives the second alternative
in the lemma. To complete the proof assume that signly = sign7. The top line
in D gives the statements in E. These are in contradiction with |lo| > b, and in
the case P € Py, |n| > b; see B and C.

11.3.9 Proposition. Poincaré families. Take xq, [, lo and J as in 11.1.1. Take
P e P, neCp; suppose n(xo) # 0 if P € X°(J). The meromorphic continuation
Ql(J, P,n) of the family of Poincaré series s — Py (P,n, xo0,s) has no singularities
in the closed half plane Res > 0, except for:

i) a first order pole at sy € Xe(x0) ~ {0} if Fpnf # 0 for some f € A7 (x0,50);
i1) a singularity at so = 0 in the following cases:

a) if prnf %0 for some f € Al20 (x0,0). The order of the singularity is 1
if lo € 1 4+ 27Z and lyn > 0; otherwise the order is 2.

b) if Fpnf =0 for all f € A? (x0,0), but Ep,, # 0, and either ly ¢ 1+ 27
or lgn < 0. The order of the singularity is 1.

i) at so = |T(x0)|, with 7(xo0) # 0, a pole of order 1 in the following cases:

a) PePy,n=1y=0 and xo = 1;
b) lo € Z, 7(xo)lo < 0 and Fp,f # 0 for some automorphic form f €
A7 (x0,7(x0))-

Remarks. Ep,, = ZQE)(OO(J) C'l(P,n; J, Q;O)El(J7 Q@;0), see 11.3.2.

More detailed information, concerning not only the singularities but the zeros
as well, may be found in 11.3.7, and in Lemma 11.3.8.

Ezamples are discussed in 13.4.5-13.4.6.
Proof. Let QZ(J, P,n) be singular at so with Resg > 0. This means that r < 0
in Tauble1 11.3. We have Re sg < % from the convergence of the Poincaré series for
Res > 3.
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First consider so # 0, so # |7(xo0)|- This implies (P,n) = 0; see Table 11.1.
Table 11.3 shows that in this case r < 0 if and only if i(P,n) = 0 and p; (P, n, s0) #
0. If this holds, then r = —1. Part i) of the proposition follows from part i) of
Lemma 11.3.6 together with the definition of the Poincaré element p;, (P, n, so).

Next consider sg = |7(x0)| > 0. Lemma 11.3.8 leaves open two possibilities for
a singularity to occur. The first possibility is n = Iy = 0, xo = 1. Then the constant
function 1 satisfies F pol # 0, and i(P,0) = 0. Hence a first order singularity really
occurs. This is part iii)a). The other possibility is lg € Z, 7lyp < 0. A reasoning
similar to the proof of Lemma 11.3.8 gives i(P,n) = 0. Table 11.3 gives part iii)b).

We consider the case sy = 0. The condition p; (P,n,0) # 0 leads to the
condition in ii)a). In Table 11.1 we see for P € X that i(P,n) = 1 if and only if
lp € 1427 and signn = sign ly. The case P € Py is a bit more complicated. We use
the fact that n = I mod 2 to obtain g—p—1 =0mod 1 <= 1|n+l|—3n—lo| €
1+ 2Z <= min(|n|, |lo]) - sign(nly) € 1 +2Z <= Iy € 1+ 2Z. The condition
q—p—3 > 0 amounts to min(|n, |lo|) -sign(nly) > 1. This is equivalent to nly > 1,
if we already know that n,ly € 1 + 2Z. This gives ii)a).

Finally, consider s = 0, p;,(P,n,0) = 0, but Ep,, # 0. Now r = —1 if and

only if ¢(P,n) = 0. This is the negation of the condition that we have considered
above.
11.3.10 Resolvent kernel. Case iii)a) of Proposition 11.3.9 states that the resolvent
kernel in weight zero (see 5.1.8) has a singularity at s = % if and only if the
character g is trivial. Suppose xo = 1. The same reasoning as in Remark 11.2.7
shows, for P € Py:

lim (s — %)QO(J(OLP,O;S) = 4mvol(T\$H) ! - 1.

s—1/2

This implies that s — Qo(J(0), P,0; s) — 4w Ey (J(0), Q; s) is holomorphic at s = i
for all Q € X*°.



Chapter 12
Singularities of Poincaré families

In this last chapter of Part I we consider singularities of Poincaré families de-
pending on the character and the spectral parameter jointly. The results are by
no means complete. We consider singularities at points (¢, sg) with ¢g € V,. and
Re sg > 0. Our point of view is local.

Singularities of families of eigenfunctions on a parameter space of complex
dimension more than one may be quite complicated. The first two sections serve
to get some hold on these complications. The main idea is to approach a given
point wqy of the parameter space along a one-dimensional path. The family of
automorphic forms to be studied is restricted to this path. The resulting one-
dimensional families are not as nice as the ‘vertical’ ones of the previous chapter.
In particular, they are no longer determined by their non-regular Fourier terms.
But a suitable multiple of the family still has a non-zero limit at wgy. This limit
is an automorphic form with weight, character and eigenvalue determined by wy.
If we vary the path through wy, the value of the limit may change. The resulting
automorphic forms may span a space of dimension larger than one. If this dimen-
sion is high, the family of automorphic forms behaves in a complicated way at the
point wyq.

As in the previous chapter, the Poincaré families for regular and singular
(P,n) cannot be handled in exactly the same way. We shall give a unified treat-
ment as far as is feasible. We treat restricted and more general parameter spaces
separately (see 10.2.11 for the definition of restricted parameter spaces). In the
non-restricted case there are singularities that are not at all related to spectral
features, but to the fact that at a cusp the condition of regularity does not always
determine a submodule of W;(Q, m) with O-rank one.

The main results on the singularities of Poincaré families on general param-
eter spaces we state in Propositions 12.4.2 and 12.4.3, and those on restricted
parameter spaces in Propositions 12.5.8 and 12.5.9.

12.1 Local curves

In 7.4.15 we have seen that for a one-dimensional parameter space a section of an
eigenfunction module has a well determined order at each point of its domain. This
does not hold in higher dimensions. For a local study of families of automorphic
forms on a higher dimensional parameter space it is interesting to probe them along
a path of complex dimension one. This means that we compose these families with

213
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a morphism of parameter spaces. That gives families on an easier parameter space.
In this section we consider such morphisms.

12.1.1 Minimal holomorphic maps. W denotes a parameter space. We fix wy € W.

We consider holomorphic maps j : U — W, with U a neighborhood of 0
in C, such that j(0) = wg. If one such map is given, we can form other ones by
taking the composition jo h : Uy — W, with h : Uy — U be holomorphic, U; a
neighborhood of 0 in C. If A/(0) # 0, then h has an inverse near 0, so we can get
back j from j o h by the same method.

We call j minimal if it cannot be written in the form j = j; o h with j; :
Uy — W and h : U — U; holomorphic, h(0) = A/(0) = 0. If j is minimal, then it
cannot be constant.

12.1.2 Definition. A local curve at wq is a holomorphic map j : U — W, with U
a neighborhood of 0 in C, j(0) = wy, that is minimal in the sense stated above.

Ezample. In the previous chapter we studied Poincaré families along ‘vertical’ local
curves u — (@, So + u).

Actually, the essential objects are germs of local curves; local curves j; and
J2 through wy determine the same germ if they coincide on a neighborhood of 0
in C. But we shall work with representatives of such germs.

If h is holomorphic at 0, h(0) = 0 and h’(0) # 0, one might also call j and
j o h equivalent. We shall not identify them, as j and j o h may lead to different
limits of families of automorphic forms.

12.1.3 Parameter space. Let j : U — W be a local curve at wg in the parameter
space (W, x, s). Define s(;y = s 0 j, x(j)(7) = x(7) o j for all v € I. This makes U
into a parameter space, and j into a morphism of parameter spaces. For ) € P we
denote the set {noj:n € c(Q)} by ¢;(Q). So ¢(j) is a growth condition on U.

12.1.4 Definition. Let ¥ be a non-zero holomorphic function on a neighborhood
of wy with ¢(wp) = 0. We call a local curve j : U — W at wq a local curve at wy
along N () if ¥(j(u)) =0 for all u € U.

The Theorem of Puiseux, see Lemma 9.4.12, provides us with such local
curves:

12.1.5 Lemma. If 7(z,t) = t* + 25;3 aj(2)t?, as in Lemma 9.4.12, represents an
irreducible element of the stalk Oy, then there exists a holomorphic function h on a
neighborhood U of 0 in C such that u — (u¥, h(u)) is a local curve at 0 along N (7).
There is a neighborhood 0 of 0 in C? such that N(7)NQ C j(U).

Remarks. This gives the existence of a local curve at 0 along N (7). This holds
even if 7 is not irreducible: apply the lemma to an irreducible factor.

It is essential that the number of variables is two.
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Proof. Take d and h as given by Lemma 9.4.12, and j : u +— (u?, h(u)). In the
proof in [14], Chap. III, §1.4-6, we find at the end of §1.6, on p. 135, that

k
Tl(Z,t) — H (t _ h<€27ri’rn/dzl/d)>

m=1

determines a holomorphic function on a neighborhood Q of 0 in C? dividing 7 in
the stalk Op. For an irreducible 7 this gives d = k, and N(7) = N(m). If Q is
small enough, then for each wy = (21,t1) € QN N(7), we have t; = h(e2™™/yq)
for some m and some ug with ug = 21. Hence w; = j(e‘zmm/duo).

Moreover, if h is of the form h(u) = h;(u') with h holomorphic at 0 in C
and [ dividing d, then 7y is the product of | holomorphic factors. Hence [ > 2 is
impossible.

Suppose j : u +— (u, h(u)) can be written as j = j; o, with j; : v
(a(v),b(v)), a, b and ¢ holomorphic at 0 in C with value 0. We have to show that
c(0) # 0.

Write ¢(u) = uYei(u) and a(v) = v®a;(v), with «a,v > 1, a; and ¢; holo-
morphic at 0 with a non-zero value. Then d = ay. As a1(0) # 0, there is ag,
holomorphic at 0, such that a1 = a$. Put ¢ : v — vag(v), then a = ¢*, and
¢ has a holomorphic inverse ¢~ on a neighborhood of 0. Put jo = j; 0 . It
has the form jo : ¢ — (t%,b(¢*(t))). For each t near 0, there is a number u such
that ¢t = ¢(c(u)). From j = js o ¢ o ¢ we conclude that 7(j2(¢t)) = 0 for all ¢ in a
neighborhood of 0. We have seen that irreducibility of 7 implies &« = k = d, hence
~v = 1. This means that j is minimal.

12.1.6 Existence of local curves in higher dimensions. Consider dim(W) =n > 2.
Suppose that ¢ € O,, is not a unit, and ¢ # 0. We pick coordinates z1,..., 2,
with z;(wo) = 0 on a neighborhood of wy in W, in such a way that 1 does not
vanish identically along the line given by z; = 20 = ... = z,_1 = 0. This is always
possible. The zero set N () does not change if we multiply ¢ by a unit at wg. So
we may assume that ) has Weierstrass form in z,, see, e.g., [23], Corollary 6.1.2.
We apply Lemma 12.1.5 to an irreducible factor of 7(u,t) = ¥(up1, ..., upn—1,t)
for each non-zero (p1,...,pn—1) € C*~! sufficiently close to 0. Thus we obtain a
local curve at wg along N (3).

12.1.7 Proposition. Suppose dim(W) > 2. Let 1 and n be non-zero holomorphic
functions on a neighborhood of wq such that ¥(wg) = 0, and n is relatively prime
to ¢ in the ring Oy, . Then there is a local curve j : U — W along N (v) such that
n o j is not the zero function.

Proof. Take coordinates as above. Replacing n by 1 + ¢ (if necessary) we arrange
that both + and n do not vanish along the line z; =0, j = 1,...,n — 1. Again,
we can assume that ¢ and 7 have Weierstrass form in z,. As in the proof of
Lemma 9.4.13, the fact that ¥ and n are relatively prime leads to the existence of
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holomorphic functions I, f; and fo on a neighborhood of wg with I = fi9 + fon,
such that [ is not identically zero, and does not depend on z,. Take a point w;
near wg such that u +— I(uzi(w1),...,uz,—1(w1)) is not the zero function. Apply
Lemma 12.1.5 to an irreducible factor of ¢(u,t) = v (uzi(w1),. .., uzp_1(wo),t).
This provides us with a local curve j : v — (v, h(v)) along N (¢)); it can be consid-
ered as a local curve along N (1)) as well. As [(j(v)) = [(v¥z1(w1), ..., vz, 1 (w1)),
we conclude that 1 o j cannot vanish identically.

12.1.8 Parameter spaces for Poincaré families. We specialize W to have the form
(4 V) xC, with V=C ®g V, for an R-linear subspace V,. of V.., and ¢ € V,.

Let wo = (0, 50) € (¢ + V) x C, and let o1 € V. We define a local curve
at wo with direction ¢; to be a local curve of the form u +— (o +upy, so+ h(u)).
If d = 1 we call this local curve linear, if d = 2 quadratic.

12.1.9 Real type. Let wo = (vo, s0) € (¢ + V) x C, with ¢g € V.. We call ¢ € Oy,
a germ of real type if Y(p,s) = 0 and ¢ € V, imply ; — s* € R.

12.1.10 Lemma. Suppose dimcV =1, @9 € V., and suppose that 1 € Oy, is a
germ of real type that does not vanish identically along {po} x C. Any local curve
along N(¢) given by Lemma 12.1.5 (with z corresponding to a coordinate on V,
and t to a coordinate on C) is linear if so # 0, and linear or quadratic if sy = 0.

Proof. We can assume that 1) has Weierstrass form in the s-direction. As i—sg eR,
we have sg € RUIR. Let ¢1 € V., o1 # 0, and let 7(z,t) = ¥(po+2p1, So+ta), with
a=1if sp € R, and a = —i otherwise. Consider the local curve j : u — (u* h(u))
along N(7) given by Lemma 12.1.5. Put ho(u) = h(u)? if sp = 0, and hg = h
otherwise. Then ho(u) € R for all u near 0 such that u* € R. Take u € R to see that
ho = hg. We have hq(re™/*) = ho(remim/k) = ho(re="™/*) = ho(re=™"/*) for
all real r near 0, for each m € Z . This implies that hg is of the form hg(u) = hy (u)
with h; holomorphic at 0. Note that hy(0) = 0.

In the case sg # 0 this gives 7(u”, hy(u¥)) = 0 for all u near 0 in C. The
minimality in the definition of local curve implies k = 1. Hence u — (¢o+up1, So+
ah(u)) is a linear local curve along N(v¢) with direction ¢y .

Let sp = 0. If k is odd, the fact that u — hy(u*) is the square of the
holomorphic function h implies that h(u) = ho(u*), with hy holomorphic at 0. In
that case & = 1 by minimality. Suppose k to be even. Write hi(u) = u™hs(u),
with m > 1 and h3 holomorphic at 0 with non-zero value. Then hs is the square
of a holomorphic function hs. This gives h(u) = +u*™/?hy(uF), and k = 2 by
minimality.

12.1.11 Proposition. Let dim V > 1, and let wy = (@0, 80) € (¢ + V) x C. Suppose
that ¥ and n are holomorphic on a neighborhood of wy, such that ¥(wg) = 0, but ¥
is not identically zero along the line {o} x C, and 1 is relatively prime to ¢ in the
stalk Oy,. Then there are o1 € $ +V,. and s1 € C such that (p1,51) € N(¢) and



12.2 VALUE SETS 217

n(¢1,81) # 0. For each (p1,51) of this type, there is a local curve j along N (1)
with direction w1 — o such that no j is not the zero function.

Suppose in addition that ¢ has real type. If sy = 0, then j s linear or
quadratic, otherwise it is linear.

Proof. We can assume that 1 is irreducible in the stalk O,,,. By replacing n by
1 + 1 (if necessary), we arrange that n does not vanish along {¢pg} x C. Use the
same proof as for Proposition 12.1.7, but take coordinates zi,...,z,_1 that are
real on V,, and z, = s — sg. The point (z1(w1),...,2zn—1(w1)) may be taken to be
real, c.f. Lemma 9.4.13. Apply Lemma 12.1.10 to the local curve obtained in this
way.

12.1.12 Remark. If dim V' > 1, one might want to construct holomorphic maps
o — (¢, h(¢)), with h holomorphic on an open set in V', with image contained in
some given N (¢). Even if ¢ is of real type this need not be possible. Kato, [25],
Ch. IT, Remark 5.12, gives the following example: Take dim V' = 2, and coordinates
(v1,v2) on a piece of V; (v1,va, 8) = (s—89)% —v? —v3. Along lines u — (udy, udz)
we can take a holomorphic square root of v? + v2, but not on a two-dimensional
neighborhood of (0, 0).

12.2 Value sets

Holomorphic families of automorphic forms are determined by infinitely many
holomorphic functions: a family f is determined by the pointwise evaluations f, :
w +— f(w;g), with g running through Gp. If the parameter space W has complex
dimension larger than one, then different f; may be relatively prime in a stalk
O, without being units at w. So, if f has a zero at w, it might happen that f
cannot be divided by any non-unit in O,,. But if we approach w along a path with
complex dimension 1, we may divide f by a power of a local coordinate at w, and
end up with a non-zero automorphic form as its value.

In this section we use local curves to probe germs of families of automor-
phic forms. Actually, we proceed a bit more generally and consider families of
eigenfunctions, as discussed in Section 7.3.

12.2.1. Let wq be a point of the parameter space W, ¢ a growth condition on W,
and [ a weight. In this section we do not restrict our attention to the germs in
Ai(€)w,, but consider also the germs in Ajo;(c(j))o, and the values f(wo),g(0) €
Ajwe) (X(wo), e(wo), s(wo)) of f € Ai(c)w, and g € Aj(c(;))o for all local curves
j: W1 — W at wg. In 7.3.14 and 7.5.4 we have indicated how to relate the sheaves
Ai(c) and Ajoj(c(;)). We need to work with this relation, not only for modules
of families of automorphic forms, but also for Fourier term modules. Perhaps the
aesthetically most pleasing way to handle this would be to work with the functor
assigning an A;(c) to each parameter space, and similar functors. Here we are
content to proceed under the following assumptions:
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12.2.2 Assumptions. In this section we consider an eigenfunction module H on W.
This eigenfunction module is a submodule of some F;(U) with | € wt, and U
an open subset of G satisfying UK = U. We assume that for all local curves
J: Wi — W at wg there is an eigenfunction module H;y C Fio;(U) on W; such
that j*H C j.H(;); see 7.3.14. We take for each w € W a subspace H(w) of C*>°(U)
that contains all values f(w) with f € H,,, as well as all g(0) where g runs through
(H(j)), and j runs through the local curves at w.

Ezamples. H = Ai(c), Hy = Awjleyy), Hw) = Ay (x(w), c(w), s(w)). Or
H =Wi(P,n), Hijy = Wiej(P,noj), H(w) = Wi (P,n(w), s(w)).

12.2.3 Primitive germs. We call a germ f € H,,, primitive if f # 0 and H,,, N
(Mwo'f)zowo'f'

Let f € (M ®o H),,- If ¥ € My, has been chosen such that ¢ f is primitive,
then we call ¥ f a primitive multiple of f.

On a parameter space W of dimension one, the value at wqy of a primitive
germ is not zero. On parameter spaces of higher dimension this may happen if there
are elements ¢; and g2 in the set U (on which H lives), such that w — f(w;g1)
and w — f(w;ge) are relatively prime in O, .

12.2.4 Lemma. Each non-zero element of (M ®o H),, has a primitive multiple.
This multiple is unique up to multiplication by an element of Oy, .

Proof. We show that for each M, -linear subspace X of (M ®o H)wo with My,-
dimension 1, the O,,,-module Xo = X NH,, is generated by one element.

Take f € Xy, f # 0. If f vanishes on N(¢) for some irreducible ¢ € O,,,
then Lemma 7.3.9 and Definition 7.3.11 show that if € Xo. Replace f by if.
After a finite number of steps f does not vanish on any N(¢) with ¢ € O,
Y(wo) = 0, ¥ # 0. Suppose g € Xo. Then g = X f, with v and § relatively prime
in Oy,. Now dg = vf implies that f vanishes on N(4). Hence § is a unit in Oy,
and g € Oy, - f.

12.2.5 Lemma. Let f € H(Qo), with Qo a neighborhood of wg. If the germ of f
at wy s primitive, then there exists a meighborhood 0 C Qy of wg such that the
germ of f at w is primitive for all w € €.

Proof. If f(wg) # 0, then clearly f(w) # 0 for all w in some neighborhood 2 C Qg
of wg. This gives primitivity at all points of 2.

Let f(wg) = 0. For g € U we define f; : w — f(w;g). Take g1 € U such that
fg. # 0. As [ is primitive at wq, there is some go € U such that f,, and fg, have no
common factor in O,,. Then f,, and f,, are relatively prime on a neighborhood
Q C Qp of wy, see [23], Theorem 6.2.3. Consider w; € Q, and «, § € O,,, relatively
prime, such that % f € H,,. Then 3 divides fg, and fg, in O,,, hence 3 is a unit,
and %f € Oy, - f. This shows that f is primitive at ws.
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12.2.6 Remark. Let f € (M ®0 H)w,, [ # 0, and let ¢ f be a primitive multiple.
The reasoning in the proof of Lemma 7.4.14 shows that N (¢) and Pol(f) coincide
as germs at wg.

12.2.7 Definition. Let f be a primitive germ in H,,,. For a local curve j : V — W
at wp, the germ foj € (H(j))o need not be primitive; it may even vanish if
dimW > 2. If foj = 0, we define f[j] = 0 € H(wp). Otherwise we take m > 0
such that v — v~ (f o j)(v) is primitive, and define f[j] € H(wp) as the non-zero
value at 0 € C of this primitive germ. Thus we have defined f[j] € H(wy) for each
local curve j at wg.

We define the value set of f at wqg as

f{wo} ={ flj] : J local curve at wy }.

12.2.8 Lemma. Let f € H,, be primitive. Then there are the following possibilities
for f{wo}:

i) f{wo} consists of one non-zero element of H(wg). This occurs if and only if

f(wo) # 0. If this holds, then f{wo} = {f(wo)}.
it) f{wo} is a linear subspace of H(wo) minus the origin.
1) f{wo} is a linear subspace of H(wp).

In the cases ii) and i) the dimension of f{wo} U{0} is at least 1.

Proof. It f(wo) # 0, then f[j] = f(wo) for each local curve j at wg. This gives the
forward implication in i).

Suppose f(wp) = 0 in the remainder of the proof. As f # 0, there is a
local curve j such that foj # 0. From f o j(0) = f(wo) = 0 it follows that
0 # flj] = limy—ou™™(f o j)(u) for some positive m. Take j1(u) = j(tu) with
t € C*; then f[j1] = t™ f[j]. This shows that C* - f{wo} = f{wp}, and gives the
reverse implication in i).

Suppose h; = lim,_ov™™i(f o j;)(v), m; > 0, with j; a local curve at wg
for i = 1,2, and let hy # 0, he # 0 and hy # —hs. Take a3 = ma/(m1,m2) and
as = my/(my, ms). Choose coordinates at wq such that wg corresponds to 0 € C%.
Consider the expansion in z,y € C? on a neighborhood of 0. We have f(z+1v;g) =
f(z;9) + f(y; g)+ higher order terms in x and y, for each g € U. Put jo(v) =
J1(0% ) +72(0% ). We obtain £(jo(v); ) = v™ hy (g)+O(v (D)) 4y by ()
O(v®2(m2tD)) = u™ (hy(g) + ha(g)) +O (v™F1), with m = myma/(m1, m2). Hence
limy, o v~ f(jo(v);9) = h1(g) + ha(g). Apply Lemma 7.3.8 and the fact that we
are working with an eigenfunction module to see that hy + hg is in H(wq). If jo
is not minimal in the sense of 12.1.2, write jo = j o h. We obtain h; + hsy as the
value at 0 of v — v™/f o j(v), where t is the order of h at 0.
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Thus we see that if for two non-zero elements h; and hy of f{wg} the sum
hi1+ hg does not vanish, then hy +hy € f{wo}. Together with C* - f{wo} = f{wo}
this leaves ii) and iii) as the possibilities.

12.2.9 Remark. We have defined f{wg} for a primitive germ. Replacing f by 9 f,
with ¢ a unit in O,,, has the effect that all elements of f{wy} are multiplied by
(wp). In the cases ii) and iii) of the lemma this does not change f{wg}.

12.2.10 Definition. Let f € (M ®o H),,,, [ # 0. Let fi be a primitive multiple
of f. If fi(wg) # 0 we call the germ f of determinate type, otherwise f is of
indeterminate type.

If f is of indeterminate type the set fi{wp} does not depend on the choice
of the primitive multiple fi. In this case it is sensible to define f{wo} = fi{wo}.
We do not define f{wp} for a non-primitive germ f of determinate type.

12.2.11 Remarks. All non-zero germs in M, - f are of the same type. In particular,
a holomorphic germ may have indeterminate type.

If dim W < 1, then each non-zero element of (M ®¢ H)q, has determinate
type. This should not be confused with wg being a point of indeterminacy of
a meromorphic function h, where the zero set and the polar set intersect each
other. In that situation h takes any value in any neighborhood of wy; c.f. [23],
Theorem 6.2.3.

12.2.12 Proposition. Suppose dim W > 2. Let f € (M ®o H),,, be of indeterminate
type at wy. Then f{wo} spans a linear subspace of H(wy) of dimension at least 2.

Proof. We assume f to be primitive. Take a local curve j; at wg such that f[j1] # 0.
There is a g1 € U such that f[j1](g1) # 0. Proposition 12.1.7 gives a local curve j,
at wo along N (fg, ) such that fojs is not identically zero. But u — f(j2(u),g1) =0
for all u near 0, hence f[j2](¢g1) = 0, whereas f[j2] # 0. As f[j1](g1) # 0, we have
obtained two linearly independent elements of f{wp}.

FEzample. In 15.6.21 we give an explicit example of a two-dimensional value set.

12.2.13 Proposition. Let f € (M ®o H) (), f # 0, Qo a neighborhood of wy.
Define Indet(f) = {w € Qq : the germ of f at w is of indeterminate type}. This
is an analytic subset of Qo, and dim,,, Indet(f) < dim(W) — 2.

Proof. We can assume that f € H(€p), and that it is primitive at all points
of g, see Lemma 12.2.5. Again we use f; as defined in the proof of that lemma.
Definition 12.2.10 amounts to

w € Indet(f) <= VgeU: fy(w) =0.

Hence Indet(f) is the intersection of the analytic sets N(f,) for g € U. In [17],
Ch. 5, §6.1 we see that any intersection of analytic sets is analytic.

Take g1, g2 € U such that fy, and fg, are relatively prime at wy. In [17], Ch. 5,
§2.4 we see that dim,,, N(fy,) = dim(W)—1 for i = 1,2. If N(f,, ) NN(f,,) would
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have the same dimension at wy as N(f,,), then fy, would have an irreducible
factor in common with f,, in O,,, see [17], Ch. 5, §3.2. Hence dim,,, N(f) <
dimwn (N(f91) n N(ng)) < dlm(W) -1

12.3 General results on singularities

We turn to the study of singularities of Poincaré families depending both on char-
acter and spectral parameter. The previous sections have given us some idea of
the complications we may expect when dealing with families of automorphic forms
on a parameter space with dimension more than 1.

Like we did in the previous chapter, we first consider the families R(P,n)
obtained in Proposition 10.2.4. These families behave well with respect to a holo-
morphic basis of the Fourier term modules. We use these results in the later sections
to obtain information concerning singularities of the actual Poincaré families.

12.3.1 Notations. We fix an R-linear subspace V,. of V. with dimg V,. > 0. We put
V=C&rV,.

We take J, P, n, x1, | and ¢p,, as in Theorem 10.2.1. We fix ¢y € J%
this is a stronger condition than the one in 10.2.3. We put xo = x1 - exp (¢0),
lo =1(x1,%0), no = n(po), and take so € C, Resy > 0, and put wg = (g, s0). We
take a neighborhood Uy of ¢ in ¢g + V and a neighborhood €y of wy contained
in UO x C.

12.3.2 Basis. We choose Ag , and vg., in M ®@p W;(Uy x C) for all Q € P,
m € cpp(Q), such that

i) /\Q,m7 vQm € WI(QO).
i) Wr(Ag.m, VQm)(w) # 0 for each w € Q.

i) vg,m(po,s) = Mm(Q,m;po; s) for all s € C such that (g, s) € Q. The section
71(Q, m) has been defined in 10.1.8; 7;(Q, m; ¢o) denotes its restriction to the
vertical line {po} x C.

Outside {po} x C the sections vg ., and 7;(Q,m) need not have the same restric-
tions to vertical lines. The sections A\g,, and vg ,, satisfy the conditions in 10.2.3.
We have imposed the additional condition of holomorphy on 2.

12.3.3 Transformation. The standard sections p;(Q, m) and 7;,(Q, m) can be ex-
pressed in this new basis by

( 11(Q, m) ) _ (aR,m 5R,m) ( AQ.m )
nl(Q:m) YR,m 5R,m VQ.m
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with &g m,...,0Rrm meromorphic on €y for all (R,m) with R € P and m €
cpn(R). For these (R, m) we have

FR,le(Jv Pa n)
= 0pRrOnmwp(P,n)+ Di(R,m;J, P,n)n (R, m)
€ (0pROnmwpapn + Di(R,m;J, P,n)YRm) ARm + M(Qo) - VR,m;

hence

Q(J,P.n) = apuR(Pn) + Y fyj—’le(R,m; J, P,n)R(R,m),
R

(R,m)
where R(R,m) denotes the families of automorphic forms that we obtained in
Proposition 10.2.4. The D; occurring in the right hand side are Fourier coeflicients
of some @;. So this relation does not explicitly express the Poincaré families in
terms of the families R(Q, m).
We define the Fourier coefficients B(Q2, ma; Q1,m1) of R(Q1,m1) by

FQz,’mz R(Qh ml) = wQ15Q27Q16m2,m1 )‘Q17m1 + B(Q27 ma; Q1, ml)VQz,mz

for Q1,Q2 € P, m1 € €5, (Q1), M2 € €¢jn(Q2). The B(Q2, ma; Q1,m1) are mero-
morphic functions on €y. The weight [ is suppressed in this notation. When we
shall work with more than one weight at the same time, we shall write R;(P,n)

and Bi(Q2,m2; Q1,m1).
12.3.4 Lemma. If Uy is taken small enough there is a unique polynomial

k—

Y(p.s) =Y a(@)(s = s0)' + (s — 50)"*

1=

_

with coefficients a; holomorphic on Uy, a;(¢o) = 0, such that the germ of - R(P,n)
at wog 15 primaitive.

Take q minimal in Z such that the family s — (s — so)IR(P,n; o) is holo-
morphic at so. Then q < k.

i) k= q if and only if R(P,n) has determinate type at wy.

ii) Let k > q. Then so € {0} U X(xo,l0); the value set R(P,n){wo} contains
lims s, (s — 80)?R(P, n;0)(s), and non-zero elements of A (xo,J, s0)-

Remarks. R(P,n; o) denotes the restriction s — R(P,n)(¢o, s). In 11.1.3 we called
this function R(P,n). The number ¢ is the same as the ¢ in Chapter 11.

See 11.2.8 for the definition of A} (xo,J; s0)-
Proof. Take ¢y € M,, such that ¢ - R(P,n) is a primitive multiple of R(P,n).
This meromorphic function ¢ is determined up to a unit in O,,,. We conclude
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from Fp’n YR(P,n) = YApn + YB(P,n; P,n)vp, that b and ¥ B(P,n; P,n) are
in O,,. Proposition 10.2.4 implies that the restriction R(P,n; o) of R(P,n) to
({0} xC)NQy exists as a meromorphic section; hence 1) does not vanish identically
along this line. We take ¢ in Weierstrass form with respect to s — sg, see [23],
Corollary 6.1.2. This determines 1 uniquely. The holomorphic restriction s +—
(WR(P,n)) (o, s) is equal to s — (s — so)*R(P,n; o). Hence k > ¢, and k = ¢ if
and only if the value of Y R(P,n) at wq is non-zero.

Let k > gq. Take a local curve j at wg along N (v). Inspection of the Fourier

terms shows that (R(P,n))[j] € A} (xo,J,50), and that so € {0} UX(x0,l0) (use
Lemma 11.2.9). On the other hand, the vertical local curve jo : u — (o, s0 + u)
gives (YR(P,n)) [jo] = lims_,s,(s — So)qR(P, n).
12.3.5 Choice of a basis for the Fourier terms. Up till now we have not used
the precise choice of bases for the Fourier terms. We find in the Lemmas 7.6.13
and 7.6.15 a choice of a basis satisfying the conditions in 12.3.2 for all points wy
under consideration. The results are summarized in Table 12.1.

In cases 4 and 5 in the table the expression for apr,, has been omitted.
In both cases it has the form ag,, = /(90 — v0), with v and © as in 4.2.8,
respectively 4.2.9. A computation gives for case 4

(4mem(p)) =512 (25 + 1)em=l(#)/2
I‘(% +s— %El(gp))

aR’m(va S) = 9

and for case 5

r'2s+1) _. 't —s+p+
arm(p,s) = iir( il )em(‘I(W)_p) (% °p q(gp)),
(1+2¢) L(3+s+p—qlp)

with () = 3¢(n(p) +1(¥)).

The choices in Table 12.1 are not canonical, but we use them as our standard
choice in the next sections. Except for case 3, these Ag,, and vg ., satisfy the
conditions in 12.3.2, not only for wg, but for all w; € (¢o + V;.) X C in some
neighborhood of wy.

12.3.6 Large sp. In the remainder of this section we assume Re sy > |7(xo)|. This
leads to more explicit statements concerning ¢ and k in Lemma 12.3.4.

Proposition 11.2.4 and Lemma 11.3.6 imply that ¢ > 0 is possible only if
s0 € 2a(xo0,S0). Lemma 12.3.4 shows that & > 0 also implies sg € 34(x0, o). So
we are led to the discrete series case, for which we find conditions in Propositions
6.7.3 and 6.7.6. In particular, sqg = |%| with 0 < b < |lp|, b = lp mod 2. As
27(x0) + 1 = lp mod 2, we get 7(xo) - sign(ly) = “5* mod 1. The assumption
Resg > |7(x0)| implies b > 2.

Let [ € wt(£2o). We denote by 1;(Q, m) the function ¢ associated to R;(Q), m)
in Lemma 12.3.4, and by k;(Q, m) and ¢;(Q, m) the corresponding numbers k and g.
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(R, m) singular, Resg > 0, so & %Z 1
ARm = u(R,m) VRm = m(R,m) = m(R,m)

arm(p,s) = 1 YRm(p,s) = 0

(R, m) singular, sp =0 2
Arm = N(R,m) VR = m(R.m) = u(R,m)

arm(p,s) = 25 m($r8) = 0

(R,m) singular, so =2, b €N 3
ARm = u(R,m) VR = V(R,m)

arm(p,s) = 1 TRm(pys) = —wj(m(p),s)

= —(dmm(p))P s
)

R e X*(J), e € {£1}, em(pg) > 0, 4

0<sg< 5l°2_1, S0 = 8102_1 mod 1
Arm = wi(R,m) vem = m(R,m) = w(R,m)
apR,m complicated Yrm(p,s) = 0

R € Py, e,¢ € {1}, p = (m(po) —lo) >0, 5

g = $(m(go) +10) >0,0<s9<qo—p—3, so=qgo—p—3mod]l
Arm = wi(Pym, () VeRm = m(R,m) = w(R,m)
aR,m complicated Yrm(p,s) = 0

(R, m) regular, Resp > 0, not case 4 or 5 6
Arm = (R, m) vem = m(R,m) = w(R,m)

arm(p;s) = 1 YRm(p;s) = 0

Table 12.1 Holomorphic bases for the Fourier terms. (We call (R, m) singular if R €
X*(J) and m(po) = 0; we call it regular in all other cases.)
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12.3.7 Lemma. Let Re sg > |7(x0)|, hence so > 5. Then ¢y(P,n) =1, ki(P,n) =0,
except possibly if the following conditions hold:

2304+ 1 = |lp| mod 2 and 2 < 2s9 + 1 < |lp|.

Proof. From k > 0 we obtain so € X4(x0,l0), and sg = %, with 2 < b < |,
b = |lp| mod 2. This gives the conditions in the lemma.

12.3.8 Other weights. If the condition in Lemma 12.3.7 is satisfied for lo = I(x1, ©0)
for some I € wt()g), then this holds for infinitely many [ € wt(2). Let £ € {1, -1},
and b > 2. In the next discussion we use

wit; (Qo) = {1 € wt(Qo) : €lp > b, elp =bmod 2 }.

If wt; () # 0, then it is of the form {Il; + 2k : kK € Z, k > 0}, with I§ € wt(Q)
determined by If(yg) = eb.

12.3.9 Lemma. Let so > |7(x0)|, € € {1,—1}. Put b = 2s¢ + 1. Suppose that
wt; () # 0. Then exactly one of the following statements holds:

A) Y (P,n) =1, ki(P,n) =0, for all | € wt;(0);

B) ¥i(P,n;¢,s) = s+ 3 — sel(y), ki(P,n) =1, for all | € wt§(Qo). In this case
en(p) >0 if P e X, and en(pg) > b if P € Py.

Remarks. This implies that statement A) holds in the singular case P € X*°(J),
ng =n(po) = 0. .

In the situation of statement B) it may happen that Q;(J, P,n; sg) = 0. Then
R;(P,n) is of indeterminate type at wq. See 13.4.6 for an example.
Proof. In 12.3.10-12.3.14.
12.3.10 Differentiation results. If the neighborhood €2 of wy is small enough, there
are holomorphic functions ali(Q7 m) and bli(Q, m) such that

Ei)\Q)m € ali(Q,m))\am—i—(’)(Qo)ué;m
E*vgm € b (Qm)AG,, + 005,

where /\g,m and Véim denote the corresponding sections in weight [ + 2. The
differentiation results in Table 4.1 on p. 63 imply that bli (Q,m) = 0, except in the
case that (Q,m) is singular and sg € %N; in that case the value bli(Q,m; wp) is
nevertheless zero. If Iy or g £ 2 do not come under case 4 or 5 in Table 12.1, we
have ali(Q,m; ©,s) = C(14+2s+1(p)), with { =1 or —1, according to P € X
or P € Py.
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12.3.11 Singular case. Take @ € X*°(J). Let mqg denote the element of Cq that
vanishes on J°. The uniqueness in Proposition 10.2.4 implies

E*Ri(Q,mq) = ¢ (Q,mq)Ri+2(Q, mq) (12.1)
+ Y bER.mR)B(R, mR; Q,mq) Riza(R, mp).
ReX™(J)

Hence the vector of derivatives (E¥R;(Q,mq)) Qex>(y) depends linearly on the
vector (Rj12(Q, mQ))Qexx(J); the relation is described by a holomorphic matrix
that has the value (14 2s¢ £ p) - Id at w = w.

We proceed by induction. We start at | = I —2e. As |lp| = [eb—2¢| =b—-2 <
259 + 1, Lemma 12.3.7 implies the holomorphy of R;(R,mp) for all R € X*°(J).
We apply E* repeatedly, with + chosen such that +¢ = 1. At each step the
matrix found above has a holomorphic inverse on a neighborhood of wq, and
expresses Rj+2(R, mpg) holomorphically in the holomorphic E* R;(Q, mg). This
gives the holomorphy of Rj(R,mpg), R € X°°(J) for all | € wt;(), and hence
Y (R,mg) =1, and k;(R,mpg) = 0.
12.3.12 Regular case. Let (P,n) be regular. We have seen that the ¢ R;(Q, mq)
are holomorphic at wg. As E¥¢(P,n)R;(P,n), and all ¢;(P,n)B;(Q, mq; P,n)
with @) € X*°(J), are holomorphic at wp, we obtain from (12.1) on p. 226 the
holomorphy of ai (P,n)¢;(P,n)Ri42(P,n). Thus we see that ¢y+2(P,n) divides
af (P,n)y(Pyn) in Oy, .

For | = [§ — 2¢ we know that R;(P,n) is holomorphic at wp, and ¢;(P,n) =
1. We choose again + such that +¢ = 1, and apply E*. We have (1or — 1) -
ali (P,n;wo) =1+ 289 =1y > 0, hence ¢;12(P,n) = 1, as long as ly and lp + 2 do
not come under case 4 or 5 in Table 12.1. We investigate the cases P € X*°(.J)
and P € Py separately.
12.3.13 Cuspidal case. Let P € X°°(J). If signng = —e, we never come under
case 4 in Table 12.1. Indeed, sign(ng) - lo = —elp < 0 for all I € wt{(Qp). Suppose
eng > 0. For | =1 — 2¢

E*Apa(p.8) = B pu(Pins ¢, 8) = (1425 £ 1(9))pusz (P,n; o, 5)
= (1+2sl(e)apn(p,s)oe(P,n;e,s) + a multiple of ug’n,

with ap,, as in 12.3.5, for the weight [ £+ 2. Thus we obtain

—(1+2s+ El(go))(47rf—:n(g0))’5*1/2f(28 + 1)6’”'El(¢’)/2
(=3 +s— 3el(p))

aF (Pon;p,8) =

This is not a unit in Oy, . From the factor in the denominator we conclude that
Yrpoe(Pyn) isequal to s — 3 — el = s+ 3 — £(1£2) or to 1.

Once | € wt;(€), both Iy and Il + 2 come under case 4. Table 4.1 on p. 63
implies that ali(P, n; g, s) = (el +1)% — 252, which is a unit in O,,. Hence ;12
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divides ;. Going from [ &+ 2 to [ by ET shows that ¥;(P,n) and ¢;12(P,n) are
equal (again use Table 4.1).

12.3.14 Interior case. Let P € Py. For a given sg = [’_Tl > %7 the condition for
case 5 in Table 12.1 amounts to

1 1 1 1

§|1’L0 + lo| — §|n0 — l0| > b, §|n0 + lo| - §|n0 — lol = b mod 2,
or, equivalently, (use ng = ly mod 2)

sign(lp) = sign(ng), |no| = llo] =bmod 2, min(|ngl, |lo]) > b.

We have to apply this to the | = [} + 2ke, with k > -1, k € Z, for a fixed n,
satisfying ng = b mod 2.

If |ng| < b, case 5 does not occur, and ¢;(P,n) = 1 for all [ that we consider.
The same holds for eng < —b. (Use b > 2 to see that €ly > 0 even if kK = —1.)
Finally, we consider eng > b. We get into case 5 as soon as xk > 0, and stay there.
For the starting weight [ = I; — 2¢ we obtain

'(2s + 1)@’”'51(“’)/211(% — s+ 1en(p))
[(2 + gen(p) + 5el(@)T(=5 + s — 5el(p))

aif (P,n;p,s) = i(1 + 25+ el(yp))

As in the cuspidal case, we conclude that wli(P,n; ©,8) may be equal to 1 or to

s — % — %61. Again apply Table 4.1 to see that ¢; does not change when we go to

12.4 General parameter spaces

Singularities of Poincaré families at points (¢o, so) with ¢ € V.. and Resg > 0,
so # 0, may be due to two reasons: to spectral features, and to y; and 7; not being
a suitable basis. The second reason we have not seen in the previous section. In
fact, we have introduced the R(P,n) in order to avoid this complication.

In this section we suppose the linear space V' to be as ‘bad’ as possible, i.e.,
V' is not contained in V. This gives singularities of both types. In particular, the
Poincaré families may be singular at points (g, s9) with Re sg > % The presence
of singularities of this type gives rise to distribution results of the type discussed
in Section 13.6. Perhaps this is a reason not to call these V ‘bad’ after all.
12.4.1 Notations. Let J be a cell of continuation. We take P, n, x1, { and cj,, as
in Theorem 10.2.1, and assume that X°°(J) # (. We take an R-linear subspace
V. € V» with dimg V. > 0. We assume that V, is not contained in Vj,. Put
V=C®rV,.

We take ¢ € JO, so € C with Re sy > 0, and take xo, lo, o, Ao, Wo, Up and
Q as in 12.3.1. For w € o we write w = (¢, s).
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Let @ € X*°(J). We denote by m¢ the unique element of Cg that satisfies
mqg(po) = 0. The assumption V,. ¢ V, ; implies that at least one mg is not
identically zero on Uj.

12.4.2 Proposition. Singularities of Eisenstein families. We use the assumptions
and notations in 12.4.1. Let P € X*°(J).

i) If the FEisenstein family E;(J, P) on Qo has a singularity at wq, then sy €
Be(x0) U {0, [7(x0)[} U 3N.
it) a) If Ei(J,P) is of indeterminate type at wo, and s € %N, sg > 1, then
| X (J)| > 1.

b) Suppose Ei(J, P) is singular and of determinate type at wo. Then so €
¢(x0,lo) U{0} U %N; in particular, so 18 Teal.

i11) Suppose sg = g > 1, b € N. Let wi(¢,s) be the diagonal matriz of size

lcs| x |es| with

wbm s) = (4m™m ’ 1—8—1 F(_28)
{(ma(9), 5) = (4mmg (¢)) (2 21<s0>>b T2s)

at position Q € X>°(J). Then det(Id — w?C;(J)) is a mon-zero meromor-
phic function on Q. The elements of the row vector Ey(.J) (Id — w;’Cl(J))f1
are meromorphic families of automorphic forms on Qo and are holomorphic
at wg. The value at wy is given by Eisenstein series.

Remarks. The row vector E;(J) of Eisenstein families, and the scattering ma-
trix C;(J) have been introduced in 10.3.3. See Definition 12.2.10 for the concept
‘(in)determinate type’.

Proof. Consider P € X*°(J) and n = mp.

Suppose first that sq ¢ %Z. In Table 12.1 we see that the bases Ag,mg»
vQ,meq and p(Q,mq), fu(Q, mq) coincide for all (Q,mq) with @ € X°°(J). Hence
R(P,n) = E;(J, P) in this case. Lemma 12.3.4 shows that if F;(J, P) has deter-
minate type at wo, then it is singular at wq if and only if E;(J, P; ©g) ¢ S
Ei(J, P; ¢, s) is singular at sg. This can only happen if sg € X¢(xo,lo); see Propo-
sition 11.2.4. Let E;(J, P) be of indeterminate type at wy. Lemma 12.3.4 shows that
k> gq >0, and that A} (xo,/,s0) # {0}. Hence sy € ¥(xo, ), see Lemma 11.2.9.
Lemma 12.3.9 shows that so > |7(x0)| is impossible (use np(¢o) = 0).

The proposition leaves all possibilities open in the case sy = 0. Hence we are
left with so = b, b€ N, b > 2.

Consider @) € X*°(J). Lemma 12.3.9 implies that R(Q, mg) is holomorphic
and has determinate type at wg. In this case there is interaction between the cusps;
so we use the vector notation discussed in 10.3.3. Suppose that the meromorphic
function det(Id — w?C;(.J)) on €y vanishes. Then there is a non-zero vector b €
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O(Qp) such that b = w?C;(J)b. (It may be necessary to replace )y by a smaller
neighborhood of wg.) The non-zero vector-valued family of automorphic forms
f =E;(J)b has the columns of

F()f = F(E(I)b = ()b + fu(J)Ci(J)b
= (m(J))W} + fu(J)) Co(J)b

as its Fourier terms of order zero at the cusps in X°°(J). So all its Fourier terms
FQMQ f with @ € X°°(J) are multiples of v ,,,, in contradiction to the unique-
ness of the R(P,mp), c.f. Proposition 10.2.4. So det(Id — w?C;(J)) is not the zero
function.

The relation in 12.3.3 amounts to

E/(J) =R(J) (1 —w/Ci(J])),

with R(J) the row vector with R(Q,mg) at position @ € X°°(J). The choice in
Table 12.1 on page 224 implies R(Q,mQ;goo) = El(J, P; o). This gives part iii)
of the proposition.

To obtain part ii)a) suppose that | X°°(J)| = 1. Then E;(J, P) is a meromor-
phic multiple of R(P,n), and hence of determinate type.
Question. Can an Eisenstein family really be of indeterminate type at sg € %N7
so > [7(xo)|?

12.4.3 Proposition. Singularities of other Poincaré families. We use the assumptions
and notations in 12.4.1. Suppose that P & X or that n(pg) # 0.

i) If the Poincaré family @ (1J, P,n) on Qo has a singularity at wo, then sy €
Ee(x0,10) U {0, |7(x0)[} U 3N,

ii) If Qi(J, P,n) is singular and of determinate type at wo, then so € Xc(x0,l0)U
{0, |7(x0)|}, and the restriction Q;(J, P,n; o) has a singularity at so.

iii) Suppose s = £ > 1, b € N. Let D;(J,P,n) denote the column wvector
with Di(Q, mq; J, P,n)/wq in position Q € X°°(J). Take W as in Proposi-
tion 12.4.2. Then the family of automorphic forms

[

Qu(J, P,n) + Ei(J) (1d — w!C,(J)) " w!Dy(J, P,n)
is holomorphic at wo, with value P, (P,n(go0), Xo)-

Remark. See Proposition 11.3.9 for singularities of the restriction QZ(J, P,n; )
to the vertical line {¢o} x C.

Proof. Consider first sg ¢ %N. Then Q;(J, P,n) = apnR(P,n), with ap,, holomor-
phic at wp; see 12.3.5 and Table 12.1 on p. 224. This means that Q;(J, P,n) can
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have a singularity at wg only if R(P,n) has one as well. Furthermore, Q;(J, P,n)
and R(P,n) have the same type of determinacy at wy.

Part ii) of Lemma 12.3.4 implies that so € X(xo,lo)U{0} in the indeterminate
case. If sp > |7(xo0)|, then Proposition 6.7.3 shows that we are in the discrete
series case treated in Lemma 12.3.9. If ¢ # 1, it divides ap,,. Hence Q;(J, P,n) =
apnR(P,n) is holomorphic at wg. This gives part i) in the indeterminate case.

If Qi (J, P,n) has determinate type at wg, then R(P,n) has a singularity at wq
if and only if R(P7 n, o) is singular at sg. We consult 12.3.5 and the Tables 12.1
(page 224) and 11.1 (page 192) to see that i(P, n) is equal to the order of & p., (o)
at so. Hence a singularity of Q;(J, P,n) at wgy corresponds to a singularity of
Ql(J, P,n,pq) at so; use Proposition 11.3.9 to see that so > |7(xo)| is impossible.
This gives part ii), even if 5o € %N.

Consider sg = %b € %N, s0 > 1. We have to prove the assertions in part iii).
From the relation in 12.3.3 and the fact that E;(J) (Id — w;’Cl(J))f1 is the row
vector with R(Q, mg) at position @, we derive that the family in part iii) is equal to
apnR(P,n), with ap,, as in Table 12.1. In particular, ap,, is holomorphic at wy =
(¢0, 3b). In Table 12.1, 12.3.5 and Lemma 12.3.9 we see that ¢;(P, n) divides app,,
hence ap,,R(P,n) is holomorphic at wg. Its value follows from Theorem 10.2.1,
and the fact that w? vanishes along ¢ = (.

12.5 Restricted parameter spaces

In Proposition 10.2.12 we have seen that the restriction of Q;(J, P,n) to Q; =
(U N V;) x C is holomorphic at points (¢p, s9) with o € J° and Resy > %
This shows that the singularities at (v, so) with s¢ € %N, so > % (that turned
up in the previous section) are not present on a restricted parameter space, as
defined in 10.2.11. This can be understood easily: on a restricted parameter space
each mg with @ € X°°(J) is identically zero. Hence in case 3 in Table 12.1 we
have vQm, = m(Q,mq) = u(Q,mq). So the standard basis j, fi; is suitable
at (o, 50), and does not cause singularities.

For restricted parameter spaces we look more closely at the connection be-
tween singularities of Poincaré families and the existence of smooth square inte-
grable automorphic forms with non-vanishing Fourier term of order (P, n).

12.5.1 Notations. Let J be a cell of continuation. We take P, n, x1, ! and ¢, as in
Theorem 10.2.1. We take an R-linear subspace V,. C V., see 10.2.11; we assume
that dimV, > 1. Let V = C ®g V,., and fix ¢ € J%, 59 € C, with Resg > 0, and
take xo, lo, 1o, wo, Up and Qg as in 12.3.1. For w € Qg we write w = (¢, ).
12.5.2 Basis. We take bases for the Fourier term modules as indicated in Table 12.1
on page 224. In case 3 we have ag m, = 1 and yQ,m, = 0 for all Q € X*°(J).
12.5.3 Principle aim. The leading idea in this section is the relation between
singularities of the Poincaré family @,;(J, P,n) and smooth square integrable au-
tomorphic forms f with F pnf # 0. It will not always be possible to obtain such
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a form in A, (xo0,¢s,50), but we try to get a family f of automorphic forms for
which Fp_yn f does not vanish identically. (The point (o, so) itself may fall in the
zero set of F pnf for all such families.) More formally, we aim at the following
condition:

There is a morphism of parameter spaces j : U — Qg with U a (12.2)
neighborhood of 0 in C?, b > 0, and there exists on U a family of
automorphic forms f € Aj;(cy o j;U) such that:

4(0) = wo, and j(U NRY) C J° x C,

Fpynojf is not identically zero on U,

f(u) € A?(w) (x(w), s(w)) for all w = j(u), u € j({U NRP).

The morphism j is not necessarily a local curve at wy. The dimension of U
may be larger than 1; it is also useful to include the case that U consists of one
point. In the latter case the existence of a family of cusp forms is just the existence
of one cusp form.

Note that the condition j(U NR®) C J° x C implies that j(u) € V;. x (RUIR)
for all u € U NRY.

If 7 happens to be a local curve (b = 1), the square integrability implies that
1 —5(j(u)? € R for all u € U NR. Lemma 12.1.10 shows that in this case j is
linear (or possibly quadratic if so = 0).

12.5.4 Lemma. Suppose Condition (12.2) holds. Then R(P,n) is singular at wo,
and j(U) C Pol(R(P,n)).

Proof. Write j(u) = (p(u), s(u)). The Lemmas 11.1.9 and 12.3.4 imply that { j(u) :
u € R, Fp,,f(u) # 0} is contained in Pol(R(P,n)). As Fp,f does not vanish on
a neighborhood of 0 in R®* N U, we conclude that j(U) is contained in the analytic
set Pol(R(P,n)).

12.5.5 Lemma. Let wy = (p1,51) € Qo with o1 € J°. Suppose that w; €
Pol(R(P,n)), but wy ¢ Indet(R(P,n)). Take v as in Lemma 12.3.4. Then the
automorphic form (YR(P,n))(wy) is an element of Aoy (X(p1), J; 51), and, if we
is sufficiently near to wy, then at least one of the following statements holds:

a) (WR(P,n))(w1) € A7, (x(1), 1), and Fppn(p,)(YR(P.n))(w1) # 0.

b) s1 =0, X®(J) #0, P(p,s) has degree 1 in the variable s, and at least one
of the Eisenstein series E(J,Q; p1;0) with Q € X°°(J) is non-zero.

¢) Resy < 0, X°(J) # 0, and the scattering matriz C;(J) has a singularity
at w1 .
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Proof. Lemma 12.2.5 shows that ¢ R(P,n) is primitive at w; if w is sufficiently
near wg. Let us assume this. We denote the automorphic form (¢ R(P,n))(wy) by r.
It is non-zero, as R(P,n) has determinate type at w;. We conclude w; € N (v))

from wy € Pol(R(P,n)). Hence r € A}, (x(¢1),51).

The family R(P,n) has been constructed corresponding to the basis given in
Table 12.1 for the point wg. As we work on a restricted parameter space, there is a
neighborhood of wy in V,. x C for which this basis satisfies the conditions in 12.3.2.
We assume that w; is in this neighborhood.

Let Res; > 0. We apply Lemma 12.3.4, and see that r is a non-zero multiple
of the value at s, of the restriction s +— (s — s1)9R(P,n;¢1;s) (this is Ry(s) in
the notation of 11.1.3). Part iii) of Lemma 11.1.9 and Lemma 11.2.9 show that
statement a) holds, except possibly if s; = 0 and ¢ = 1. If in the latter case all
Eisenstein series El(J, Q; ¢1;0) would vanish, or if X*°(J) would be empty, then
Lemma 11.2.9 shows that r is a cusp form. But part iv) of Lemma 11.1.9 implies
that if 7 € Sj,,)(x(¢1),¢s,0), then Fp’n(wl)r # 0, and condition a) is satisfied
after all.

Let Res; < 0. Lemma 11.2.10 shows that if r is not a cusp form, then
X®(J) # 0 and Cy(J;p1) is not holomorphic at s;, and hence C;(J) cannot be
holomorphic at w;. We are left with the case that r is a cusp form with F Pon(on)T =
0. Lemma 11.1.10 would imply r = 0.

12.5.6 Lemma. Let wy € Pol(R(P,n)). We take ¢ as in Lemma 12.3.4. Then at
least one of the following statements holds:

i) There are points wy = (¢1,81) @n each neighborhood Q1 C Qo of wg, such
that o1 € J°, 1 # o, w1 € Pol(R(P,n)), and statement a) or c) of the
previous lemma holds for wy.

it) Y(p,8) = s, X°(J) # 0, and the restriction p — E;(J,Q;p,0) is non-zero
for at least one Q € X*°(J).

Proof. Define ¢ = 0 if ¢ is of the form (¢,s) + s, and ¢ = 1 otherwise. Let
11 be an irreducible factor of ¢ in the stalk O,,,, not dividing (¢, s) +— s°. Then
dim,,, N(¢1) = dime¢ V' > dim,,, Indet(R(P, n)), see Proposition 12.2.13. Hence
there exists a holomorphic function 7y € Oy, such that Indet(R(P,n)) NN (1) C
N(n1)NN(¢1), and 1 and 9, are relatively prime at wg. If X°°(J) # 0, the analytic
sets Indet(E;(Q, mg)) with @ € X>°(J) also have dimension strictly smaller than
dim¢ V. If we take the union of these sets with Indet(R(P,n)), the dimension
at wy stays smaller than dimc V. So we may arrange Indet(E;(J,Q)) N N (1) C
N(m)NN(1) as well.

We apply Lemma 9.4.13 to ¥ and h(p,s) = s“n1(p, s) to see that wy may
be approached by points w1 = (¢1,51) € (o + Vi) x C, with ¢ (wy1) = 0, and
s§m (g1, 51) # 0. For these points we have wy € Pol(R(P, n)), wi ¢ Indet(R(P,n)),
and also wy ¢ Indet(E;(J,Q)) for Q@ € X°°(J). Proposition 10.2.4 implies that the
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vertical line {¢o} x C is not contained in Pol(R(P,n)); hence infinitely many of
the wy satisfy @1 # @p.

If ¢ = 1 the points w1 = (i1, $1) satisfy all conditions of the previous lemma,
and s1 # 0. This gives statement i).

Consider ¢ = 0. At each w; = (¢1,0) constructed above we are in one of
the cases of the previous lemma. If statement i) does not hold, then a) and c)
of Lemma 12.5.5 occur only a finite number of times. This leaves case b) for the
remaining points, which converge to wy = (¢o,0). We obtain k = 1, X*°(J) # 0,
and some Eisenstein series Fj(J,Q;p1;0) is non-zero. This gives ii). (We have
omitted the dot, as we have taken care to give all Eisenstein series determinate
type at the wy.)

12.5.7 Lemma. Let wg € Pol(R(P,n)). Then so € X(xo0,lo) U{0}, and at least one

of the following statements is satisfied, according to the rules in Table 12.2.
(o) Condition (12.2), on p. 231, holds, with j a linear local curve.
(8) Condition (12.2) holds, with j a quadratic local curve.
(v) The scattering matriz C;(J) has a singularity at wg.

(0) There exists Q € X™(J) for which ¢ — Ei(J,Q;¥,0) is a non-zero family
on a neighborhood of ¢g.

X)) =0]  X<T)#0
s0=10 (a) or (B) | (a), (B), (7) or (9)
Resg =0, so # 0 (a) (a) or (v)
s0>0 () (@)

Table 12.2 Possibilities for a singularity of R(P,n) at wo.

Proof. Suppose wy = (o, 80) € Pol(R(P,n)); take ¢ as in Lemma 12.3.4. That
lemma implies sg € X(xo0,10) U {0} if wy € Indet(R(P,n)). If R(P,n) has deter-
minate type at wp, part i) of Lemma 12.3.4 implies that R(P,n;goo) is singular
at so. In the case that (P,n) is singular, we have either sy = 0, or R(P,n;@q) =
El(J, P;p); hence sg € X%(xo,l0) U {0}. If (P,n) is regular and sy # 0, then
Lemma 11.3.6 implies that sy € X(xo,lo)-

If wy satisfies statement ii) in the previous lemma, we get possibility (4); of
course this can happen only if s = 0 and X°>°(J) # 0.

If statement i) holds, consider a sequence of points w; as indicated, ap-
proaching wq. If for infinitely many of these points case c¢) in Lemma 12.5.5
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holds, then the limit wg is an element of the polar set of C;(J) as well. This
can happen if X*°(J) # 0 and Resgp = 0 (note that Res; < 0 for these w;).
Suppose case a) of Lemma 12.5.5 holds for all w; sufficiently near to wg. We have
seen in the proof of the previous lemma that we can arrange w; € N (3)) for all
these wy, for some irreducible factor ¢, of . Define the holomorphic function 7
by prn(wR(P, n)) = YApy + nvp,. Then n(wy) # 0. Hence 9y and 7 are rela-
tively prime at wg. Apply Proposition 12.1.11 to obtain a local curve j : U — Qg
at wg along N (11) with direction 1 — ¢ such that no j is not the zero function.
We define f € Ajj(cs;U) by f = (WR(P,n)) o j. Then Fp,o;f is not the zero
function. Let u € UNR with Fp,, f(u) # 0. If j(u) ¢ Indet(R(P,n)), then j(u) has
the properties of the wy, and hence f(u) € Al(j () (X0 (), s(i(w))). As f(u) # 0,

this implies in particular that i —5(j(u))? € R. Such u are dense in U NR, hence j
is linear, or possibly quadratic if sg = 0, see Proposition 12.1.11. Finally, consider
u € UNR such that j(u) € Indet(R(P,n)). Suppose that statements (y) and (9)
are not satisfied for wo. As f(u) € Aj; () (x(j(w)), J;s(j(u))), we can apply the
Lemmas 11.2.9 and 11.2.10 to see that f(u) has to be square integrable. Hence
j satisfies Condition (12.2) and is linear, or possibly quadratic in the case that
So = 0.

12.5.8 Proposition. Eisenstein family on a restricted parameter space. Under the
assumptions and notations in 12.5.1, let P € X*°(J), and n = 0.

i) If Ey(J, P) is singular at wo, then so € {0, |7(x0)|} U Zc(x0)-

it) Let so > 0. Then Ey(J,P) is singular at wo if and only if the following
condition is satisfied:

There is a morphism of parameter spaces j : U — V x C with U a
neighborhood of 0 in C® for some b > 0, satisfying J(0) = wo and
J(UNR®) C V. xC, and there exists f € Ajo;(csoj;U) with Fpof not the
zero function on U, and f(u) € Al(w)( x(w), s(w)) for allw € j(UNRP).

iii) Let Resg =0, so # 0. Then E;(J, P) is singular at wo if and only if it is of
indeterminate type at wo. If Ei(J, R) is singular at wq, then the scattering
matriz Ci(J) is not holomorphic at wy.

i) The restriction ¢ — Ei(J, P;¢,0) exists as a meromorphic family of auto-
morphic forms.

Remarks. If Resg = 0, sg # 0, the restriction CI(J; ©o) is always holomorphic
at sg. This does not imply that the unrestricted scattering matrix is holomorphic
at wg.

In the situation of iii) we have Alz(@) (x(¢),8) = Sip)(x(¢),cs(p),s) for all

(¢,5) € (w0 + Vi) x C near wy. Hence the assertion Fpof # 0 in Condition (12.2)
cannot hold at wy for (P,0), although Lemma 12.5.7 allowed («) and (7).
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If wo = (¢o0,0) € Pol(E;(J, P)), then at least one of the four conditions in
Lemma 12.5.7 holds. But only («) and (5) imply (¢o,0) € Pol(E;(J, P)).

Proof. For sy # 0 the choice of Apo in Table 12.1 implies R(P,0) = E;(J, P),
see 12.3.3. Lemma 12.5.7 implies that so € {0}UX(x0,lo). Use Proposition 10.2.12
to obtain sg < %, and hence sg € 3.(xo0,0) U {0, |7(x0)|}-

Part ii) follows from the Lemmas 12.5.4 and 12.5.7.

Let Resg = 0, sg # 0. In Proposition 11.2.3 we see that the restriction
El(J, P;¢p) is holomorphic at sg. From the Fourier expansion at P we see that
El(J, P;p0;80) # 0. Take ¢ € O, in Weierstrass form with respect to s — sg of
degree k, such that ¥ E;(J, P) is primitive at wg. If wy € Pol(E;(J, P)), then k > 1,
and

(WE(J, P))(wo) = SILI?O(S — 50)" Ei(J, P; o3 s) = 0,
hence E;(J, P) is of indeterminate type at wg. If E;(J, P) is holomorphic at wy,
then k = 0, and E;(J, P;wp) = El(J, P; o5 s0) # 0, hence it has determinate type
at wg. This gives the equivalence in part iii). Use Proposition 10.2.14 to complete
the proof of this part.

Suppose that iv) does not hold. Then we can take wy = (¢g,0), such that
E;(J, P) is singular at all (p1,0) for ¢1 in a neighborhood of g in ¢o + V;.. The
function ¥ in Lemma 12.3.4 contains the factor (¢,s) — s at least twice; once
as Ey(J, P) is singular along (¢ + V) x {0}, and again as R(P,0) = &-E;(J, P).
Proposition 11.2.4 shows that E;(.J, P; ¢1) is holomorphic at s = 0. So R(P,0) has
at most a first order pole. The second part of Lemma 12.3.4 shows that E;(J, P)
is of indeterminate type at (¢1,0) for all p; € o + V. near ¢g. This contradicts
Proposition 12.2.13.

12.5.9 Proposition. Poincaré family on a restricted parameter space. Under the
assumptions in 12.5.1, let P € Py orn # 0.

i) If Qi(J, P,n) is singular at wy, then so € L.(xo) U {0, |7(x0)|}-
i) If so # |T(x0)l, then the following condition a) implies wo € Pol(Q;(J, P,n).

a) There is a morphism of parameter spaces j : U — V x C with U a
neighborhood of 0 in some C® with b > 0, and j(U NR?) C J° x C,
and there exists a family of automorphic forms f € Ajpj(cy o j;U)
such that Fpno;f is not identically zero on U, and such that f(u) €
Ay (X(w), s(w)) for all w € j({U NR").

i11) If so > 0 and wo € Pol(Qi(J, P,n)), then condition a) holds.

iw) If Resp =0, sg # 0, then wy € Pol(Q(J, P,n)) implies condition a) or the
following condition b).

b) The scattering matriz C;(J) has a singularity at wy.
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v) If so = 0 and wy € Pol(Qi(J, P,n)), then at least one of the conditions a),
b) and c) hold.

¢) There exists Q € X°(J) for which ¢ — Ei(J,Q;p,0) is not the zero
family.

Proof. Use Lemma 12.5.7 and Proposition 10.2.12 to get i). That lemma implies
also iii)—v). For ii) we use Lemma 12.5.4, and the relation Q;(J, P,n) = R(P,n),
valid for s € X.(x0), but not necessarily for so = |7(xo)|-

12.5.10 Corollary. Poincaré family on a minimal cell. Under the assumptions
in 12.5.1 let P € Py orn # 0. Suppose that X°°(J) = 0.

i) If Qi(J, P,n) is singular at wo, then so € X.(xo0) U {|7(x0)[}-

i) Let so # |T(x0)|- Then wo € Pol(Q;(J, P,n)) if and only if there are j : U —
(po+V)xC and f € Sjoj(noj;U), with U a neighborhood of 0 in some C?,
b > 0, such that Fpno;f is not identically zero on U.

Proof. Clear from the previous proposition, and from the fact that A} (x0,m,0) =
Si, (x0,1,0) for the empty growth condition n.
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Chapter 13
Automorphic forms for the modular group

Part II gives examples for the general theory in Part I. This first chapter of Part 1T
complements the discussion of the modular group in the introductory Chapter 1.

Sections 13.1-13.4 give examples for some of the concepts in Part 1.

Sections 13.5 and 13.6 give an application of Proposition 12.4.2. We turn to
the Eisenstein family F : (r,s) — FE(r,s), introduced in 1.5.8. Theorem 10.2.1
shows that it is meromorphic, jointly in the weight r and the spectral parame-
ter s. We consider the derivatives O]"E, and restrict these to the line {0} x C. In
this way we obtain meromorphic families s — 0" E(0, s) of functions that are not
modular forms, but still have some automorphic transformation behavior. Propo-
sition 12.4.2 has the remarkable consequence that for m > 2 these families have
singularities at some points s = %l, l € Z,1 > 2, although the Eisenstein series
converges for Res > % These singularities lead to distribution results, for instance
those considered in Section 13.6.

13.1 The covering group and its characters

In Chapter 2 we have considered automorphic forms as functions on the universal
covering group G of SLo(R). In this section we define the full original Tmod in G
of the modular group I'yeq = SL2(Z). We give generators and relations for f‘mod,
and describe the character group. It turns out that all characters can be expressed
in terms of Dedekind sums.

The generators we give are easy to use, but they are not canonical in the
sense of Section 3.3. In 13.1.9 we shall give canonical generators for [ioq as well,
and specialize the discussion in Chapter 3 to the modular case.

13.1.1 Definition. Tmod is the fullrgriginal in G of the modular group I'noq =

SLy(Z). It consists of all k(ﬂ'm)(‘z g) with m,a,b,¢,d € Z, ad — be = 1. The

projection Fmod — Dmod maps k(ﬁm)(‘z db) onto (—1)™ (‘i 2)

13.1.2 Generators. In 1.1.4 we have remarked that I',,,q is generated by U = (i (1))

and W = (_(1) é) Consider in Tyoq the elements n = n(1) and w = k(7/2), that

project to U and W. These two elements generate fmod; to see this note first that
n, w and ¢ = k(m) generate I'yoq, and next that ¢ = w?.

The relations in ['yoq are (UW)3 = W* = Id and centrality of W2. Clearly
w? is central in fmod, and w* = (2. The computation of (nw)3 can be done with

239
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Relation (2.1) on p. 28, and the fact that k(¢) = ( cose Sin“a) for —m < @ <

(n(Dw)® = n(1)<_(1)(1)>p(1+i)wn(l)w
= n()p((i — 1)/2k(— ara(~1 — i) + /2w
= n(l)n(—1/2)a(1/2)k(i7\r//4)n(1)w

Ve
- n(1/2>a<1/2><<1 e ﬁ>p<1+z>k<w/2>
= n(1/2)a(1/2)p(—1 + 2i)k(— arg(—i) + 37/2)
= p(H)k(2r) = w'.

We conclude that the generators n and w of f‘mod satisfy the relations

w? is central and  (n(1)w)?® = w,

and that all relations can be derived from these. -
Another way of obtaining (n(1)w)? is to start from the fact that n(1)w =

(j é) leaves invariant the point zo = e™/3 € 6. Hence p(z2) ™ 'n(1)wp(z2) fixes 4,
and should be of the form k(). The relation above predicts ¢ = %7‘(‘. Indeed

n(1)wp(z2)

(+(3)<(39)) n<1>(j§))pm>
a(2/V3)n(1/2)p (—e /) & (-~ axg (—e7))
a(2/V3)n(1/2)n(~1/2)a(v3/2)k(— (7 + 7/3)) = k (27r).

p(22)”

3

13.1.3 Characters. All characters x € X (f‘mod) are determined by their values
on the generators n and w. The relations imply the condition x(w) = x(n)3. So
r +— X, determined by

Xr (n(l)) = emlr/67 Xr(w) = eﬂ'ir/Z’
gives an isomorphism C mod 12Z — X (f‘mod). Clearly, x, is an element of the
subgroup X, of unitary characters if and only if » € R mod 12Z. The character ¥,
belongs to the weights [ = r mod 2.
13.1.4 The multiplier system v,.. In 2.3.6 we have seen that v : ¢ — x,(g) is a
multiplier system for I'y0q. It turns out to be the multiplier system v, discussed
in 1.5.5. We shall check this by considering the generators U and W.
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13.1.5 The logarithm of the eta function of Dedekind. In, e.g., [30], Ch. IX we find
the function

10g77 + Z log 27rzm2)

It satisfies logn(z + 1) = logn(z) + 7i/12 and logn(—1/z) = logn(z) + 3 log(z/).
We take log(z/i) with the argument in (—Z, Z].

272
This implies for 7,., as defined in 1.5.5:
n(U-2) = €/On,(2)
Ny (W . z) — em’r/Qeirarg(—z)nr(z).

This is sufficient to identify v, as the multiplier system obtained from Y.

13.1.6 Relation with Dedekind sums. There is an explicit description of v, in terms
of Dedekind sums. In [30], Chapter IX, one finds for ¢ > 1

az+b 1 cz+d a+d
i R | Z1lo i _
n(cd+d) ogn(z) + 3 g( ; )+7m< 90 S(d,6)>,

with S(d, ¢) the Dedekind sum:

Sde) = 3 ((é» ((%d»

x modc
(( t)) _ 0 iftez
- t —entier(t) — 3 otherwise,
see, e.g., [30], Chap. IX, Theorem 2.1 on p. 147.

‘We obtain

ab ab , , .
_ _ pmir(a+d)/6¢c—mir/2—2mirS(d,c)
XT((Cd)) vT(cd) ¢ '

13.1.7 Powers of the eta function of Dedekind, as functions on G. The automorphic
form 7., discussed in 1.5.5, gives rise to a function on G, which we denote also

by Nt |
T]r(p(z)k(e)) — yT/262r log n(z)eer.

The logarithm of the eta function corresponds to a function on G that has
almost all the properties of an automorphic form. Put L(p(2)k(0)) = %logy +
2logn(z) 4 i6. We consider left translation over the generators n and w of f‘mod:

L(np(2)k(0)) — L(p(2)k(6))
= 2logn(z+1)—2logn(z) = -
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L(wp(2)k(6)) — L(p(2)k(0))
L(p(=1/2)k(— arg(—2) + 0)) — L(p(2)k(0))
= —log|—z|+2logn(-1/z) —iarg(—z) — 2logn(z)
= —log(—z) +log(z/i) = 72

L satisfies the left—f‘mod—bel}avior L(vg) = L(g)+ia(y) for ally € f‘mod and g € G,
for the homomorphism « : T'y0q — §Z determined by a(n(1)) = %, a(k(r/2) = 3.

On the right we have the additive K-behavior L(gk(f)) = L(g) —|— i0. The actlon
of the Casimir operator gives wL = 35

The homomorphism « satisfies y, = e'"®. For v = (‘; Z) € Tnod, ¢ > 1:

A7) = 27 (‘llgcd - i — S, c)) . (13.1)

13.1.8 Canonical fundamental domain. The standard fundamental domain for the
modular group in Figure 1.1 on p. 2 is not canonical. I'y,,q has genus g = 0,
number of cusps p = 1, and number of elliptic orbits ¢ = 2. To obtain the canonical
fundamental domain in Figure 13.1 we take:

I, the geodesic from ico to €™/12 ) = n(1)

hy the geodesic from z; =i to e®™/12, gy = w = k(7 /2)

ho the geodesic from zo = e™/3 to 1+ 67”/12,

g2 = p(22)k(m/3)p(22) .

Figure 13.1 A canonical fundamental domain for f‘mod.

13.1.9 Canonical generators. We have already seen that m; and 1 generate fmod.
We compute:

maz = ) ] ok V-1

n()p(=2/(1 + iv/3))k(—arg(—1 — iv/3) + 7/3)
a(2/V3)n(—1/2)

n(—=1/2)a(V3/2)k(m)a(v3/2)n(—1/2) =
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This immediately implies that €5 € f‘mod; further we obtain

(n(Dw)® = (meieae;')? = (Cex')?
Ch(=m) = ¢* = ',

This is the relation we have seen in 13.1.2. We conclude that ¢, 1, €1 and &2
generate 'y 04, with the relations:

¢ is central, 5;)]' =(forj=1,2, mie1es = C.

Thus we have found canonical generators and relations as discussed in 3.3.3.
13.1.10 Cuspidal and elliptic orbits. The cusps for Toq form one orbit. There
are two elliptic orbits: f‘mod -4 and fmod - €™/3 The elements v € T'moa that
leave fixed an element of Tpoq - i, all satisfy trace(%) = 0. The other elliptic orbit
is characterized by the condition |trace(%)| = 1 for all v that leave fixed some
element of the orbit.
13.1.11 Euxceptional points. All sets P of exceptional points for Tyoq, see Sec-
tion 3.5, have to contain X = {fmod -400}. In this chapter we use the notation
P= fmod - 100.

We shall mostly work with the minimal choice P = {P}. For the continuation
of the resolvent kernel, one needs P = {P, Qq }, with Q = I'mod - w, w € H.
13.1.12 Cutting up Xmoa as in Section 3.5. If P = {P}, then Ap = 2 is the minimal
choice, see Figure 13.2.

Up(3)

Up(2)

N IV

Figure 13.2 Possible choices of Up(Ap) and Ug, (Ag,) represented in the standard fun-
damental domain.

This choice is not right for larger P. Consider for instance P = {P, Q;}. Put
w=Ap=Ap—1landv= \/AQi/(AQi + 1). The condition UP(AP)HUQi (AQL> =

() is equivalent to the condition that the disk < v should not contain a point

with Im z > u. This is equivalent to

1
u > +v.
—1—-w
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As v < 1 this implies v > 1, and hence Qp(u) is small enough We still have
the condition that the disk ‘ mod U meOd This

means v < v/5 — 2. All this is batlbﬁed if we take, e.g., Ap =3 and Ag, = z5. (In
Figure 13.2 the disk corresponding to Ug, (Ag,) is drawn too large.)

13.2 Fourier expansions of modular forms

In Section 1.4 we have discussed the Fourier expansions of some modular forms.
Here we reconsider this in the terminology of Chapter 4.

We use P = f‘mod - 400 in this chapter. The minimal growth condition for
the trivial character is ¢g, given by co(P) = {0}, and co(Q) = 0 for any other
element @ of P.

13.2.1 The discriminant A has the expansion A(z) = Y o, 7(n)e*™"*, stated
in 1.4.2.

For the trivial character the terms in Fourier expansions are indexed by
Cp(1) =7, see 4.1.2. From the definitions in Section 4.2 we derive

wi (P,

Elra(y)) = (4mny)l/2e=2mmy for Ren >0
wi (P, 1

n,
P :
n,5ta(y)) = ™2 (—dmny)/?e=*™  for Ren < 0.

(These facts concerning Whittaker functions can also be derived from the differ-
ential equations E~w;(P,n, 5t) = 0, E=&y(P,n, 5*) = 0, and the asymptotic
behavior discussed in 4.2.8.)

The function A : p(2)k(6) — ySA(z)e'??, corresponding to A, is given by

— TinT T(ﬂ) — %
Z e? WWI(P, n, 5t a(y))e .

Thus Fp,A = 7(n)(47n)~Sw,(P,n, E1lyif n > 1, and it vanishes for n < 0. We
see that A corresponds to an element of the space of cusp forms Si2(1, ¢y, 21)

13.2.2 Powers of the eta function. The function A on G is equal to 72, see 13.1.7.
For the character y, the possible Fourier term orders at P are given by
Cp(xr) = 15 + Z. Write n = v + {5. The expansion in 1.5.5 leads to

FP,nUr
pu(r)(4mn) =" 2w, (P,n, (r —1)/2) if 12v > —Rer,v >0
o (1) (P, 0, (r — 1)/2) ifn=0,r € 12Nsq
P (1)e™ /2 (—dan) 720, (P, (r —1)/2) if 0 < 12v < —Rer
0 if v <0.
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So 7, is a cusp form in S, (x,,n, T;Ql) for 0 < Rer < 12, with the empty growth
condition n given by n(Q) = () for all Q € P. Note that n is the minimal growth
condition for each non-trivial character of fmod. For larger Rer we have a cusp
form for even larger growth conditions. On the other hand, if Rer < 0 we have
Ny € Ar(Xr, ¢, 5) with a growth condition ¢ that has to satisfy ¢(P) D {v+ %5 €
Cp(xr):0< 121/ < Rer}. So 7, is not a cusp form for all values of r.

13.2.3 The modular invariant. In Shimura, [53], Theorem 2.9, we see that the
modular invariant J = (27)~12123(60G4)?/A(2) is a Tmoeq-invariant holomorphic
function on § with an expansion J(z) = Y~ | ¢,e*™"* where ¢, € Z, c_; = 1.

Notice that Aghimura = (27)*2 Apere. The Fourier expansion at P of the corre-
sponding function on G is

p(Z)k‘(e) = (IJO(P 17 2 (y))e_%rm+COMO(P707_%;a(y))

+ Z enwo (P, 1, =35 a(y))e?™ .

n=1

J determines an element of Ay (1, ¢, 3) for each growth condition ¢ for which ¢(P)
{_17 0}
13.2.4 Singularity at an interior point. We may consider also f = J%](Z) It has

a second order pole at ¢ and is invariant under z +— _71 Hence it has a Laurent

series expansion
o0 ¥ —i 2m
z) = b
i =% m(z +¢>

m=—1

for z # i in a neighborhood of i. This neighborhood is much smaller than $, as
f has a pole at each point of Tioq - 4. Consider Q; = Tiodq - 4. This is an elliptic
point with order vg, = 2. So Cg, (1) = 4Z, and

k(na(tu)k(4) — f(k(n) - itu)

= 2 u 2 im u "
= me(EM u+1> Z bme™ n(u—&-l)

m=—1 m=—1

= ib,16_4m@0(Qi, —47 —1, —%; a(tu))

0o
+ Z bm€4imnw0(Qi7 4ma _%; a(tu))

n=0

The singularity at @; involves only the Fourier term of order -4. For large y we
have an expansion of the form f(z) = > 77 | a,e*™"*. Hence f is regular at P.
Take the growth condition ¢ on {P, Q;} given by ¢(P) = {0}, ¢(Q;) = {—4}. Then
feA(l,c, ).
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13.2.5 Fisenstein series in the domain of absolute convergence. In even weight the
series in Proposition 5.2.9 can be expressed in terms of well known functions. We
consider E,(s) = P;(P,0,1,s), with x € 2Z, and Re s > %

The cusp is P = ['moq - i00. So we have Ap = { n(l)k(7m) : I,m € Z}, and
A p\fmod has the system of representatives

{1}U{(i\§>:czl,dez, (c,d):l},

where for each (c¢,d) we have chosen a and b such that (a b) € Thmoa = SLa(Z).

d
As
ab
(%3 )pme)
ax + b)(cz + d) + acy? y
N n<( )|£z—|—d|2) )a(|62+d|2 k(= arg(cz +d) +6),
we obtain
1 Yy st1/2 czZ + d K4 1;@0
Ecsp(2k0) = 5 Y (|+d|) o (132)
c,d€Z, (d,c)=1
3 ’ > 5/2
B y5+1/2 _9s_1 [MZ+n k0
225+ 1) n%:ez|m2+n| mz+n <

This shows that the Eisenstein series in weight 0, see Equation (1.1) on p. 4,
is given by e(s;z) = Ey(s;p(2)), and also that for even £ > 4 the holomorphic
Eisenstein series, see 1.3.2, satisfies

Gr(2) = 20(k)y "2 B (552 p(2)).

13.2.6 Kloosterman sums. Consider n,m € Z. The Kloosterman sum in Equa-
tion (5.1) on p. 80 is given by

S1(P,m; P,n;c) = Z* g2ri(natmd)/e
d modc

where for each d mod ¢ we have chosen a such that ad = 1 mod ¢. For mn # 0
this is the classical Kloosterman sum. In the case of the Eisenstein series we have
n = 0, and obtain

ZS (P,m; P,0;c)c™ 172 20*1 2s Z e2mimd/c

c>1 d modc
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oo
_ C(28+ -1 Z e27rimd/c
N=1 ¢|N dmodc
— <(28+ -1 Z eZﬂlmm/N
N=1g|N
€(2s)/¢(2s 4+ 1) ifm=0

o_as(Im|)/C(2s+1)  if m#0,
where o, (k) = Ed\k d®. This implies

cw(Pym; P 0; 1, s)
(1/2 = s)jnjz2_ A(29)
(1/2 + 8)‘,{|/2 A(ZS + 1)
(=D)"’T(s+1/2) _|m|=*"20y,(Im])
I'(1/2 + s + ksign(m)/2) A2s+1) ’

ifm=20

if m #0,

with A(u) = 77%/2 (u/2)¢ (u).
Take £ = 0 to obtain the Fourier expansion of e(s) in 1.4.4, and x = k,
s = 3(k — 1) to obtain the result in 1.4.2.

13.3 The modular spectrum

In 6.7.7 we have introduced the spectral set X (x, 1), and various subsets, for uni-
tary characters x and corresponding real weights [. The subset X4(x,!) describes
the part of the spectrum due to automorphic forms of discrete series type; it is
completely known if we know the holomorphic and antiholomorphic automorphic
forms. Its complement in X(x, 1) is X.(x, 1) = Bc(x). This does not depend on the
weight.

We discuss E.(x,) and 34(xy,!) for the modular case. Here r € R mod 127Z,
and [ = r mod 2.

13.3.1 Symmetry. In 4.4.4 we have already mentioned the automorphism j of G
that sends p(z)k(#) to p(—2)k(—6). This automorphism satisfies j*> = Id. The
corresponding involution j on the functions on G is given by (jf)(g9) = f(jg) and
satisfies
Wif=—jWf, E%jf=jETf wjf=juf.

This can be used to relate automorphic forms of opposite weight. The drawback
is that it changes the group I into jT. But if T is invariant under j, then this
involution gives additional information on the spectral sets.

13.3.2 The symmetry in the modular case. As jn(1) = n(-1) and jk(7/2) =
k(—7/2), the group I'moq is invariant under j, and x, o j = x_,. Moreover,
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jgp = gp, and in Iwasawa coordinates on Up(Ap) we have j : (z,y,60) —
(—z,y,—0). Hence Fp7_njf = jﬁp)nf. This gives isomorphisms j : A;(xr,¢,s) —
A_i(x=r,—¢,8) and j : S;(xr,c,8) — S_i(xX—r, —¢,s), provided P = {P}. By —c
we denote the growth condition (—¢)(P) = { —n : n € ¢(P) }. (If P contains points
of Y the corresponding results are a bit more complicated.)

We find jP,(P,n,xr,s) = P_i(P,—n,X—r,s) for the Poincaré series at the
cusp; use jAp = Ap, and ju (P, n,s) = p_i(P,—n,s).

We also get an isometry j : K(x.,1) — K(x—r,—!) and, after completion,

an isometry j : H(x,,l) — H(x—,,—l). This implies that j maps A?(x,,s) into
A%, (x—r,5). The action of j on the spectral sets gives ¥(x,,1) = L(x—r, —1), and
similarly for the subsets .. and X'.
13.3.3 The modular spectrum of continuous series type. L.(xr) = Ze(Xri12) =
Ye(x—r) for all » € R. For ¢(x,,!) to be non-empty, it is necessary that P is
singular for x,, i.e., 7 = 0 mod 12. In 13.4.2 we shall see that X°(1,0) C {1},
hence .(x,) = X%(x,) in all cases.

13.3.4 Cuspidal spectrum of continuous series type. In the case r = 0 we have
the well known eigenvalue estimate i -5 > %7‘(2 for all s € %2(1), see, e.g.,

Proposition 2.1 on p. 511 of [21]. The same idea is used in [7], Proposition 10.1 to
obtain
1 21
™3 (1 - 67") +1D - 112> , (13.3)

——522 max <1<7r 3—
4 I=rmod2, 2<r—1<10 \ 8
for all s € 39(x,), 0 <7 < 12.

This estimate shows that X%(x,) C (R ~ {0}) for r in a large part of

(0,12). Proposition 10.2 in [7] gives an estimate that implies this inclusion for
all » € (0,12). So in the modular spectrum there are no ‘exceptional eigenval-
ues’ of continuous series type. Moreover, in [5], Proposition 2.8, one finds that for
Xr # 1 the elements of 3(x,,r) are given by real analytic functions of the weight
on the interval (0, 12).
13.3.5 Spectrum of discrete series type. This part of the spectrum is completely
known, as it corresponds to holomorphic and antiholomorphic modular forms. We
restrict our attention to [ > 0, and hence to holomorphic modular forms. From
3(xr, 1) = B(x=r, =) we get the corresponding results for negative weight.

Let [ = 0. Proposition 6.7.8 gives

1
Ed(l’o){i}’ Ya(xr,0) =0 for r =0mod 2, r Z 0 mod 12.

Let [ > 0. We may take 0 < r < 12. In Proposition 6.7.3 we have seen that

b—1
Zd(xr,l)c{‘T’:O<b§l7bzlm0d2}.
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Use of the operator E~ shows us that for b € (0,1], b = [l mod 2, we have |%| €
Ya(xr, 1) if and only if there exists a non-zero f € A?(x,, %5%) with E~ f = 0. Such
an f corresponds to a square integrable holomorphic modular form f of weight

b for the multiplier system v, : (‘Z 2) — Xr ((‘ZZ)) The square integrability

implies that the Fourier series of f starts with c,e?™%* with q mod 1, g >r.

¢ =1
We divide f by n?", and obtain a holomorphic modular form of weight b—r for the
trivial multiplier system. Such forms can only be non-zero if b—r >4 orb—r =20

(see, e.g., [53], Theorem 2.23). Hence

b—1
Ed(X’rvl) = {’T‘:bElm0d27T<b<l,b#T+2}.

We obtain
1
¥4(1,0) = {5}
Yalxr0) = 0 ifre2Z,0<r <12
-1
sa(1,0) = {2:b622,12§b§|l|,b7§14} ifle2Z, 140
b—1
Yalxr,l) = ——|b=lmod 2, r <b<l b2
if0<r<12,1>0
-1
Ya(xr, 1) = {‘2‘: E—lmod2,12—r§b§—l,b7é14—r}

if0<r<12,1<0.

For 0 < r < 12 the set X4(x»,!) is empty if »r — 12 < I < r. These weights are
exactly those that occur in the estimate (13.3). The reasoning given above leads to
the dimension of the corresponding eigenspace as well. For instance, the constants
are the only holomorphic modular forms in weight 0, hence dim A2(x, 1%) =1
for 0 < r < 12.

13.4 Families of modular forms

This section gives a few examples of families of modular forms. First, we consider
the Eisenstein family as a meromorphic function of the weight and the spectral
parameter. Its domain is determined by the null cell. We carry out the computation
indicated in 10.3.2, which relates this Eisenstein family to a Poincaré family for
a minimal cell. In Section 13.5 we shall look at the singularities of the Eisenstein

family at the points (0, %), beN.
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Proposition 11.3.9 discusses the singularities of Poincaré families along ver-
tical lines. In 13.4.5 we show that in the modular case we really have singularities
of the type described in parts i), ii)a), and iii)b) of that proposition. In 13.4.3 we
shall see that case ii)b) does not occur for the modular group. In 11.2.7 we have
seen that case iii)a) occurs for all groups.

Proposition 12.5.9 gives several conditions under which Poincaré families on

a restricted parameter space have a singularity. Condition a) is the presence of
a family of cusp forms for which the Fourier term corresponding to the Poincaré
family does not vanish identically. The dimension of the parameter space of that
family is allowed to be any non-negative integral number. One might think that a
family of dimension zero would suffice. This would mean the existence of a single
cusp form. In 13.4.6 we give an example where we need a one-dimensional family.
I have no examples in which one needs a family of higher dimension.
13.4.1 Continuation of Eisenstein series. The null cell J(0) corresponds to the
interval (—12,12) on the r-line, under the parametrization r +— ra of V. Take
Kk € 27, and consider the weight [, : r — k 4+ r. Theorem 10.2.1, applied with
P =T1od- 00, n=mng:7— 15, and J = J(0), implies that there exists a family
of modular forms

E. = E;, (J(0),P) € (M 0 Ai(co))(U x C),

with U a neighborhood of (—12,12) in C, that extends the Eisenstein series dis-

cussed in 13.2.5: E,; as defined there is equal to the restriction E,(0) : s — E,(0,s).

(We avoid the notation Fj, for the family of two variables; we pay for it by a nota-

tional ambiguity.) The growth condition ¢y on P = {P} is given by co(P) = {no}.
The family Fjy is equal to the family E discussed in Section 1.6.

13.4.2 Scattering ‘matriz’. Put C¥ = C;, (P, n,; J(0), P). In 13.2.6 we have shown

that for Res > 1 the function C2%0) : s — C, (0, s) is given by

(1/2 = 8)juiy2 A(2s)
(1/2+ S)‘,{l/g A+ 2s)’

Co(0; ) =

with A(u) = A(1 —u) = 7~%/2T'(u/2)¢(u). This equality extends to s € C, as both
both sides are meromorphic functions.

From C%(0) = —1 we see that FpoE,(0;0) = 0. There are no cusp forms
with eigenvalue 1 (see 13.3.4), hence E(0) = 0. Case ii)b) in Proposition 11.3.9
does not occur for the modular group, see the definition of Ep,, in 11.3.2.

13.4.3 Non-cuspidal spectrum. Proposition 11.2.4 shows that ¢ is determined by
the singularities of the Eisenstein family. Hence $¢(1,x) = {4} if x = 0, and
¥¢(1, k) is empty for other x € 2Z.

13.4.4 Poincaré families on a minimal cell. Let v € Z, k € 2Z, and I, : v — 1+ K.
The interval (0,12) corresponds to a minimal cell for the modular group. For this
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cell Jt*,and P = fmodoioo7 n=mn, : 7 +— v+5, Theorem 10.2.1 gives the existence
of a meromorphic family Q% = Q. (J*, P,ng) € (M ®0 A, (¢,))(UT x C), with
U a neighborhood of (0,12) in C, that satisfies Q¥ (r,s) = Poir(P, v+ 35, Xr 5)
for real 7 € (0,12) and Res > % This family extends the Poincaré series with
weight in (0, 12).

Let U D (—12,12) be an open set in C such that the Eisenstein family lives
on U x C. We may assume Ut C U. In 10.3.2 we see how to relate Q% to families

on the null cell. In the case v = 0, with the notation Q, = Q°, we obtain

Qr(r,s) = (1 + Vpr (Py7/12, 8) Do (1, 5)) E.(r,s),
on Ut x C, with D, = D;_(P,no; J*, P,ng). See 4.2.8 for v, 4,. A computation of
the Fourier term for (P,ng) leads to

U){+7’(P? T/127 75)
Vg (P, 7/12, —8) — Vo (P, 7/12, 5)CY(r, 5)

Qr(r,s) = E.(r,s). (13.4)
13.4.5 Singularities. Consider 0 < r < 12. The space H (x,,r) is equal to the space
“H built in Section 8.3 for xo = X, lo =7, ¢ =n, and, e.g., a > 5. (As ¢ is empty,
truncation has no effect.) The extension of the Casimir operator A(x.,r) and
the pseudo Casimir operator *A(0) for r coincide. Proposition 9.2.2 implies that
H(x,,r) has an orthonormal basis of eigenfunctions of A(x;,r); these eigenfunc-
tions correspond to elements of A, (x,,n,s), see Proposition 9.2.6. The number s
runs through a discrete countable subset of (0, 00) satisfying § — s? > £(1 — ).
Each of these automorphic forms has non-zero Fourier terms. Except for the first
one, they come under part i) of Proposition 11.3.9. Hence there are many Poincaré
families Q¥ with a singularity at the corresponding s, see part i) of Proposi-
tion 11.3.9.

A similar result occurs in weight zero for the trivial character. Hecke theory
even implies that for each s € X.(1) there is an element f € Sy(1,cp,s) with
Fpif #0; see, e.g., [35], p. 258-259.

For 0 < r < 12 the smallest eigenvalue is ér — ZT The corresponding
eigenspace is spanned by 7., see 13.1.7. For 0 < r < 2 we have 7(x,) = Tgl.
Consider @9, and apply Proposition 11.3.9 with n = ng. For 0 < r < 1 the
conditions in part iii)b) are satisfied, and for » = 1 the first case in part ii)a)
occurs.

13.4.6 A Poincaré family of indeterminate type. The concept (in)determinate type
has been introduced in Definition 12.2.10. The Fourier coefficients of 7, have an
explicit description, see 13.2.2 and 1.5.5. This enables us to give an example of a
Poincaré family that has indeterminate type at some point.

In the Fourier expansmn of nr we used polynomials p,,, see 1.5.5. A computa-
tion shows that p3(r) = ——7“ +6r2— gr Hence Fpp,na = 0, whereas Fpmm #£0
for r #£4, r in a neighborhood of 4.
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We work on the parameter space Wiyoa = C2, x(r,5) = X, s(r,5) = s,
with the weight r : (r,s) — r, and n, € Cp given by n,(r,s) = v + {5. We
take wo = (4, %) € Wioa- We apply Proposition 10.2.4 with the basis for the
Fourier terms given in Table 12.1 on p. 224. This gives us a family R, (P, ns).

Table 12.1 gives the same basis of W, (P,n3) at (r, 25%) for all r € (3,5). Hence

all R,(P,n3) for these r coincide. Apply Lemma 12.3.4 to R,(P,n3) at (r, =)

for 3 < r < 5. At such a point ¢.(P,n3) = 1 if and only if there is an element f

in A%(x,, 3(r — 1)) = Sp(xr,n, Z51) for which Fpon,f # 0, see Lemma 11.1.9. Tn

Proposition 6.7.3 we see that such an f,. satisfies E~ f. = 0, hence it corresponds
to a holomorphic modular form of weight r and multiplier system v,.. This means
that f is a multiple of n,.. We conclude that g,.(P,n3) = 1 for r # 4. The points
(r,“5%) with 3 < r < 5, r # 4 are in the analytic set Pol(R,(P,n3)). Hence
(4,3) € Pol(R,(P,n3)) as well, and at this point k,(P,n3) > 1 > ¢,(P,n3) = 0.

13.5 Derivatives of Eisenstein families

Part iii) of Proposition 12.4.2 shows that we may expect singularities of the Eisen-
stein family E, at points (r,s) = (0, %), with b € N. This is not in contradiction
to the fact that for Res > % we are in the domain of absolute convergence of the
Eisenstein family. The singularity need not be visible after restriction to a vertical
line. In this section we shall see that such singularities really occur. We use the
derivatives s — O™ E, (0, s), m € N. These derivatives are meromorphic functions
in one variable. If one of them has a singularity at s = %7 then E, surely has a
singularity at (0, %) The transformation behavior of these derivatives under fmod
is almost that of a modular form. In fact, these functions invite us to extend our
concept of modular form, see 13.5.5 and 13.5.6.

The main result of this section is Proposition 13.5.10. There we see that
the OME, (0, s) have a series representation for large Res. This means that each
0" E,.(0,s) is singular at s = g for only a finite number of b > 2. Moreover, we
get an explicit hold on the right-most singularity.

These results give a rather explicit description of the behavior of E, at the
points (0, %), and form the basis for the distribution results in the next section.
13.5.1 Singularities at half-integral points. We keep k € 2Z. Proposition 12.4.2
shows that E, is holomorphic at points (0, s) with Res > %, except possibly for
the half-integral values of s. Those singularities are not connected to the presence
of square integrable modular forms, but are due to the fact that pxyr, fxtr is
unsuitable as a basis for the space of Fourier terms of order (P, {3) near (r,s) =
(0,3),beN.

For b € N, b > 2, Proposition 12.4.2 shows that

1
1- wl;Jrn(lT_gﬂ S)Cg(rv 3)

E.(r,s)
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is holomorphic at (0, 2) with value given by the absolutely converging Eisenstein
series P2(0, ), equal to E,(s) in Equation (13.2) on p. 246. The proof of Proposi-
tion 12.4.2 shows that E{” is the family R(P,ng) from Proposition 10.2.4. Hence
EY) is characterized by its Fourier term of order (P, ng):

+ B,(/f’) (r, s)u2+T(P, r

prnoEt(cb)(T’S) :MH+7’(PﬂL7S 1278)7

12)

with B,gb) a meromorphic function.

At (0, %) we have more or less the same situation, provided x # 0. Indeed,
dim A (1, co, %) = 1, but if k # 0 its non-zero elements are not square inte-
grable. Proposition 12.2.12 implies that E, has determinate type at (0, %), and

that the same holds for Rp,,. As Rpn,(0) = E,.(0), we conclude from Propo-

sition 11.2.4 and Lemma 12.3.4 that £ : (r,s) = (1—wl . (35,5)Cr,s) " !
E,(r,s) is holomorphic at (0, %). Its value at (0, ) is not given by an absolutely
converging Eisenstein series.

One may consult [7], Proposition 6.5, for the singularity of Ey at (0, %)
13.5.2 Derivatives. For m > 0 and g € G consider

1
en(s;g) = %WEK(?% $;9)
. r=0

This defines meromorphlc families e} of functions on G depending on the param-
eter s. Note that e (s) = E.(0;5), but that e (s) does not satisfy our definition of
a modular form on G if m > 0. These families have no singularities in the region
Res > 0, except possibly at points of 1N.

13.5.3 Singularities of e]. Let b € N, and suppose b > 2 or k # 0. We have defined
BY (r,s) as the coefficient of 2, (P, 75, s) in Fp,nOE,gb) (r,s). Hence BY (r,s) =
COr,s)/(1 — w£+n(12, 5)CY(r,s)). It is holomorphic at (0,%), and B,gb)(07s) =
C9(0; 5) for s near b On the other hand C? = B,gb)/(l + werTB,gb)), and

-1
E.(r,s) = (1 +w?, (P, E ,5)B®) (r, s)) E®) (r,s).

The expansion in r of w?,, (3, s) starts with
b /1 r-2
Tb<z) (__S_§> (—2s)
3) \2 2), T(2s)
1 oy (W)b 1 K T'(—2s)
- Vo ((z-s-2
T3 5 °732),) Tes) ©

The factor (3 — s — 5),I'(—2s)/I'(2s) has a first order pole at s = 5 if b is even.
If b is odd this factor may be holomorphic at %; in that case, the next term has a
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first order pole at g. From

o (1o (T (LK) D(=29)
Zr er(s) = (1 r (3) <2 s 2)b T(25) B, (0,s) + ...
m=0

. (the expansion in 7 of E® (r, S))

we conclude that e]' is holomorphic at s = % for 0 < m < bif bis odd and
b>1+ x|, and for 0 < m < b— 1 otherwise. In 13.2.6 we see that

(3 _3)|,;|/2 A(2s) .
(% + S)|H|/2 A2s+1)

BY)(0;5) = C2(0;5) =

1

The factor (5 - S)INI/Q
m=>band b < |k| — 1.
For fixed m this means that e}’ can have a pole at % only if g < [%]

ensures that e}’ is holomorphic at % for odd b, even if

13.5.4 Proposition. If k € 27, and r # 0, then el is holomorphic on Re s > 0.
Let k € 2Z, and m > 2. Poles of €] in Res > 0 may occur only at % with

m

bez i< g < [ﬂ] The right-most singularity occurs at % = [5], and has

— )b/2 T\ b (b b
=) <<§+)1>€3 (2)

order 1. Its residue is
Proof. We still need to compute, for m > 2,

lim —

s—b/2

< l;) (W)b (%_5_%)br(_%)(%_s)mp/\(%)

*72) 3 P@2s) (F+5),,2A25+1)

with b =2 [%] Use

2s) (%+5)|n|/zr(5+%) T3 +s—5T(3+s+5-b)

37573

(1 "“) (2 = 8) e ™/°T () m(—1)r/221 2
» I(

13.5.5 Reformulation of the definition of modular form. If we differentiate the
relation B, (r,s;vgk(8)) = "M E, (r,s;9)e!" )% a number of times with re-
spect to r at r = 0, we get a complicated transformation behavior for the e}.
This becomes more transparent if we impose only a part of the condition of y,-I-
equivariance, stated in 4.1.1. We carry this out for the modular case.

If v € Tmoa, then v~ tgk(a(y)) does not depend of the choice of 7 in its
class vZ. Hence

(g,2) — gxx=~""gk(a(y)) with ¥ € 2 € Tmed/Z = [mod
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defines a right action of T'oq = f/Z >~ PSLy(Z) on G.Ifr € C and k € 2Z, the
condition of y,-equivariance on a function f of weight r + x is equivalent to

flg*z) = xu(x)f(g) forall € Tyoq. (13.5)

The character y, of [mod is trivial on the center Z, hence it can be viewed as a
character of T'nog.

We define the representation x : f + x - f of Lioq by (z- f)(g) = f(g * 2).

This representation commutes with right translation by elements of K , and with
the action of the differential operators w and W.
13.5.6 The el as a generalized type of modular form. The weight r is not involved
in the relation E(r, ;g * x) = xx(2)Ex(r, s;9); hence 9" E,(r, s) satisfies (13.5),
and (w — 1 + s%)O"E,(r,s) = 0, but it is not a weight function. This holds in
particular for e}’ (s) = 0] E, (0, s). So it might be worthwhile to extend the defini-
tion of automorphic form as an eigenfunction of w on G (or Gp) satisfying (13.5)
and some growth conditions, near the exceptional points, and also as || — oo.
The e (s) are examples. The function p(2)k(0) — 2logn(z) + logy + 6 has this
transformation behavior, but it is not an eigenfunction of the Casimir operator.

13.5.7 Series representation for €. Equation (13.4) on p. 251 implies for r € U™:

. T 28 ]_"(_25)1"(1 45— T+}-c)
Ei(r,s) = (1 - (?) F(QS)I‘(;— i é) Cg(r,s)> Qx(r, ). (13.6)

FingGandsE(CwithRes:ae(/c,k—f—%),kEN,kZ?. Then
Ei(r,s;9) = Qx(r,s;9) + O(r2‘7) forr | 0.

Hence the e*(s;g) with 0 < m < 20 can be read off from the expansion in r of

Qu(r,s;9) for r | 0.
Let 0 < r < 12. The absolutely converging Poincaré series

Por(Pg5xmsi9) = Y, Xe(0) tirin(P, 35, 5:79)
’YEAP\f‘mod

is equal to Q(r, s; g) for Res > % We may write it as

PH+T(P7 %7)(“8;9) = ZXK(x)_1MT+K(P7 %a&g *{L‘)7
x

with & running through representatives of f‘mod/f‘;"od; by f‘r‘fod we denote the
image of N N oq in Timea = PSLa(Z). }
To identify the series for e we define the functions 3, n and 7 on G by

BERO) =2+ 20, n(pKO) =y, T(HO) = .
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Then

1 _ rtk
g ts 2

T . _ T 6 s+1/2
frin (P, 255, 85.9) = 7(g)"e™ PO/ 6 (g) /2 Py [ b2

In the sum we take the representatives r = + ((1) (1)) and

xile{:t<c'cé>:021,d62, (d,c):l}.

1 ys+1/2 .
Asn <p(z)k:(9) «(24) ) = oz + AP the sum > xx(x)”'h(g * ) converges

absolutely, even if we omit the 1F}-factor. For 0 < r < 12 and Re s > % we obtain
the absolutely converging double series

r
PK+7‘(P7 EaXTas;g) (137)
o'} 1 rt+K
(_+S_ >n T\ " — K T, s+n
= X et (5) el (e g (g ),
n=0 n -

13.5.8 Another type of series. To insert the power series for the exponential func-
tion e™A/6 and interchange the order of summation, we shall need the conver-
gence of sums like

Ser = O xul@) (g * ) (g % 2)7 27 (g % 2)"

Take g = p(2)k(0) fixed, and (Zg) € I'imod, with ¢ > 1.

5 (s (7))

az+b 6 Ta+d T

= — f— - _ 2
Cz+d+ﬂ< arg(cz +d)+ 0 6 . +2+ 7rS(d,c)>
d

1 6 6
e p +3+125(d,c) + Wo Warg(cz—i—d)

= Ol +d) = O <77 (werwier (. ‘b))/) .

As |7] = 1, this gives the absolute convergence of S, , for ¢ =0,1,...,2k — 1. We
have obtained the next result:

13.5.9 Lemma. Let ¢ > 0, q € Z. The following series converges absolutely, and
defines a family of functions €4 on G, pointwise holomorphic in s, for Res >
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Lg+1).
el(s;g) = ZXH(x) (T“ .. ns+1/2> (g%2)
= Y xrlgk(=a() " Blrgk(—a(y)) "n(ra)
’YGAP\fmod
These functions satisfy the modular transformation behavior (13.5) on p. 255.

Remark. The €f are not weight functions, and no eigenfunctions of the Casimir
operator.

13.5.10 Proposition. Define 7, j(a) by (a — x), = Y1 j(a)z’. For m > 0,
K € 27, and Re s large,

ex(s) = i Z S (3+5-5) %)mij (%)ng(s—km —q—7)
Tocicomaye 228+ Dm—j—g(m —j—q)lg!

Proof. For € > 0 and a > % (and again g fixed)

> g2 =0 (=72) (e Lo).

2, n(arg)<s

Let 0 = Re(s), 2 < k <o < k+ %, and let n > 0. We take e = r% for r | 0. The

following quantity occurs in Equation (13.7):
Zxﬁ(x)fl (7_:1 . 6m’rﬁ/6 . T’s+n+1/2> (g " QJ)

- B e (e o 7).

z, n(gxz)>e

In the sum with 7(g * ) > & we have § = O(n~/?) = O(1/r) and 6 = O(1).

Insert e™8/6 = 232_02 %(wirﬂ/(;)q + O (p2ElyhH12),

ZXH(IE)71 (7_/-; . eﬂirﬁ/ﬁ _ns+n+1/2) (g*x)

- kaz(??)qql! S xale) (7 g (g aw)

q=0 z,n(g*z)=>e

4 O (,r2k:—1) + O (r20'+2n—1)

2 i\
= Z (_> Egg(s+n;g)+0(r2a+2nfl)+O(T2k71)

q=0 6
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%2 i\ e
_ . 2%k—1
= Z (E) asi(s%—n,g)—k(’)(r ).

q=0

In view of (13.6) and (13.7) we obtain e*(s; ¢g) with 0 < m < 2k — 2 as the
coefficient of r"

(3+s— ;”)n o\ 2 i\ q
nz_ow(g) mE(t) 7 k(s mig).

13.5.11 Corollary. Let v € 2Z, and m > 0. The family € has a meromorphic
extension to C. In the region Re s > 0 it can have singularities only at half-integral
points.

The families % and el are holomorphic on Res > 1.

Let m > 2. The right-most singularity of €' occurs at [%] ; it is a first order
pole, with residue

ﬂeg (ﬂ> if m is even
¢(m+1) 2
—1 —1
6_77.1 o(m )52 n if m s odd.
mi  ((m) 2
Proof. We already know the statement concerning ) = e = E.’K(O) Proposi-
tion 13.5.10 gives e} (s) = & 2;_5:1 € (s—&-l)—i—m L(s) for m = 1. Proposition 13.5.4

implies that €. is holomorphic on Res > 1.
For m > 2 we use

r = (5) e

+ Z Z (holomorphic on Res > 0) -e(s+m —q — j).
q=0 0<j<(m—q)/2

For all terms in the sum m —q — 7 > % The terms with ¢ = 0,1 are holomorphic
on Res > % Proceeding inductively, we assume that the terms with 2 < g < < m—1
can have singularities only at half-integral points s < [£] —(m—q—j) < £ —m+
q—+ ? < [%] — % Hence these terms do not matter for the statement of the
corollary. Apply Proposition 13.5.4 to complete the proof.

13.6 Distribution results

In [8] I carried out the computations of the previous section, not for the family E,,
but for its Fourier coeflicients C¥%. This gave the meromorphic continuation of
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Dirichlet series with powers of Dedekind sums in its coefficients. The information
on the right-most singularities led to distribution results for S(d, ¢)/c, where S(d, ¢)
is the Dedekind sum. In this section the same method is applied to the Eisenstein
family itself; this produces similar distribution results for a more complicated
quantity.

13.6.1 Notations. We fix g = p(2)k(0) € G. Define T =T, = {cz +d : ¢,d € Z,
(d,¢) =1}. For cz+d €T with ¢ > 0 we put

d 6 6 1
d) =125(d,c) — — - = d)+ —0— —— .
o1(cz+d) S(d,c) C+3 7rarg(cz—i— )—i—ﬂ Re(c(chrd))
We extend this definition by 01(1) = 0 and o1(—t) = o1(t) to get a function
[ T — R.
We study the distribution of the values of the map o = o, : T'— C given by

o1(cz+d)

i0
cz+d €

olcz+d) =

It turns out that we can obtain distribution results for o(cz + d) from the analytic
properties of the £7(s;g). In comparison with S(d,c)/c, considered in [8], the
quantity o(cz+d) is a rather strange one to to study. But the following distribution
results can be obtained, and we shall show how to do that.

13.6.2 Proposition. Fiz g = p(2)k(0) € G, and define o, and T as above. Let
f:C — C be a continuous function.

i) First distribution result.

1 Z flog(cz+d)) 12

lim — == .
e lcz + d| Wyf(O)

cz+deT, |cz+d|<X

it) Second distribution result. Let ¢(I) denote the number of x mod ! relatively
prime to I, and define ¢ : Z-z+7Z — N by p(w) = (1), where 1 is the
largest natural number for which 1w € T'. Suppose that u — f(u)/|ul* has a
continuous extension to u = 0. Then

lim % > flog(cz+d)) =2 Z/ Mf (e /w).

w
cz+deT, |cz+d| <X WEZ-z+1L | |

Remarks. The prime in Z, indicates that the term with w = 0 is omitted.

The first distribution result states that the majority of the points o,(cz + d)
is concentrated near 0. The second result gives information on the minority staying
away from 0. To get an illustration we have picked z =i € $, § = 0, and plotted
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Figure 13.3 The points 1/0(ci +d) with (d,c) = 1, |ci +d| < 1000, that fall in the region
|Rew| < 7, |Imw| < 7 of the complex plane.
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some in Figure 13.3. In this way we have blown up the majority near 0. The

second distribution result explains some of the structure of the resulting picture.
Question. Can one explain more of the structure, for instance by methods like
those in [9] and [10]?
Proof. In the remainder of this section we give a proof. We view the distribution
results as statements on limits of functionals on a space of continuous functions.
It suffices to prove these statements for a set of test functions that is dense in the
whole space for a suitable topology. This is done by applying a Tauberian theorem
for Dirichlet series.

Of course, the way the distribution results were found is opposite to the
direction of this proof.
13.6.3 Reformulation. Let X > 0. We define functionals ux, vx, p, and v on the
continuous functions f: C — C by

) = Ly L0

teT, t|<X ‘t|
1

() = 5 D lo@Ffe®).

teT, |t|<X

WH = 10
B "), (e
w =2 ¥ ER(5)

WEZ-z+7

Proving the distribution results amounts to showing that for all continuous func-

tions f: C — C:
dm e (f)=p(f). Jim wx(f) = v()).

— 00

13.6.4 Reduction to a smaller class of functions. First we show that o1(¢) = O(Jt|)
for t large, for fixed g. To see this we consider t = cz + d with ¢ > 1 We note that
125(d, ¢) +3 — & arg(cz +d) + 80 = O(c+1) = O(|t]), and ]Re . ‘ leotd] <

iz = 0(1). Finally, 2 = =224 —z — 0 (U 1) = O(t).

So the values of o are contained in a closed disk around 0 in C, of ra-
dius C(g) > 0. We work with the space of all continuous functions on this disk,
provided with the supremum norm || . ||oc.

From |ux(f)] < ||flleoptx (1) we conclude that the ux are bounded func-
tionals on this space. The functional p is bounded as well. If the limit formula
limx oo px (f) = u(f) holds for all f in a dense subspace containing the constant
function 1, then the limit formula holds for all continuous functions. Indeed, the for-

mula limx .o px (1) = (1) implies that the norms ||ux|| are bounded uniformly
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in X. We use the dense subspace spanned by the functions f, x : u — ua”, with
n,k > 0. (To see that it is dense, use the Stone-Weierstrass theorem; see, e.g., [26],
Ch. 111, §1, Theorem 1.1.)

We have |vx (f)| < ||flleovx (1) for vx as well. Take C(g) larger than the
maximal value of 1/|w| for w € Z-z+7Z, w # 0, to see that v is bounded. To obtain
the limit formula for vx and v, it suffices to consider functions in the same dense
subspace. We have to show for n,k > 0:

) 12/my ifn=k=0
im pix(far) =
X —o0

0 otherwise
Cn+k+2) (nikisyeo0 (ntk
n 1,
. Cntk+3)” Snk | Tg o THY
leloo vx(far) = if n — k is even
0 if n — k& is odd.

To obtain the assertion for v, note that
/ inf—iko o0 I
9 pw) e _ — 9 Z p(l) Z
|w|3 wnwk l3+n+k
w =1

cz+d€eT

efi(nfk) arg(cz+d)

i(n—k)6
|cz + d|3+n+k '

€

If n — k is odd, this vanishes. For even n — k, use ¢ = E(0), and (13.2) on p. 246.

13.6.5 Restriction to even n—k. Let n—k be odd. From the definitions of yx and vy
we see immediately that px (fnr) = vx (fn,x) = 0. Hence the limit statements hold
for n # k mod 2.

In the sequel we restrict ourselves to even n — k.

13.6.6 Reformulation for the even case. For X > 0, p,q > 0, and «k € 2Z, we define

o1 (t)pein(e—arg(t))

1
AX(pa(LKJ):? Z

|t]2
teT, |t|<X
Then
px(fnk) = Ax(n+kn+k+1,n—k),
vx(fak) = Ax(n+k+2,n+k+2,n—k).

Write p =n + k and k = n — k. Our aim is to show, for even p > 2 and even k:

Xlim Ax(o,l,O) = ]_2/7ry
lim Ax(p,p,k) = 4&y*(p+l)/2€g(p/2;g).
X—oo Cp+1)
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13.6.7 Dirichlet series. To carry this out, we consider the Dirichlet series

F(p,riu) =

teT

o1 (t)peim(e—arg(t))
[t

for even p and k, p > 0. The estimate o1(t) = O(|t|) for large |¢|, and the
convergence of the Eisenstein series, imply that F(p, x;u) converges for at least
Rewu > p+ 2, and gives a holomorphic function on this region.

Define o5 : T'— C by

d 6 6 1
+d)=125(d,c) — —+3— — +d)+—-0—-——
o2(cz +d) S(d,c) c 3 arg(cz ) o(cz )

if ¢ > 0, and o2(—t) = 02(t), 02(1) = 0. As o1(t) — 02(t) = O(|t|~?), the series for
F(p, k;u) differs from
o9 (t)pein(ﬁ—arg(t))

e

Fp,riu) =)

teT

by a series representing a holomorphic function on Rew > p — 1.

We apply Lemma 13.5.9 with s = 451
) 6 \?
P(s;g) = y T2l (z + —9)
™
N Z eir(0—arg(cz+d)) (7 cz+ %(9 —arg(cz +d) — oz(v)))p
. y=—1/2|cz + d|2s+1

) 6 p 1 o (t)pein(efarg(t))
s+1/2 ik hd - 2
y (e (z + 7r9> 3 ; |t2s+1
) Pooq .
=yt (e““’ <z+ §9> + §F(p,fi;U)> :
™

This gives the meromorphic continuation of F(p, s;u) to v € C, and of F(p, k;u)
to Reu > p — 1. Moreover, Corollary 13.5.11 gives information on the rightmost
singularity in the case p > 2. This information is given in Table 13.1, with the
notation u,, ., for the position of the right-most singularity, and p, . for the residue.
The singularity at u, , is a first order pole, and it is the sole singularity in the
region Rew > u, . — 1. The table shows also where to find the results that cover
the case p = 0.

13.6.8 Tauberian theorem. We apply the Tauberian theorem for Dirichlet series;
see, e.g., [27], Ch. XV, §2-3. This theorem implies that if the functions g(u) =

Yoer B)[tT" and f(u) = >, .p A(L)[t| ™" satisfy
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Up. s Pp.x see
12
p=rk=0 2 — 11.2.7
eI
¢p) exlp
> 2\ RN T
p>2 p+1 4{(1? 1) g0/ Corollary 13.5.11
p=0,k#0| F(p,k;u) holomorphic on Reu > 1 | 13.2.6

Table 13.1 The rightmost singularity of F(p, x;u) for even p and k.

i) |B(t)] < CA(t) for all t € T, for some C > 0,
ii) f converges absolutely on Rew > 1 (hence the same holds for g),

iii) f and g have a meromorphic continuation to a slightly larger half plane
Reu > 1 — ¢, without singularities outside u = 1,

iv) f has a first order pole, and g at most a first order pole at u = 1;

then

lim E Z B(t) = Res g(u).

X —o0 u—1
teT, |t|<X

If ¢ is holomorphic at u = 1 its residue is understood to be zero.

13.6.9 First distribution result. We take p > 0, p even. Apply the Tauberian
theorem with B(t) = oy (t)Pe*(0—ar8®)|t|=P=1: note that B(t) = O(|t|~'). Take
A(t) = |t|7Y; then f(u) = F(0,0;u + 1) has the right properties. As g(u) =
F(p, k; u+p+1), it satisfies the conditions of the Tauberian theorem, see Table 13.1.
We obtain limx o Ax (p,p+ 1; k) = Resy—pt+2 F(p, k; u), which gives the desired
result, see 13.6.6.
13.6.10 Second distribution result. Take p even, p > 2. For k = 0 we take B(t) =
o1(t)P|t|~P. Then g(u) = F(p,0; u+p) is holomorphic on Reu > 1. As B(t) > 0 for
all t € T, we take f(u) = g(u). The Tauberian theorem gives limx_.., A(p,p,0) =
Pp,0, Which is the value stated in 13.6.6.

For k # 0 we take B(t) = o1 (t)P|t|Pe*(0—218(1) "and A(t) = o1 (t)P[t| . We
have seen that this gives a suitable f(u). As g(u) = F(p, k;u + p), we obtain the
right value for limx o, A(p, p, k) in this case as well.



Chapter 14
Automorphic forms for the theta group

In this chapter we consider automorphic forms on a well known subgroup of the
modular group, the theta group. We give examples to illustrate the ideas in Part I.
The main difference with the modular group is the presence of two cusps.

14.1 Theta function and theta group

The theta group is the group of transformations in § for which the theta function
is an automorphic form. In this section we consider the theta group as a subgroup
of G = SLy(R). We shall lift it to G in the next section.

14.1.1 Theta function. The classical theta2 function on the upper half plane is
defined by 0(z) = 03(z) = >.°° e™#m” Tt clearly satisfies 0(z + 2) = 0(z).

m=—0o0

Application of the formula of Poisson shows that 8(—1/z) = (—iz)'/26(2), c.f. [49],
Theorem 7.1.1.

14.1.2 Theta group. These transformation properties explain why the subgroup
of I'yoq generated by ((IJ f) and (_(1) é) is called the theta group. We denote this

group by I'y. One can show that it consists of those ('z 3) € SLy(Z) that satisfy

either (ig) = ((1)(1)) mod 2, or (‘is) = (?(1)) mod 2; see [32], p. 353 and p. 365.

1

Conjugation by (_(1) _1) sends 'y to the Hecke congruence subgroup I'o(2)
of the modular group.

14.1.3 Theta multiplier system. The transformation behavior of the theta function

is
az+bY\ ab 1/2
0 (cz—i—d) _W(cd) (cz+d)"40(z)

for all ('Z 2) € I'p, with vg a multiplier system for weight %

All automorphic forms for I';,0q are, of course, automorphic forms for I'g as
well. The theta function corresponds to the automorphic form z — 3'/%6(z) on $
(in the sense of Section 2.1) for the theta group I'p, of weight %, with eigenvalue %,
and multiplier system wy.

14.1.4 Fundamental domain. A fundamental domain for a subgroup A of finite
index in '\ 0q can be obtained as a union U%R’y - Flnod, where R is a system of

265
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representatives of A\I'yo4q; see, e.g., [52], Ch. IV, §4.1. For I'y this leads to

1-1 11
F :Fmo Fmo Fmo .
o dU(o 1) dU(—lO) d

One can change one fundamental domain into another by moving around pieces

/\H M .
112 -1 1 0 1

Figure 14.1 Fundamental domains for the theta group.

of a fundamental domain by elements of I'g.

14.1.5 Cusps. The set of cusps QU {ico} consists of two orbits for the theta group:
P =Ty -ico and @ = Iy - (—1). Use the fundamental domain Fj to conclude
that Yy = I'p\$ is homeomorphic to a plane with one point deleted, and that
Xo = Ty\H* = Yy U{P,Q} is homeomorphic to a sphere. See [49], §7.2, for an
automorphic function fo on $ that induces an isomorphism of Riemann surfaces
X = PL.

14.2 The covering group

We lift the theta group to a subgroup of G, and consider the concepts discussed
in Chapter 3.
14.2.1 Definition. Ty is the full original in G of the theta group I'.

The fundamental domain Fj in Figure 14.1 shows that the group Iy =

Ty /{£Id} of transformations in § is generated by + ((1) f) and + (7(1) (1)) =W,

with (£W)? = +1Id as the only relation. (Consult [32], Ch. VII, §2, p. 234, to ob-
tain generators and relations from a fundamental domain.) Hence I'y is generated
by n(2) and w = k(7/2), with the centrality of w? as the only relation.

14.2.2 Characters. The group of characters X = X(T') is isomorphic to (C*)%:
we may pick x(n(2)) and x(w) arbitrarily in C* to determine the character x.
We define Xry,re e X by Xry,re (n(2)) = ewirl/Q and Xry,re (’U)) = eWi(r1+T2)/27 for
r1,79 € C. The advantage of this parametrization will become clear in 14.2.5
and 14.4.1. The character x,, r, is unitary if and only if 1,72 € R. The map
(r1,72) ¥ Xry,r, induces an isomorphism X = C? mod 47Z?. The character x,, r,
belongs to the weights in r1 + ro 4 27Z.

14.2.3 Modular forms on G. All examples in the Chapters 1 and 13 give examples
of automorphic forms for [y as well. Note that the character X of [1oq Testricted
to T equals Xar/3,r/3-
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The automorphic form

0(p(2)k(n)) = y'/*0(2)e™/?

of weight % for the character xg,1/2 and eigenvalue % corresponds to the theta
function. Take powers of 6 to construct a one-parameter family similar to 7.

14.2.4 Canonical generators. The fundamental domain Fp in Figure 14.1 is canon-
ical. For this choice:

l; is the geodesic from ioco to —% + %\/3 = —1+e>/53 1 =n(2), g =
n(—1)a(2).

Iy is the geodesic from —1 to —% + %\/g = e2mi/3 7, = ggn(l)gz_l, go =
n(—1)w.

hy is the geodesic from 2 =i to § + $v3 = €™/, &1 = w = k(n/2).

The last of the relations in 3.3.3 takes the form mmee; = ¢(Y~2t2+! = (. Indeed,
with 13.1.2 we obtain

mmer = n2)n(—Dwn(Dw n(Dw = (n(1)w)*k(-7) = k27 —7) = (.

We have chosen g1 = n(—1)a(2), and not a(2). This choice has the advantage
that gg: =g1g, ' interchanges the cusps. As g2 = k(r), conjugation by gy gives an
involution of f‘g, Tp\9, and also of X and V. To see this, note that m; and o
generate fg, and that ggmga_l = 7y, and ggﬂ'gge_l = .

14.2.5 Homomorphisms. Any homomorphism I'y — C is determined by its values
on 7 and ma. If p € V is given by ¢(m;) = r;7/2, then exp (p)(m) = e™1/?
and exp (¢)(w) = exp (p)(m172) = e™("1+72)/2 hence exp (¢) = X1, r,- The coor-
dinates (11, r2) are suitable if one is interested in the behavior of ¢ on the cuspidal
generators 7, and ma. Note that X, (90795 *) = Xrs,m (7) for all v € T.

From the standpoint of number theory, it is interesting to take the basis «,
3, with o € hom (T4, C) defined in 13.1.7, and § : v — a(gg'yg(;l). This leads to

a(m)=7 a(m)=I aw) =3 afQ)=r
Br)=% Blm)=% B)=% B =

With Equation (13.1) the values of ﬂ(‘é 2) for (Z Z) € I'y can be expressed

in terms of Dedekind sums. Note that exp (ua +v3) = X (2u+v)/3,(u+2v)/3-
14.2.6 FExceptional points. The cuspidal orbits for Iy we have denoted by P =
Ty. -ioco and Q =T - (—1). They should be contained in every choice of P.

14.2.7 Decomposition of Xg. For P = {P,Q} we consider the conditions on Ap
and Ag. The condition that Up(Ap) should be represented in Fy by the image
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under gp of an rectangle, leads to Ap > 1 and similarly, AQ > 1. As the image
of iAp + R under gp:H — His 2iAp + R and as Im has maximum value 1/AQ
on gQ(zAQ + R), the disjointness imposes the condition APAQ > %, but thls is
already implied by the other conditions. The minimal choice for P is Ap = and

AQ = 1. This means Ap = = and Ag =2.

14.3 Fourier expansions

Each automorphic form for T'y has a Fourier expansion at both cusps. We write
them down for §. We need the elements gp and gg to describe the Fourier expan-
sions at cusps. In the modular case of the previous chapter the automorphic forms
have period 1 in the Iwasawa coordinate z. For the theta group we use gp and gq
to bring them into this form. This insistence on period 1 is a normalization that
is especially suitable if one does not restrict oneself to T'moq and its subgroups.
For Ty, and other subgroups of I'yeq, it leads to a complication. For the modular
group we have chosen the element gz € G to be the neutral element of G.

But here we have to take gp € Na(2). If we deal with a modular form for [imod, We
have to distinguish its Fourier expansion at I'noq - 400 from its Fourier expansion
at P =T} -ico. At ) we need gg anyhow.

14.3.1 Theta function. xo1/2(7p) = 1, hence Cp(xo,1/2) = Z. From 0(z) =

> e™™*% we obtain immediately the Fourier expansion at P = Iy - ioco:

— 00

9pp(2)k(p) = p(22 — Dk(p) — (29)"/*6(22 — 1)e'*/?

o0

21/4 Z (_1)me2ﬂ'im2zy1/4€—2ﬂ'm2yeizp/2
= aO,Ufl/Q(Paov 479Pp +Zanw1/2 7i,gpp(z)k(90)),

n=1

with ag = 2'/4 and a,, = 2(—1)"(27n)"/* if n > 1, n a square, and a, = 0
otherwise.

For the expansion at Q = Iy - (—1) we use

0 (z"‘ 1) s Z emiz(m+1/2)*
-z m=—o0

see [49], §7.1, Theorem 7.1.2. As x¢,1/2(7q) = e™/4 we obtain Co(Xo,1/2) = %—&—Z.
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The expansion is:

dop(z)k(g) = p (Zf 1) b(— arg(—2) + @) —

1/4
(i) 9 (’Z + 1) ot arg(—z)/2+ip/2
|2[? —z

oo
y1/4 Z \/_—,L-z:ewiz(7n+l/2)2(_Z)—l/Zeigp/Z

m=—o0
o0
_ Z 67ri/4e7ri(m+1/2)2wy1/46—7r(m+1/2)2y6itp/2
m=—00

= S bawia(Q.n, 5 90p(2)k(9)),

n=1/8mod1, n>0

with b, = 2(4mn)~V4e™/4 if n = L(m + 3)? for some m >0, m € Z, and b, =0
otherwise.

The theta function @ corresponds to an element of Ay /5(x, ¢, i), with x =
Xo,1/2- It is a smooth square integrable automorphic form, but not a cusp form.

14.3.2 Changing the group. If f is a modular form for T'peg, it takes some care to
obtain the Fourier expansions at P and @ from the expansion at I';,0q - 700.

As an example, we consider a modular form f for I'yoq with even weight,
trivial character and expansion

F(k() ~

= dop(Tmod - 00,0, 5;p(2)k(¢)) + copti(Tmod - 100, 0, —s: p(2)k(p))

+ Z anl(fmod : ’iOO, n, 87]9(2)]6(@))
n#0

= d0y8+1/2 + Coy_SH/Q + Z Cnezﬂianl sign(n)/2,5(4ﬂ-|n|y) eilw'
n#0

At P we have (P, 0, +5; gpp(2)k(p)) = y*/?=e'?, and wi(P,m, s; gpp(2)k(p)) =
eQmmIVVlsign(m)/2’5(47r|m\y)6“‘p. We obtain

Flgpp(2)k(@)) = f(p(22)k(p))
25+1/2d0ﬂl(Pa 0, S5 gPp(Z)k(sD)) + 275+1/2CO:U'1(P7 Oa —S; gPp(Z)k(QD))

+ Z (—1)m/26m/2wl(P,m, s;: gpp(2)k(p))-
me27Z, m#0
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At Q we use the fact that go = n(—1)w € I'mod, and obtain

flaap(2)k(p)) = f(p(2)k(¢))
= do(Q,0,s;9p(2)k(p)) + copu(Q, 0, —s; gop(2)k(p))

+ Z anl(Q, n, s; ng(Z)k((P))
n#0

14.3.3 Two harmonic automorphic forms. Automorphic forms with weight and
eigenvalue both equal to 0 we call harmonic automorphic forms, as they correspond
to harmonic functions on $.

In 4.6.7 we have concluded from the Maass-Selberg relation that the dimen-
sion of the space Ag(1,c,s) mod Sy(1,c,s) is at most |¢| for all s and c. Here
we show, by producing explicit examples, that the dimension of Ay(1, ¢y, %) mod
So(1,¢0, %) is at least equal to |co| = 2 in the case of Ty. As bounded harmonic
functions on $) are constant, we have Sy(1, o, %) = {0}.

One element is easily given: the constant function 1 : g — 1. To obtain
a non-constant harmonic automorphic form we start with the logarithm of the
eta function: the function F defined by F(p(z)k(¢)) = Relogn(z) + § logy, has
weight 0, is ['mod-invariant on the left, but satisfies wF = il. We take F; : g —
F(geg), with g9 = n(—1)a(2)w ' n(1) as above. The fact that goTgg, ' = T
implies that F is Iy-invariant on the left. It has weight 0 and satisfies wF;, = %1,
as w commutes with left (and right) translations. This means that Fp = F — F} is
a harmonic automorphic form for I'y.

To see that Fy € Ag(1, co, %) we look at its Fourier expansions at P and Q.
We work modulo regular Fourier terms of non-zero order.

i 1 Tinx ,—27|n 1
E(p(2)k(p)) = =35 = > o-1(nf)e™ e Inly 4 1 logy;
n#0

Fy(gpp(2)k(9)) = F(n(~1)a(2)p(2)k(p)) = F(n(~1)w™'p(2)k(y))
F( (22 - 1)) F(p(2))

minr—4m|n 1
= —*y— Zallnl frime ATl - log(2y)
n;éO

12y+ ZJ L ‘”D 2minz—2w|nly logy
n#0

g

—ﬁuo(P 0,%:9pp(2)k()) + ~log2 po(P, 0, —%: gpp(2)k(¢));
Fy(gop(2)k(p)) = F(n(=1wp(z)) — F(n(—1)a(2)p(z))
F(p(z)) — F(p(22))

—uo(Q 0, 5 9qp(2)k(p)) — %10g2uo(Q>0,—%;ng(z)k(cp))-
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Clearly 1 and Fy are linearly independent.
We check the Maass-Selberg relation (Theorem 4.6.5). As i =n = 0 we leave
out the ¢.

QWY(FPV()I, Fp,oFg) + QWI‘(FQJ)L FQVOFQ)

s 1
= 2Wr (.U“O(Pv 03 7%)7 7EHO(P707 %) + Z logQ,uo(Pv Oa %))

T 1
+2Wr (MO(QaOa _%)7 EMO(QaOa %) - Z logZMO(anv _%))
U 1 m 1
— 2(- Vo[- ) 12 2(-2) =0
(12)(2)+12<2> 0

14.4 Eisenstein series

For T'y one may work out the formulas in Proposition 5.2.9. We do not carry this
out completely, but mention some results.

14.4.1 FEisenstein series occur if the cusp is singular for the character under con-
sideration. We summarize the possibilities for the theta group in the following
scheme:

character xy, r, r9 #Z 0 mod 4 ro = 0 mod 4

r1 # 0 mod 4 no Eis. series Eisenstein series for @

ry =0mod 4 | Eis. series for P Eis. series for P and for @

14.4.2 Involution. We consider the Eisenstein series in weight 0 for the trivial

character. For m € Z let ¢(m,s) = (52((521%?)))1;1?) 52((52‘558))8)112) As both

cusps are singular, the scattering matrix ¢(0, s) is really a matrix.

Before we apply Proposition 5.2.9 we use gy, which interchanges the cusps. Let
© be defined by ©f(g) = f(geg). On functions of weight zero ©2 = Id. Note that
Ouo(P,0,s) = 1p(Q,0, s), and BOuwo (P, m, s) = wo(Q, m, s). Hence OFy(P,0,1,s) =
Py(Q,0,1,s), and ((1] (1)) c(m, s) ([1) (1)) = ¢(m,s). So we only need to consider the
Fourier coefficients of Py(P,0,1,s).

14.4.3 Case PP. The (é g) € g;lfggp occurring in Proposition 5.2.9 are ob-

tained as (ég) = (“;CC (b+dd*fc’c)/2) with (‘ig) € I'p. (Note that (é g) is the
group element that we called ('z s> in Proposition 5.2.9.) The number C' = 2¢ runs

through 2N, and D = d—c is obtained from d mod 2¢, (d,c) = 1, and d # ¢ mod 2.
This gives Sy (P, m; P,0;2c) = Zd(_l)mem’md/c.
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Consider Reu > 1, and let C2(u) = 32,51 zimean® * = (1 —27")((u).
Then N

u) i S1(P,m; P,0;2¢)(2¢) ™

c=1
— 2—u(_1)m<2(u) Z o Z eQ‘n’im&/c
c=1mod2 é mode, (6,¢)=1
+9- 2u Z N Z eQﬂ'imd/él'y
v>1 d mod4~, (d,4v)=1
— 2—u(_1)m Z N~ Z eQm’mw/N
N=1mod2 z mod N
+ 2—2u(_1>m(1 _ 2—u) Z N~ Z e27rimw/4N
N>1 z mod4N, (z,AN)|N

= 27(-1)"oy_,(m)
+ 272 (1) (1 —27) (401u(m/4) — 7 22 —o1_,(m/2) )
= 2271 =270 (F) + 27 (=)o (m) — 21 e (),

where 03(m) = Y dcimodz @ 040) = Ga(~a), 0a(0) = ((~a), ou(m) =
D djm A% if m € Z; if m & Z, then o, (m) = o4(m) = 0.
Proposition 5.2.9 gives

co(P,0; P,0;1,5) = A(2s)A(2s+1)"1(21F2 —1)7 1,
and for m # 0:
T olys(m)
co(P,m; P,0;1,s) = A(2s+1)"Y|m|*1/2 (U—2s(m) - 1_3125> ;

with A(u) = 7 %/2T(u/2)¢(u).

14.4.4 Case QP. The (ég) € gp'Tygo are obtained in the form (ég) =
,0) = 1.

((aib;\}%/ﬁ (a;%f> with (6 5— 7) € I'y; hence v = 1 mod 2, and (v

This gives S1(Q, m; P,0;vv2) = 35 - p2mims/y

G > Si(@Qm;P0;yV2)(1v2)

y>1,v=1mod2

27u/2 Z N~ Z eZﬂimx/N

N2>1, N=1mod2 z mod N

= 270}, (m)
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Hence

0(Q,0; P,0;1,5) A(25)A(2s + 1)1 (22T1/2 — g7 sF1/2) (9251 1)1

and for m # 0:

(@ miP0;1s) = A2s+1)7 m|" V20 ly (m)2 2212 - 1)
14.4.5 Scattering matriz. The scattering matrix for the trivial character turns out
to be

1 A(25) 1 21/24s _ 9l/2=s
c(0,5) = : 1/2 1/2— :
2142 1 A(1+2s) \ 21/2Fs —21/2-s 1

One can check this in [21], Ch. 11, (3.1) on p. 527. (Remember the shift in the
spectral parameter s.)

The scattering matrix for other characters has size one or does not exist at
all. For the theta-character xg /2 there are more explicit results on the Fourier
coefficients of the Eisenstein series in [55], and in §4 of [37].

14.4.6 Other Fourier terms. For m # 0 we find

c(m, s)

|m‘s+1/2 10 28+1/2 X 725+1/2 1
Azs 7= o1 ) Tamm o e ) )

A reader who likes computations may want to check the functional equation for
S —S.
14.4.7 Difference of Fisenstein families. In weight zero there are two Eisenstein

families, Eo(J(0), P) and Eo(J(0), Q), with the same residue in s = 1. Hence their

difference is holomorphic at s = % The form of the Fourier coefficients of order
zero is

Fro(Eo(J(0). Pis) = Eo(J(0),Q55)) = trpo(R,0,5) + cr(s)ho(R, 0, —s),

with tp =1, tg = —1 and

1 A(25) 1— (21/2Fs —2l/2=5)  if R=P
S 2V TA(L425) | (U245 _9l/25) 1 if R=Q.

cr(s)

This gives c¢p(1/2) = —3/m and c¢q(1/2) = 3/w. Comparison with 14.3.3 shows
that 19
lim (Bo(J(0), Pis) = Eo(J(0),Qs5)) = == Fy.
s—1/2 T
14.4.8 Poincaré series. For all unitary characters there are Poincaré series at both
cusps. Their Fourier coefficients at the cusps can be expressed in terms of gener-

alized Kloosterman sums.
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14.5 More than one parameter

This section contains examples for two topics mentioned in Chapter 10.

14.5.1 Cells of continuation. As | X>°| = 2 for the theta group, there are several
types of cells of continuation. Under the identification V = C? by r(2a — ) +
q(268 — a) — (r,q) we obtain, e.g.,

‘](0’ 0) (7474)27 J0(07O) = {(070)}7
J(0,q) = (—4,4) x (0,4), J°0,q) = {0} x (0,4) if0<q<4,
J(r.q) = J(r.q) = (0,4)* ifr, g€ (0,4),

—~

see Figure 14.2. The minimal cells are J(g, ), with ,¢ € {1, —1}.

J(=1,1) J(1,1) J°(0,1)

J°(0,0) J(0,1)

J(—1,-1) <_J(070)

Figure 14.2 Cells of continuation for the theta group.

14.5.2 Restricted parameter space. Take J = J(0,1). Then W = {(q,s) € C? :
Req € (0,4)}, x : (¢,8) — Xxo0.4s S : (g,8) — s, is an example of a restricted
parameter space that is not related to a minimal cell.

The character depends on only one complex parameter. One might hope that
part of the results in [7] on the analyticity of the eigenvalues can be carried over
to this situation. I think, however, that problems arise from possible singularities
of the Eisenstein family.



Chapter 15
Automorphic forms for the
commutator subgroup

The commutator subgroup of the full modular group is the last case to which we
apply the theory of Part I. It is chosen as an example of a group of positive genus.
The fact that the completion X of T'com\$ is an elliptic curve gives additional
structure, not present for the groups I'moq and I'g of genus 0. Apart from giving
examples for Part I, this chapter discusses some new aspects as well.

In weight 0 the commutator subgroup has an Eisenstein family depending
on three parameters: the spectral parameter s, and two parameters describing
the characters for weight zero. These characters form a two-dimensional torus.
Like all Eisenstein families, this family is given by explicit Eisenstein series in
the domain of absolute convergence. There is another region on which there is
an explicit description: consider the restriction to the plane s = % This gives a
meromorphic family in two variables of harmonic automorphic forms. This family
can be described explicitly with the help of Jacobi theta functions on the elliptic
curve X, see Section 15.6.

In Section 13.6 we have used derivatives of the Eisenstein family for the
modular group to obtain distribution results for quantities related to Dedekind
sums. We shall see in Section 15.5 that this method does not work here. It breaks
down for the Eisenstein family in weight zero.

An interesting question is whether cusp forms occur in families, see, e.g., [46]
and [13]. In Section 15.7 we give one result that has a relation to this question.

I thank F. Beukers, B. van Geemen, and D. Zagier for help and information
concerning the subjects considered in this chapter.

15.1 Commutator subgroup

15.1.1 Definition. We define Teom C G = PSLs (R) as the commutator subgroup of
Tmod = PSLo(Z).

Teom is contained in the kernel of each character of T'moq, in particular in
ker(x2); see 13.1.3. As x2 is trivial on Z, it induces a character of Tjoq = fmod/Z.
The image x2 (fmod) has 6 elements, hence the index of T'¢om in T'moq is at least 6.
In [32], Chapter XI, §3E, on p. 362, we see that the index is equal to 6, and that

+ ((1) 7{), n mod 6, are representatives of Tinod / Teom. This leads to the fundamental

domain Feop, = U—angg ((1) 7{) Fluoq given in Figure 15.1.

275
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FCOIH

7

(YNYYYN

-3 0 4

Figure 15.1 The fundamental domain Feom of Teom-

15.1.2 Generators and relations. In loc. cit., on p. 363, we see also that T'com
is freely generated by + (f 1) and + (1 ;) I prefer to use the free generators

D=+ (? 1) and C' = + (j 7}) In Figure 15.2 one finds a fundamental domain

for which C, D, and + ((1) ) = DCD~'C! give the boundary identifications.
15.1.3 Commutator subgroup of the commutator subgroup. T com itself has a com-
mutator subgroup too. Let us denote it by A. As the abelianized group (I'com)?P
is isomorphic to Z2 x {£Id}, the group A has infinite index in T¢om. Hence A\$
has infinite volume. It falls outside the class of cofinite discrete groups considered
in this book. Note that + ((1) ?) €A.

15.1.4 Cusps. Inspection of the fundamental domain Fyo, shows that T'eom has
only one cuspidal orbit in Pt = QU {ico}. We call it P in this chapter.

15.1.5 Definition. Tcom is the full original of Feom in G = SLo(R). Tt is the direct
product of Z = {#Id} and the group '}, freely generated by (7? _i) and (f %)

com

The commutator subgroup A of I'},  is isomorphic to its image A in Teom.

15.1.6 Definition. fcom is the full original of Teom in G. For T'com and fcom we
shall use the name commutator subgroup, although this is not fully correct.

15.1.7 Generators and relations. We lift the generators C' and D of eom to Ceom
by defining v = n(—=1)wn(1)w~! and n = n(1)wn(—1)w=!. They generate a free
subgroup f‘iom of f‘com, isomorphic to T'l ., and to TCeom. As Teom is the direct
product of féom and Z, we obtain generators v, n, and ¢ of Teom, with centrality

of ¢ as the only relation.

15.1.8 Canonical generators. f‘com has one cuspidal orbit P = f‘com -100. The char-
acter xo does not vanish on the elliptic classes in I'y,,4. Hence [eom has no elliptic
orbits. It has genus g = 1, number of cusps p = 1 and number of elliptic orbits
q = 0. The fundamental domain F ., in Figure 15.1 is not canonical. Figure 15.2
shows a canonical fundamental domain. It is obtained in the following way:

l; the geodesic from ioco to i — 3, w1 = n(6), g1 = a(6)
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3
ay the geodesic from i to 3 + %, 1 =7v=n(-Dwn(l)w?

3"
by the geodesic from — 3 + % to i, m =n=n(Dwn(—1)w .

Note that yny~'n~!' = n(—6)w? = 77 '¢.

by a1

-3 0 3

Figure 15.2 A canonical fundamental domain for I'com. The circles all have radius %\/5

Their centers are at — , ;, 5 and 2. They intersect in *32“, i, and %

15.1.9 Homomorphisms. To describe the linear space V of group homomorphisms
Leom — C we use the direct product decomposition Ceom = Féom x Z. The
free generators v and 7 of Fcom are commutators in Tyoq. The homomorphism
a : Tmoa — C vanishes on '}, see (13.1). As o has the non-zero value 7
on (, it provides us with a basis of hom(Z,C). We choose A and A as a basis

for hom(T'}, ., C), where A : T}, — C is the homomorphism defined by

com

Indeed, this defines two linearly independent elements of hom(T'}, ., C). (In 15.3.3
we shall see that w is a reasonable number in this context.)
So, a, A\, A\ form a basis of V. Not all values of \ are real. We can use

a,Re A\, Im X to obtain a basis of V,.

15.1.10 Characters. The characters x, of f‘mod, see 13.1.3, vanish on the commuta-
tors 4 and 7, hence on L. So the x,, with r € C mod 2Z, describe the characters

com*
of the factor Z of Ceom = Il .. x Z. Of course y, belongs to the weights in 7 + 2Z.

All characters of I‘C are of the form X, . : 0 — IA@) WA D) They belong to
weight 0.

om

In this way (r,v,w) — Xy Xo,w gives an isomorphism

C3 mod (22 x ]\) — X (Teom),
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where A = j\”/%(Z + Zp), and where 2Z x A is embedded into C3 by (m,v) —

(m,v,0). (The lattice A = “’5—;{5]& is the period lattice of the elliptic curve X¢om =
fcom\.sa*. It will be discussed in Section 15.3.)

15.1.11 Decomposition. The minimal choice of the set P of exceptional points
(see Section 3.5) is P = {P}, with P = Teom - ico. In the fundamental domain
in Figure 15.2 we see that we can take the cut-off values Ap = %, Ap = %, if
P ={P}.

15.1.12 The cells of continuation are determined by r in the coordinates for which
(v, w,r) corresponds to vA + w + ra € V. The possibilities are —2 < r < 2 (null
cell), and —2 < r < 0 and 0 < r < 2 (minimal cells). The cells of continuation

of I'¢com are not bounded.

15.2 Automorphic forms for T,

15.2.1 Holomorphic cusp form of weight 2. The space of holomorphic cusp forms
on § for Teom of weight 2 is spanned by n(z)*. The function 7y : p(2)k() —
yn(z)*e?”? is an element of the space of cusp forms Ss(I'moa, X2, o, %), see 13.1.7.
(The growth condition ¢y associates {0} to f‘mod - 100.) As x2 is trivial on l:‘com,
we have 14 € S(Teom, 1, o, 1) (now c¢q refers to P — {0}).

k]o 1 2 3 4 5
k)| 1 -4 2 8 -5 —4

The product expression r](z_)4 = _e”z/3 [Ioo_, (1 — e?™™m=)4 implies that n(z)* has
an expansion Y ro  c(k)e? k= +7i2/3  with all ¢(k) € Z. Thus we obtain

gpp(2)k(6) — 6yn(62)"e**
— 3 3. (n g 1) wa (P, m, %;gpp(Z)k(9))~

2mn
n=1mod6, n>0

15.2.2 Primitive of n*. Consider the holomorphic function H : § — C given by

z

H(z) = —27m'/ n(r)*dr;

100

the path of integration should approach ico vertically. We shall see in 15.3.2 that
it satisfies H(6 - z) = H(z) + A(0) for all 6 € T'com- (Actually, this is the reason
that we used X in 15.1.9.) The expansion of n? leads to

= —6c(k) 27i(k+1/6)z
HE) =) Griie '
k=0
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15.2.3 Automorphic forms of weight 0. For each v € C the function eV’ .
p(2)k(0) — e?H () is T op-equivariant for the character x., o, and has weight 0. It
satisfies e (p(2)k(#)) = 1 + O(e~™/3) as y — oco. This implies that e — 1 is
regular at P, and e"? € Ag(xv,0, o, 3 ). Moreover, e (p(z)) —1 has an expansion

in positive powers of e™#/3.
Fpoe™™ = po(P,0,-1)
Fpie™® = —6ivwy(P,1,1)
ﬁ'pme’:“H = 0 foralln<D0.
Similarly ¢™¥# is in Ao (x0,w, Co, %), and
FP,Oein = Mo (Pa 07 _%)
vanein = 0 foralln>0
Fp7_1ein = —6’&"11)0.)0(P, —1, %)

This means that eV — ¢iwH g 5 cusp form if we choose v and w such
that X0 = Xo0,w. This condition amounts to v = —w € A = j—yg(Z + Zp). For

v = —w = 0 we get of course the zero automorphic form. But for v € A v £ 0, we
obtain e’ — e~ € S;(x,,0,C0, 3) with

Fpa (ewH B e—iv_H) = —6ivwo(P,1,1)
Fp’,1 (6ivH — e_im) = 6i77w0(P, -1, %)

This is a strange type of cusp form of weight 0. It belongs to a non-unitary char-
acter.
15.2.4 Automorphic functions. The quotient X o = fcom\ﬁ* is a Riemann surface
of genus 1. Hence the field Ag(T'com) of automorphic functions should be of the
form C(x,y), where X,y € Ag(Tcom) satisfy a relation y? = 4x3 — g,x — g, with
25,85 € C. (Automorphic functions are holomorphic automorphic forms of weight
zero, for the multiplier system 1, with possibly singularities in 9, and satisfying
some growth condition at the cusps; see [53], §2.1.)

Such x and y may be exhibited explicitly. The choice is not unique, and
influences the g Take the modular forms go and g3 for I'ioq:

92(2) = 60G4(z) = (2m)* (% _|_20nz:103(n)e2mnz>

g3(2) = 140Gg(z) = (2m)° <%6 - g 21‘75(n)62ﬂi7bz>



280 CHAPTER 15 COMMUTATOR SUBGROUP

oa(n) = Zd“;

d|n
see, e.g., [53], Theorem 2.9. They satisfy g5 — 27¢2 = (27)'2n?%. Hence
x=12(2m) Mgon™®,  y=432(2m) Cgan 2,

defines modular functions x and y for T'eop, satisfying y? = 4(x3 — 1728). With this
choice, g, = 0 and g3 = 6912 = 4 - 123,
See also [28], Chapter 18, §5, Theorems 7 and 8 on p. 254.

15.3 The period map

Xcom 18 a compact Riemann surface of genus 1. Hence there is a biholomorphic
isomorphism X.om = C mod A, for some lattice A in C. We use this isomorphism
at several places in this chapter. So it is worthwhile to go into the determination
of the lattice and the isomorphism.
15.3.1 Choice of the isomorphism. There is some freedom in the choice of the
isomorphism. The lattice may be multiplied by an element of C*, and the isomor-
phism X o, — C mod A may be followed by a translation in C mod A.

To get rid of this freedom we impose the condition that x and y correspond
to the Weierstrass functions p and g’ for A, see [53], §4.2. As n has no zeros in 9,
the automorphic functions x and y are infinite only at the cusps. This implies that
P =Teom -ico is mapped to 0+ A € C mod A.

H* = HUQU {ico} is simply connected. Hence the isomorphism Xeom —
C mod A lifts to a holomorphic map $* — C; we call it H for the moment. We
want it to satisfy

X(2) = p(H(2),A),  y(z) = ¢/(H(2),A).
H is determined up to an additive constant in A. We determine it completely by
prescribing H (ico) = 0.
All holomorphic 1-forms on C mod A come from multiples of du, where u
denotes the coordinate on C. We obtain on $

dp(H(2).A) _ dx(2)
OGN ¥

duo H = dH(z) =

By a computation of the expansions of n*, g2, g3, X, and y at the cusp we check
that y~tdx = —2min(2)* dz. Hence H extends the function H defined in 15.2.2.
We drop the tilde from the notation, and use

3
H() = —271'@'/ n(z)*dz  for all £ € H*. (15.1)

100
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The transformation behavior of 7* implies H (€ 4 1) = pH (&), with p = e™/3.

15.3.2 Homomorphism. Let v € LCoom. As H is a lift of the isomorphism Xcom —
C mod A, the function $* — C: & — H(v-&) — H(E) is constant; its value is in A.
We denote this value by A(7).

At Leom — A is a group homomorphism. Its kernel is the subgroup Z x A,
where A denotes the commutator subgroup of 'L, . We use the same name for

the induced homomorphisms I'cop, — A and Teom — A. In a moment we shall see
that it is equal to the homomorphism defined in 15.1.9.

15.3.3 Computation of H(0). To determine the lattice A, and the homomorphism A,
we compute some values of H.

As 0 € P, the difference H(0) — H(ico) = H(0) is an element of A. We can
compute it by integration on the positive imaginary axis. In (15.1) we see that the
value is negative. An analysis of the zeros and signs of go, g3, n*, X and y on this
path shows that x(it) = (3y(it)? + 1728)!/3, and that y(it) runs from oo to —oo.

H(0) = /i dyx((zz)) - /y:: éd{‘/ in + 1728,

Some computations lead to H(0) = —w, with

1 B(l 1)_ VAL (3)

YT e \62) T 6var(d)

15.3.4 Computation of H(i) and H(p). From AN(DC) = H(DC -i)— H(i) = H(3+
i) — H(i) = —2H (i) and \(DC) = H(2)— H(1) = (p*> — p)H(0) = w it follows that
H(i) = —%w and A(ny) = w.

Similarly C-p = p—2 and C-0 = —1 lead to A\(C)) = —%(3+iv/3)H(p) = pw,
H(p) = —3(p + Dw, and A(7) = pw.

We have obtained A(vy) = pw, and A(n) = (1 — p)w. These are the values we
used in 15.1.9 to define A. Moreover, the lattice A is spanned by these two images
of generators of I'com. Hence A = w(Z - p + 7).

15.3.5 Image of the fundamental domain Feon. The image )\(fcom) is the lattice
A=w(Z-p+72Z). The image H(Fcom) should be a fundamental domain for the
action of A in C by translation. The relation H(§ 4+ 1) = pH (&) implies that this
image is symmetric for the rotation u — pu.

Take | € Z and t > 0, and note that n(it)* > 0, n(l + it)* = pln(it)* and
e ™/On(L +it)* > 0, n($ + 1+ it)* = p'n(% + it)*. Hence the vertical lines from
oo to i + [ are mapped to straight line segments from 0 to p! H (i) and the vertical
lines from oo to p + 1 to straight line segments from 0 to p' H(p).

All end points H(i+1) and H(p+1) are on the regular hexagon with center 0
and one corner at —(p — 1)w. To show that H(Feom) is equal to this hexagon we
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show that the image of the arc between p and p — 1 of the unit circle is mapped
to a vertical line segment. As n(iy — x) = n(iy + z), we have for p € R:

ewn(ew)‘l _ e—iwn(ei(ﬂ—cp))4 _ e—igan(_l/eicp)zl
—_ 7€_i¢62iwn(ei¢)4 _ 76i¢n(6i‘p)4.
Hence

) ¥ . . L )
H(e¥)—H(i) = 727m'/ n(e')tie' dt = 27r/ e'tn(e’) dt
w/2 /2

is purely imaginary.

Figure 15.3 The image under H of three vertical lines in the upper half plane. All image
curves start in 0. The image of Rez = 0 runs to —w. The closed curve is the image of
Rez = %. The curve with end point (—3 4 p)w is the image of Rez = 15. The dots are
points of A.

15.3.6 Images of vertical lines. Let & € Q. In the same way as above, we see that for
¢ e % + Z the image under H of the vertical line in $ with real part £ are straight
line segments in C from 0 to H(&). For other £ € Q the image H (€ +4(0,00)) is a
curve in C~ A between the lattice points 0 and H (). In general, it is not straight.
For instance, H(1/6) = A(C~'D~'CD) = 0, hence H(i(0,00) + 1/6) is a closed
curve. See Figure 15.3.

15.3.7 The symbol C. For computations it is convenient to work with C' : P@ —
Z+Zp defined by C(£) = —L H(€). Note that P(b = {o0}UQ C H*. Quick recursive
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computation of C' is possible with the relations

C(o0) =0, C(0)=1,
CE+1) = pC(8),
o) +O(-1/9 =1,
C(§) = C(=9),
which follow from the equalities H(ioco) = 0, H(0) = —w, andH({ + 1) = pH(§),
01

and the transformation behavior of n*, under W = + and under conjuga-

-10
tion.

We shall write C(d, ¢) = C(d/c). To express A in C we use for (i Z) € leom:

(= (50) = ()

- _H << d _b) -ioo) + H(ico) = wC(—d/c) = wC(d,c).

—C a

I view C' as analogous to the Dedekind sum S. In both cases there is a

homomorphism (a : T'yeq — C, respectively A : T'com — C) defined recursively by
expressing group elements in generators. On the other hand, group elements can

be given as the lift ('z Z) of a matrix. S, respectively C, describes a, respectively A,

in terms of the matrix elements. An analogon of Dedekind’s beautiful expression
for S(d, c) as a sum is lacking for C.

15.3.8 Proposition.
i) C(d,c) = O(logc) ford,c € Z, (d,c) =1, ¢ — oo.

it) If C(§) = 0 for & € P(b, then & = oo, or £ = d/c with (d,c) = 1 and
¢ =0 mod 6.

Remark. There are many & = d/6¢, (d,6¢) = 1, for which C(d/6c) # 0.
Proof. To obtain part i) we show by induction on n that |C(d/c)| < n + 1 for all
¢,d € Z with (d,c) =1 and 1 < ¢ < 2™

For n = 0 this is clear. If 1 < ¢ < 2", then take d; € Z determined by
dy = £d mod cand |d;| < ¢/2. Then |C(d/c)| = |C(d1/c)| = |[1-C(—c¢/d1)| < 14n
by the induction hypothesis.

To prove part ii) consider d,c¢ € Z, (d,c) = 1 with C(d/¢) = 0. There are

a,b € Z such that v = (‘ZZ) € Teom. From A(y) = —H(—d/c) = wC(d/c) =0

it follows that v is an element of A x Z, where A is the commutator subgroup

of Teom. Let I'(6) denote the principal congruence subgroup of the (‘Z 2) € I'mod

satisfying (‘Z Z) = ((1J (1)) mod 6. As [com/T(6) is abelian, we have A C I'(6).
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15.4 Poincaré series

The characters X, of fcom belong to even weights. They describe one factor of
the character group X (Icom). The other factor is described by the x,. These we
have seen already for the full modular group. In this and the next sections we
consider mainly families of automorphic forms of weight 0, with (v, w) — Xy, as
the family of characters. It is convenient to consider these automorphic forms as
functions on 9.
In this section we consider Poincaré series of weight 0.
15.4.1 Notation. For v,s € C, Res > %, and n € Z = Cp(xv,5), we denote the
Poincaré series by
Pn(v7 S) = PO(P>na Xv,v5 s).

For n = 0 this is an Eisenstein series.

15.4.2 Comparison with the modular case. The subgroup Ap for f‘com is equal to
{n(6l)k(mm) : I,m € Z}, whereas the corresponding subgroup for the modular
group is given by Ag = {n(Dk(mm) : ,m € Z} = | poas n(J)Ap. As
Thod = [_|j mod6 M(J)Tcom, any system of representatives for A p\fcorn is also a

mod 100

system of representatives for Afmod~ioc\fm0d'
Proposition 5.1.6 defines

PO(FmOd ’LOO,TL,l,S,g) = Z ,LLO(FmOd ’LOO,n,S,'Yg)
YEAP\Tcom
Po(0,s79) = > wo(P6n, s;79).
¥€AP\Teom

As gp = a(6) and gr oo = 1, we have po(P,6n,s) = 675’1/2/10(Fmod~ioo,n, s),

and

mod %
PGR(O, 8) = 67871/2P0(f‘m0d : iOO, n, 13 S)‘

15.4.3 Fourier expansion. The characters x, ., are trivial on the subgroup f‘gom =
Z x A of I'com. Note that Fgom has infinite index in I'¢op,, and that its image under
~ — 4 has infinite index in I'cop.-

As Ap c T?  we obtain

com’

P"(v,s;9) = Z Xu,ﬁ(’7)71 Z wo(P,n, s;07vg). (15.2)

’Yef‘gom\f‘com 6€AP\f0

com

The inner sum is a Poincaré series for T9 . As T has a fundamental domain
with infinite volume, this group falls outside the class of discrete groups considered
in this book.

Xo.s is a character of T \Teom = Z2. We may view Equation (15.2) as the

Fourier series expansion of the function v — P"(v, s;g) on C mod A.
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15.4.4 Kloosterman sums. We turn to the generalized Kloosterman sums that
occur in the Dirichlet series describing the Fourier coefficients of the Poincaré
series P" (v, s).

I'com has one cuspidal orbit. So we may find (‘Z s) € Doom for all ¢,d € Z,
with (c,d) = 1. Of course, not every inverse a of d mod ¢ will give an element of
Peom- It is easy to show that a = 12¢S(d, ¢) + 3¢ — d is a good choice.

For (ZZ) € SLy(R)

ab\ _, - 16b
I—‘com Fcom~
9P(ed>9P € Feom <c/6 d)e

The variable ¢ in Proposition 5.2.9 runs through 6N. For a given ¢ € Nall d € Z
with (§,d) = 1 occur, hence the d in the definition of generalized Kloosterman
sums in Equation (5.1) on p. 80 run over d mod c such that (d,§) = 1. In the
sequel we let ¢ run through N, i.e., we replace ¢ by 6c.

We define S(v;m,n;c) = Sy (P,m; P,n;6¢), for c € N, n,m € Z, v € C, with
X = Xuv,5; see Equation (5.1). We obtain

=1 ori(nat+m c
S(v;m,n;c) = z Xo,o (Oe,ay) 2minatmd)/6e
d mod6c, (d,c)=1
where the 0(.q) = (ZZ) have been chosen in Ieom. Use A ((5(C_,d)) = wC(d,c)
(see 15.3.7), to obtain

S(U; m,n; C) _ Z 672iu Re(vC(d,c))+27i(na+md)/6¢ ]

d mod6e, (d,c)=1

As far as we see, this does not reduce to a simpler expression for general v. For
v = 0 one can obtain expressions in terms of Kloosterman sums for the full modular
group with character ya,,.

15.4.5 Fourier coefficients of Fisenstein series. Proposition 5.2.9 gives the Fourier
coefficients of the Eisenstein series P%(v, s):
CO(Pa m; Pa 07 Xv,177 S)
 im NG I'(s) ifm=0
= v (U,28+1)61+28F(S+ %) : 7r5|m|5’1/2 lfm#o’
with the following series, converging for Reu > 2,

\ifm(’U, u) — Z o Z e 21w Re(T)C(d,c))Jrﬂ'imd/Bc' (153)
c=1 d mod6e, (d,c)=1
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In general we have to be content with this formula. If

N 273 "
vENg = —— 7+ —(2 DA= 7 + pZ
o= 2 (Gom+ 52— 12) 2 5= 2@+ )
one can obtain explicit formulas of the type U™ (v,u) = (“(U)I)R (u), with R,

a rational function in 27* and 37*. (Ro(u) = 6 for the trivial character, and
R,(2) = 0 otherwise.) This is due to the fact that A(6) is the lattice in C dual
to the principal congruence subgroup I'(6) under (v,v) — X,,5(7). Actually, Ag is
the largest lattice dual to a congruence subgroup contained in I'copy-

15.5 Eisenstein family of weight 0

We consider the Eisenstein family in weight zero. The theory of Part I gives us
information on its singularities, and those of the meromorphic continuation of the
Dirichlet series ¥ (v,u) that occurs in its Fourier coefficients (see 15.4.5).

15.5.1 Parameter space. We work on the parameter space C? = V x C, with
X(v,w, 8) = Xvw, and s(v,w, s) = s. The weights are the constant functions with
value in 2Z. We choose the weight (v, w, s) — 0. We take P = { P}, and the growth
condition ¢g : P — {0}.

15.5.2 How large is Vo ¢ The seminorm ||.||c on V, used in the Lemmas 8.4.11
and 9.1.5, is zero. In view of Lemma 9.1.5, the dependence on v and w of the
quantity by p||l@lls + b1.cll@lle + ba.clll?, with ¢ = vA + wA, can be made arbi-
trarily small. This implies that the pseudo Casimir operator is well defined for all
parameter values in V.

In the proof of Theorem 10.2.1, the V-part of the domain of the meromorphic
continuation of Poincaré series is the union of Vj’s centered at points of the relevant
cell of continuation. Here this cell is the real space V,.. Thus, we obtain C? as the
domain of the Poincaré families in weight 0.

15.5.3 FEisenstein family. In this chapter we denote by F the Eisenstein family
E(v,w,s) = Ey(J(0), P;v\ +wl,s).

Consider a fixed v € C. The family s — E(v, 0, s) is given by the Eisenstein series
P%(v,8) = Py(P,0, Xv.5,5) on the region Re s > %

We use the notation C" (v, w, s) = Co(P,n; J(0), P;v\ + w, s) for the n-th
Fourier coefficient, with n € Z = Cp(xv,w)-
15.5.4 Functional equations. The reader may like to derive the following equalities

from 10.3.5 and the uniqueness of E:
E(w,w,—s) = C%uv,w,—s)E(v,w,s)
Cv,w, —s)C%(v,w,s) = 1
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C°(v,w,—s)C"(v,w,s) = C"(v,w,—s) forn#0
E(w,w,s;—2) = FE(w,v,s;2)
C"(v,w,8) = C™(w,v,s)
E(w,w,s;2+1) = E(pv,p 'w,s;z) with p= emi/3
PO (v, w,8) = C™(pv, p~tw,s)
E(0,w,5) = E(—w,—v,s)
C"(v,w, 3) C™"(—w, —v,s).

15.5.5 Lower bound for the cuspidal spectrum. The singularities of Eisenstein fam-
ilies with varying character may be related to the presence of cusp forms. There
is a well known method of bounding the cuspidal spectrum, see, e.g., [21], Propo-
sition 2.1 on p. 511. We use it to obtain:

15.5.6 Proposition. If s € £%(x,,5,0), then 1 —s? > 72/84.

Remarks. This leaves open the existence of cuspidal exceptional eigenvalues of
continuous series type in the interval [r?/84,1/4). For x, 5 # 1, non-cuspidal ex-
ceptional eigenvalues + —s? with s € $¢(xy,5,0) may occur in [0, 1), corresponding
to0<s < %} One can get more information in the congruence case v € Ag: if one
carries out the computations alluded to in 15.4.5, one obtains £¢(1,0) = {3}, and
Y¥¢(Xv,5,0) =0 for v € Ag ~ A.

Proof. Take U = {gp -2z : y > %, 71—52 <z < 1—72} This set U contains the
fundamental domain Fep, in Figure 15.1 on p. 276, and is contained in 7 translates
of Feom. Let f € So(Xv,5,C0,5). We obtain with Lemma 6.3.7:

2 2 1 2
(1) = [ s 2 IE T duta)

= Z/ [P B £ (y)[* 22

70 V3/12 Y

> =

Y
™
—
By
=
sl
~
[V
%\
5_
&
3
kﬁ
S
—
ol &

n#0

2

T
> —flI2
> T3

15.5.7 Singularities of E at real points. Proposition 12.5.8 applies to the present
situation. It lists the possibilities for singularities of Eisenstein families on a re-
stricted parameter space.

a) Res = 0. A singularity at (v,7,s) may occur if s € X%(x,5). If it does,

then E is of indeterminate type at (v, v, s), and E(v,ﬁ) is holomorphic and
non-zero at s.
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b) 0 <s < 1y/1—n2/21~ 0.364. If a singularity at (v,?,s) occurs, then s €
Y (Xo.0) If 5 € ¢(Xo.5), then F(v,) is singular at s, hence E is singular as
well. If s & ¥¢(xv,5), then the presence of a singularity of E at (v, v, s) implies
that F is of indeterminate type at this point. But, even in the indeterminate
case, part ii) of Proposition 12.5.8 implies that (v,?, s) may be approached
by points (v1,71, s1) for which s1 € £°(xu, w7)-

c) %\/1 —7m2/21 < s < % Proposition 15.5.6 implies that there are no cusp

forms with the eigenvalue % — 52. Hence the space Ao (Xv,5: €0, s) is spanned
by the value or the residue of E(v,7) at s, see Proposition 11.2.6. Propo-
sition 12.2.12 shows that E has determinate type at (v,@,s). Hence E is
singular at (v,,s) if and only if its restriction E(v,%) is singular at s, and
that occurs if and only if s € 3°(xy.5).

Suppose we have such a singularity at a point (v,Tg, so). As E(vg,Tg) has
a first order pole at sg, and as F has determinate type at (vo,vo, So), there
is a holomorphic function a on a neighborhood of (vg,7g) in V' such that
a(vg,v9) = 0, and (v,w,s) — (s — so — a(v,w))E(v,w,s) is primitive at
(vo, Do, So); compare Lemma 12.3.4.

In all cases (except s = 0) the singularity of E is of the same order as that of
the Fourier coefficient C°. This follows from the fact that if s # 0 the sections
to(P,0) and fig(P,0) constitute a suitable basis for the space of Fourier terms of
order zero.

15.5.8 Restriction of E to s = 0. We see in part iv) of Proposition 12.5.8 that
(v,w) — E(v,w,0) exists as a meromorphic family of automorphic forms. If F
would have a singularity at (0,0), then there would be non-zero cusp forms in
So(1, co, %) But this space is the direct sum @0<r<10’rev€n So(Tmod, Xrs €05 %) of
spaces of cusp forms for the full modular group. These spaces are trivial; see the
discussion and references in 13.3.4. We conclude that E is holomorphic at (0,0, 0),
and has determinate type at this point.

Near s = 0 a sensible description of the Fourier term of order zero is
FpoE(v,w,s) =2s\(P,0,s) + (1 + C%v,w, s)) o (P, 0, —s),

see Lemma 7.6.14. In 15.4.5 we see that C/(0,0;0) = C°(0,0,0) = —1. The func-
tional equation C°(v,w, s)C®(v,w, —s) = 1 implies that C°(v,w,0) = —1 on each
neighborhood of (0,0) in C? on which C? is holomorphic. Hence C°(v,w,0) = —1
as an identity between meromorphic functions. Proposition 10.2.14 shows that
E(vg,vg,0) = 0 for all (vg,vp) at which (v,w) — E(v,w,0) is holomorphic. Hence
the family (v,w) — E(v,w,0) is the zero family.

15.5.9 Behavior of E near s = % As E(0,0) has a pole at s = %, there exists a
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holomorphic function a;/, on a neighborhood of (0,0) in C? such that

B vws) o (5 5 - analos) ) B(oves)

is primitive at (0,0, 3). Hence for (v7 ¥) near (0,0) the one-dimensional Eisenstein
family E(v,?) is singular at s = —|— ai/2(v,v). In particular, a;/2(v,v) < 0 for
all v # 0 in a neighborhood of 0. This is the first example we meet where the
existence of s € X¢(x, 1) is proved.

In Section 15.6 we shall discuss the restriction to s = £

3
15.5.10 Dirichlet series. The U™ defined in (15.3) have a meromorphic continua-
tion U™ to C3, as follows from Proposition 5.2.9, Section 10.3, and the computa-
tions in 15.4.4:

Viowu) = — /26;(215“1 21)) 55 C v (= 1)/2)
U (v,w,u) = 6“D(u/2)m~"2n|'~/2C™(v,w, (u —1)/2) if n#0.

We shall express the derivatives of U™ in terms of the series

(a,b,u) Zc_“ Z C(d, )*C(d, c)bemmd/3¢,

=1 d mod6e, (d,c)=1

From the logarithmic growth of the C-symbol, see Proposition 15.3.8, it follows
that the series for ®" converge absolutely for Reu > 2. The relation C(d + ¢, ¢) =
pC(d, c) implies that ®"(a,b) is zero if a — b+ n # 0 mod 6.

15.5.11 Differentiation. We differentiate the series for W™ (x + iy, u) in (15.3) on
p. 285 with respect to the real variables  and y. The logarithmic growth of the
C-symbol implies that this can be done term by term. The effect is that the term
of order (¢, d) is multiplied by a factor:

differentiation factor
Oz —2iwRe C(d,c)
Oy —2iwIm C(d,c)
(05 — 10y) —iwC(d, c)
(05 + 10y) —iwC(d,c)

But the function ¥ is holomorphic at points (z + iy, z — iy, u), hence

1 .
5(81_ Zay)\:[ln(m"_lyvu) = 87J\I/n($+iy7l'—iy,u)

1 .
5(6w+i8y)‘l/"(x+iy,u) = 0, V" (x +iy,x — iy, u),
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where 0, and 9, denote differentiation with respect to the complex variables. This
differentiation may be carried out repeatedly; 920¢ corresponds to multiplication

by (—iw)?T*C(d, c)*C(d, )b in the term of order (d, c). If we apply this at x +iy =
0, then we obtain

" (a,b,u) = (—iw)~*70a%0% W™ (0,0, u).

This gives the meromorphic continuation to C of u +— ®"(a,b,u) for all integral
a,b > 0, and also functional equations, that get more and more complicated as
a + b increases.

The right-most pole of ®"(a,b) may occur at u = 2, or more to the left.
See 15.6.23 for the behavior at u = 2.

15.5.12 No distribution results. In [8] I obtained distribution results for Dedekind
sums from the Dirichlet series for the full modular group that are analogous to
to the series ®"(a,b) here; compare Section 13.6. Here we work on a restricted
parameter space. This implies that the position of the right-most pole of ®"(a,b)
does not move to the right with increasing a + b. Moreover, the order of that pole
gets higher than one. I cannot obtain distribution results for the C-symbol by the
method shown in Section 13.6.

15.6 Harmonic automorphic forms

The Eisenstein family F in weight zero has a well defined restriction to s = %

This restriction can be viewed as a meromorphic family in (v, w) of functions on $
that transform according to the character xy ., of [eom. As the eigenvalue is 0, the
functions in this family are harmonic. We shall construct this family in terms of
Jacobi theta functions. D. Zagier helped to obtain very explicit formulas.

The description in this section is in a sense orthogonal to what has been done
in the previous sections. The family (v, w) — E(v,w, +) has been obtained rather
indirectly, by meromorphic continuation of a family that has a series representation
for other values of the parameters. Here it is described independently.

15.6.1 Parameter space. We use the parameter space W = C? with y : (v,w) —
Xvw and s : (v,w) — 3. On W we have wt = 2Z C O(W); we shall work in
weight 0. We use P = {P} with P = T¢on - 100. Hence Cp = Z C O(W). The
growth condition is ¢, given by ¢o(P) = {0}.

15.6.2 Harmonic forms on $). Any section f € Ap(co; ), with Q C W, corresponds
to a function f € C°( x §) that satisfies

l) f(’U,’U),’)/ : Z) = Xv,w('y)f(v,w, Z) fOI‘ al] Y S fconr
i) (v,w)— f(v,w,z) is holomorphic on € for each z € §.

iii) —y2(92 + 92) (v, w, 2) = 0.
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iv) The function z — f v, W, 2) fo v,w,z + ') dz’ is in L*(Sp2,du), and
depends holomorphically on (v,w) in L?-sense. (Sp2={z€ H:0 <z <6,
y=>2})

This is a straightforward consequence of the definitions in 7.3.1 and 7.5.1.
15.6.3 Reformulation in terms of a coordinate at the cusp. Condition iii) implies
that f is harmonic as a function of z, i.e., 930,f = 0. As Xy (7Tp) = 1 for all
(v, w), we may view f on Sps as a function of t = ™*/3 on 0 < [t| < e~2™/3; we
use the same symbol f for this function. In this coordinate 9:0, f = 0.

The scalar product in L?(Sp) is given by

——dz Ndz

) = [ o
— dt A dt
-/ 9109200 (e log o) 2 T
0<|t|<e—27/3 ¢

Let g be harmonic on 0 < [t] < 6_2”/3, and square integrable on Spo. Let

0 < |to] < —6_2”/ 3. By the mean value theorem for harmonic functions we have

g(to) = % 27 g(to + 8e*?) dyp for each § < [to|. Integration gives —\t0|2 (to) =

1 dt/\dt
P f\t7t0\<\to\/2 g(t) =

equal to (|t|log[t])? 1f \t — to| < 3lto], and zero elsewhere.

o dt Ndt
tlog [¢))* > ===
/ (el og )2

[tol/2<(t|<3[to|/2

3ltol/2
= 27 / 23 (log x)? dx
\

tol/2
O ([to]* (log [to])?) -

This implies that [g(to)| = O (|lg]l2 - [log [to|| )

As 0:g is holomorphic, it has a Laurent series in ¢t on the annulus 0 < |¢| <
e~27/3. Similarly, dzg has a Laurent series in . Integration of these series gives
a representation g(t) = cologl|t| + >0 ant™ + > oo b,t™, that converges
absolutely on compact subsets of the annulus. (The terms with logt¢ and log#
have the same factor, as g is continuous on the whole annulus.) The estimate
g(to) = O(log |to|) rules out the terms with negative powers of ¢ or . The sums
with " and #" give square integrable functions. So the square integrability of g
implies ¢y = 0.

In this way we conclude that a harmonic function g which is square integrable
on Sps has a harmonic extension to |t| < e2™/3. So, for harmonic functions,
regularity at P implies the existence of a harmonic extension to P (with respect
to the coordinate t). So condition iv) is equivalent to

. Hence g(to) = O (|to|~2||gll2]l¢ll2), with ¢ the function

IN

lell3
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iv) The function z — f(v,w, 2) fo v,w,z + ') da’ extends to Q x {t € C:
t| < e=27/3} as a C°-function in (v,w,t), that is harmonic in t = ™*/3
and holomorphic in (v, w).

The coefficient of order zero has the form

6
/ fo,w,z+2")da’ = Cl//zO(P70,%;p(z/G))+C2MO(P,O,—%;p(z/6))
0
1
= a(y/6)' +e2(y/6) = —g-ctloglt + ez,

with ¢; and ¢g holomorphic on Q.

15.6.4 Harmonic forms on C ~. A. We use the holomorphic map H : §§ — C~\ A
defined in 15.2.2 by integration of the holomorphic cusp form n*. As H(vy - 2) =
H(z) + A7) and xp () = A0 FwA0) “each function f satisfying f(y - 2) =
Xo.w () f(2) for all 4 € Teop, is invariant under ker(A), and corresponds uniquely
to a function h : C N\ A — C, by the equation f(z) = h(H(z)). In this way every
section f € Ap(co; ) may be written in the form f(v,w,p(z)) = h(v,w; H(2)),
where h € C*°(Q x (C < A)) satisfies

1) h(v,w;u+ A) = e Ny w: u) for all A € A.

)" (v,w) — h(v,w;w) is holomorphic on Q for each u € C \ A.
i) 9zOuh(v, w;u) = 0.
)

iv)” There exists a € O(W) such that h(v,w;u) — a(v,w)log|u| has a C*°-
extension to @ x {u € C: |u| <w}.

Condition iv)” needs some explanation: w has been introduced in Section 15.3,
it is the positive number such that A = w(Z + €™/3Z). Invert u = H(z) =

o _Gic(k) 01 = —6t 4 ..., see 15.2.1, to obtain t = —2u + ..., and hence
1 1
—5.02 log |t| = —g.C2 <log ‘%’ + (harmonic in u)) .

15.6.5 Uniqueness. Let us suppose that h is such a family on a non-empty open
set @ C W, for which @ as in condition iv)” is identically zero. Then 9, h and
Ogh satisfy conditions 1)” and ii)”, and u +— 9,h(v, w;u) is holomorphic, whereas
u — Ozh(v,w;u) is antiholomorphic. This implies that we have obtained a theta
function and the complex conjugate of a theta function; see, e.g., [28], Ch. 18,
§1. For each (v,w) € Q consider f(u) = e"@="g,h(v,w;u). Then f(u + \) =

iAW £ () for A € A. As |e?® wA| = 1| the holomorphic function f is bounded,
hence constant. It can be non-zero only if )\ — 'MW §g trivial, or, equivalently,
if w e A. This implies that d,h(v,w) is zero for almost all (v, w) € Q, hence it
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vanishes completely. In the same way we obtain dzh = 0. Thus we are left with a
constant function u — h(v,w;u) for each (v,w) € Q. Condition i)” implies that
h=0.

This means that for any non-trivial family h satisfying the conditions i)”—
iv)”, the function a in iv)” does not vanish, and determines h. Any other family hq
on the same € is related to h by a;h = ahy. Note that this is a special case of the
Maass-Selberg relation.

15.6.6 Construction. We start the construction of a family of this type. The method
works for any cofinite group I' with one cusp and genus 1. Here we can use the
fact that the lattice is invariant under complex conjugation.

15.6.7 Jacobi theta functions. Consider for u € C, and 7 € 9, the theta function

0(u,7) = g% (/2 = e7/2) TT (1= g") (L = g"e")(1 = q"e ™) .

n>1

with ¢ = e?™7. As a function of w it is an odd holomorphic function, with

first order zeros at the points of 27wi(Z + Z7), and no other zeros. It satisfies
O(u + 27i,7) = —0(u,7), and O(u + 27wiT,7) = —e " Te"%f(u, 7). The theta func-
tion # in Section 14.1 is given by 6(1) = —ie™ /40 (mi(T + 1),7).

Here we are interested in the lattice Z + Zp, with p = e™/3 = 1 4+ 1/3. We
put 6,(u) = 6(u, p), and use throughout this section ¢ = €*™’ = —e~™3, and
q© = 2™ for all a € C.

15.6.8. In [61], §3, Zagier uses the theta function 6, to build

0 (0)0,(u+ v
R ACAAR)
0 (u)0,(v)
F, is meromorphic in (u,v), and satisfies (among other relations)
Fy(u,v) = —F,(—u,—v) = F,(v,u),
Fy(u+2mi,v) = Fy(u,v),
Fy(u+2mip,v) = e "Fy(u,v).

We define ori
h (v, w;u) = gei(1’+w)“Fp(2wiu/w, —wwV/3).

This function is meromorphic in (v, w,u), and satisfies

i) bt (v, wiu—+ N) = AN (o w; ) for all A € A.

i) At (v+ p,w+ g;u) = ht(v,w;u) for all p € ;’:}EA = A.

iii) It has singularities along the planes u = A, with A € A, and the planes w = p,
with p € A.

iv) (v,w,u) — h*(v,w;u) — L+ is holomorphic at (v, wo,0) if wo & A
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So the function u +— hT(v,w;u) (with w ¢ A) satisfies some of the conditions
i)”=iv)”. It turns out to be a useful ingredient in constructing families of functions
completely satisfying those conditions.
15.6.9 An equivariant 1-form. 0,(a) = e~™/40,(u), and

2mi

h™ (v, w;u) = ht(—o, —v;u) = — CTWEE (2mia/w, —vwV/3)
w

is meromorphic in (v, w, 7). We define a closed 1-form (v, w) on C ~ A by
kv, w;u) = hT (v, w;u) du + h~ (v, w; u) di.

It satisfies k(v,w;u + \) = e MWAg(y w;u) for all A € A, and the difference
k(v,w;u) — u~tdu — = du has an extension to a neighborhood of u = 0 as a
closed 1-form for v,w ¢ A. As d2log|u| = v~ 'du 4+ @ 'da, the 1-form x(v,w)
on C \ A is exact. Each potential is annihilated by 9,05 on C ~. A. Hence, if we
can pick the constant of integration in such a way that the potential transforms
according to A — e A under u — u + ), we have obtained a meromorphic
family of functions satisfying the conditions in i)"-iv)".

The following computations give an explicit expression for a potential. This
approach was shown to me by D. Zagier. I am grateful for his permission to use it
here. (I am responsible for the way the compuations are worked out here.)

15.6.10 A primitive of h*. In the sequel we use { = e2miu/w oy — e~wwV3, Non-
integral powers of ¢ are defined by ¢+ = e2minu/w,
In [61], §3, at the start of the proof of the theorem, we find the expressions

Fp(QWiu/w, —ww\/g) = (5—527[7)(171—1) _ Z (gmnn - gfmnfn) ¢
m,n>1
oy e
- mzz_oo p—

valid for |¢| < |€] < 1, |q| < |n| < |¢|7%, n # 1. The latter expression con-
verges for |q| < €] < 1, n & ¢%. Hence it represents the function (v,w,u)
F,(2miu/w, —ww+/3) on a larger region. For all u, v, w satisfying 0 < Imu < %\/gw,
w ¢ A:
rowwydi= S S g
v, W; U 2 g

with u = (v + w)w/2.
For ;1 ¢ Z a potential of h™ (v, w;u) du on the region 0 < Imu < Fw+/3 is

given by
1
G, (u,w) = —_
AUREED e

m=—0oQ

grm
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It satisfies the relations

Gu(“a w) = Gﬂ(_ﬂﬂ ’lD)
Gu(lu+w,w) = "G, (u,w)
G (u,w + 2mi(n +mp) /wV3) = Guim(u,w) for n,m € Z.

15.6.11 A potential. h(v,w;u) = Gyiwyw/2x (U W) + G_(yiv)w/2x (—U, —v) gives
a potential of k(v,w;u) on the region 0 < Imu < %w\/g, for v,w ¢ A and
(v 4+ w)w/27 ¢ 7. Tt satisfies h(v, w;u + w) = e/ CTn (v, w;u). Any poten-
tial of k(v,w;u) extends as a function on C \. A. We need to check the property
h(v, w; u+pw) = eWwPTiwwlp(y w;u) on a non-empty open region containing both
u and u + pw.

15.6.12 Extension of G,. We rewrite the series for G ;:

Gulww) = AuEn) + Bul&n) — Cu(®)
Aulem) = miwmiu%
Bu(&n) = gmif;:iqr
Culésn) = mi;:lm:’;

F/(1+M) 27riu/w176u1
VI G 2 A T G da.
T T og( §)+/0 L

To get the last step one uses Z

I (p+1+N I (p+1
m=1 m}'rp. = F((,5+1+N)) F((;7+1)) = log(p+1+N)—

F((:ill) +0 (m) =log N— P((iill) +0 (37), and the fact that Euler’s constant

is given by v = limy _ o (Zm:l - —log N).

This new expression has the advantage of representing G, on a larger region.
In fact, A4, (£,n) converges for [£| > |q|, n € ¢%, u € Z, and defines 4,(£,n) as a
holomorphic function in (v, w, ) on this region. For B, (&, n) the same holds, with
the condition on & replaced by |£] < |g|~!. In the last expression for C,, we see
that it is holomorphic on the region u ¢ —N, £ € C \ [1,00), |q| < [¢] < |q|7*.
In this way we have obtained the holomorphic extension of u — G, (u,w) to the
region
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pw

1
{ue(C:Imu|<2w\/§, and if Imu < 0 then Reu&wZ}.

Note that A,(¢,n) and B, (§,n) are single-valued in w, but not in £, due to the
factor &*. The term C,(§) is even multivalued in u, as the path of integration
influences the outcome. But on the simply connected region just described the
three terms are single-valued in u. All terms except log(1 — &) = log(1 — e2™%/«)
are holomorphic in u in a neighborhood of 0. We take the logarithm with —7 <
arg < 7.

To obtain the behavior of G, (u,w) under u — u + pw we take 0 < £ Reu <
%w, —%w\/§ <Imu<0.

Gulutpou) = Y —L "

= mApngm —1
0
- gmtn
=7 1q“< > m+u+Au(§,n)+Bg(§,n)

m

— e (Au@,n) +Ben+ - 0_/45—1)) .

As eivpwtivpe — pn=lgit e obtain
1V pwHiw pw 1 EM —1
Gpu(u+ pw,w) —e Gu(u,w) = n""q Z —C_u (7)) +Cu§) |-
We check that this is equal to we’?Pw+wrw (— cot((v + w)w/2) F i) by considering

the terms in % —C_,(EH+CL(9) = I;((ll:l’:)) - 11:((11:5)) +log(1—&¢71) —log(1—€)+

dx + % separately.

2miu/w _egh® —2miu/w 1 —e—HT
Jo —e==dr — [y T
?((11:5)) - 1;((11;%) = —% + meotp follows easily from I'(1 + a)I'(1 — a) =

7a/ sin wa. On the regions to which we have restricted u the quantity log(1—£-1)—

log(1—¢) is holomorphic, and turns out to be equal to log(—£™1) = £mi—2mi%. The
two integrals give fozmu/w (1_e'm + 1_6“1) dx = fozmu/w(l — eM)dr = 2mit —

l—e—= 1—e®

% + i Together these results yield the quantity we have indicated.



15.6 HARMONIC AUTOMORPHIC FORMS 297

Now we turn to G, (—u, —v). We obtain the equality of G_,(—(u + pw), —v)
and e2™*G_, (—i+ pw, —v) from —p = p— 1. We apply the result obtained above
to get

G_, (—(u + pw), —v) — ety G (—a, —v)
= ¢lvtww (G_p(—a+ pw, —v) — e PG (—a, —v))
= qmelPtinY (cot((v 4 w)w/2) Fi).

This implies that the extension of u — h(v,w;u) to C \ A has the transfor-
mation behavior

h(v,w;u+ A) = 6i”)‘+iw5‘h(v,w; u) forall A € A.

For u satisfying | Im u| < %w\/g, and if Imu < 0 then Reu € wZ, we have obtained

a rather explicit description of h(v,w;w). This region contains a fundamental do-

main for the action of A in C. Hence we have an explicit description everywhere.
The relation G, (u,w + 27i(n + mp)/wv/3) = Gim(u, w) implies that

h(v+v,w+ 7;u) = h(v,w;u) for all v € A.

15.6.13 Singularities. This construction gives h(v, w;u) for (v, w) satisfying v, w ¢
A and p = (v+ ww/2r € Z. The singularities along v = vy € A and along
w = wy € A are already present in the 1-form . We shall show that A has no
singularity along v + w = 27”[, with [ € Z. This cannot be trivially concluded
from the behavior of k. The choice of a potential implies choosing a constant of
integration, which depends on (v, w), and might produce additional singularities.
15.6.14 Singularities in (v,w). Fix u € C with |Imu| < 3wV3, |Reu| < w,
such that £ = e?™%/« ¢ [1,00). As we already have obtained the transformation
behavior of h under A, it suffices to study the singularities in (v,w) for such w.
Consider v,w & A, p = (v+w)w/2r & Z; put n; = e~ weV3 py = ¢vV3_ From the
expression for G, in 15.6.12 we obtain

h(U71U;U) = ho(u) — hl(U,w;’u,) —|—h2 v’w7u)
ho(u) — log (1 o 627Tiu/w) + log (1 727riﬂ/w)

27riu/w 27rzu/w — e HE
/ / —dz
0 1—e % 1 —e T

ha(v,wiw) = _Z (mi—u—’_m i _%>
+ Au(fﬂh) + Bu(ﬁ’m) + A—u(gv n2) + B—u(ga 72).

hl (U7 w; U)
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The term ho(u) is the only one that is not harmonic in » in a neighborhood of 0.
The contribution of hy is C* in (v, w,u), holomorphic in (v,w) € C?, and harmonic
in u for |Rewu| < w. For singularities in (v, w) we have to turn to ha(v, w;u).

The idea is simple: fix (vg, wp), and consider the series expansions of A and B,
together with the additional sum in the expression for ho. If we take away the
terms with a singularity at (vg,wp), the remainder represents a harmless function.
Here harmless means smooth in (v, w,u), holomorphic in (v,w) at (vo,wp), and
harmonic in v on |Imu| < 3wv/3, |Reu| < w.

15.6.15 No singularities at p € Z. Let vg, wy & f\, vo + wo = 2wl/w, | € Z. For
I = 0 we obtain

1 2miup/w 2Tt/ w
h2 (Ua ws ’LL) = - (e ¢

A — ) + (harmless)

1 1 1
= — ( - ) + (harmless)
p\m—1 m—1

2 27ru\/§ -1

= m(e ) + (harmless) = (harmless).

p(m = 1)(n2 — 1)
We have used that 71,12 € ¢” for (v,w) near (vo,wp), and that nen; * = e2mHV3,
The cases | > 0 and | < 0 are left to the reader. Thus h(v,w;u) is holomorphic

in (v,w) on C2 ((Axc)u@x[\)).

15.6.16 Singularities along lines given by A. Let vg ¢ A, A= f\”/% (n+1p). We show

that (v, w) — (w— A)h(v, w;u) is holomorphic at (vg, A) with a non-zero value. At
(v,w) = (vg,\) we have p & Z, n2 & ¢%, but n; = g~'. Near (v, \) we obtain

1 erriuluth/e (g if1<0
ha (v, w; u) ey R { md 151 } + (harmless)
1t ei((v+w)w+27rl)u/w
T e—(w-Awv3 _ 1 ' (v +w)w + 27l
1 if1 <0
. { R } + (harmless)
o ei(vfjx)u
= . = harml
eV ] (o= Ay T (armless)

o7 ei(v—jx)u 1
= Vi o n woa + (harmless).

Hence (v, w) — (w — A)h(v, w;wu) is holomorphic at (vg, A) with value

o7 ei(vo—j\)u
w2\/§ vy — ;\ '
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Similarly the function (v, w) — (v — A)h(v,w;u) is holomorphic at (A, wo),
for A € A and wg ¢ A, with value

o1 ei(’u}g —S\)E

_wz\/g. o

15.6.17 The singularities at intersection points. The most interesting points are
(vo, wo) = (\,v) € A%, Working as in the previous case leads to a complicated
computation. The answer can be obtained more easily from the previous cases.

Let (\,v) € A. We transfer the concepts of Section 12.2 to this situation.
There is a function ), holomorphic near (X, v), such that 1 - h is a primitive germ
at (A, v). This function v is well defined up to a unit in Oy ,). Remark 12.2.6 shows
that the germ of N (¢) at (A, v) is the germ of the zero set of (v, w) — (v—\)(w—v).
We conclude from Lemma 12.2.5 that we can take (v, w) = (v — A)(w — v). Near
(A, v) we write

(¢ ' h)(vawvu)
= A(u)+ (v —A)B(v,u)
+ (w —v)C(w,u) + (v — A)(w — v)D(v, w, u).

Along the lines w = v, respectively v = A, we obtain

2T v— A -
A ~\)B = V= A iw—p)u
(u) + (v — A\)B(v,u) 55
—2
A(u) + (w —v)C(w,u) = Tw— ez(w Na

w2yV/3w —

For v = \ we conclude that h has determinate type at (\,v), and (- h)(\, v,u) =
—9or ez(v v)u

2\[ For Vi# A we obtain A(u) = 0, B(v,u) = N and C(w,u) =
—2m . Now h is of indete ate type at (\,v).

w h is of indetermin v
EN T yp

15.6.18. We have shown that conditions i)”—iii)” in 15.6.4 hold for h on C? away
from (A x C) U (C x A), and also for suitable multiples of h at the singularities in
(A x C)U(C x A).

As log(1 — e?™/@) 4 log(1 — e~ 2™%/«) — 2]og |u| is harmonic at u = 0, the
computations we have performed show that h satisfies condition iv)” as well. The
same holds for the multiples of h near the points where h has a singularity in
(v, w).

15.6.19 Constant term. Before formulating the results of the computations in terms
of functions on the upper half plane, we compute the constant term in the wu-
expression of h(v,w;u) — 2log |u| at u = 0.
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Put yo(v,w) = limy_q he(v,w;u). For v,w ¢ A, and p = (v + w)w/2m,
q= _6_7“/57 m = e—ww\/§7 N2 = evw\/gz
Yo (v, w) (15.4)
= 1 1 2 1 1 1
- S (e a) i e
—\mtp o om—pm p\m—1 mn—1
0 1 m 1 1
+ Z ( ™y _ ) _
m+p mg"—1 m+p mpgTm -1

1 1 1 n2q™ >
p—m mqg ™ =1 p—m nqm -1

> 1 1 1 1
= Z . — — +a(m) ),
pt+m mq" -1 p+m mg™—1

m=—00

+

with a(0) = 0, a(m) = -2

lim
u—0

1— 2miu/w 1— —2mit/w
<10g ¢ + log € — > = 2log(27) — 2logw,
u a

lir% hi(v,w;u) = 0.

The constant term at u = 0 is equal to

2log(2m) — 2logw + o (v, w) for v,w & A.

15.6.20 Restriction of the Eisenstein family. (v,w,z) — —3=h(v,w;H(z)) de-
fines a meromorphic family in (M ®¢ Ag(co))(C?) that is holomorphic on C? ~
((A x C) U (C x A)) For each point in its polar set we have found a holomor-

phic ¢ such that multiplication by ¢ gives a primitive multiple €. In the table we
denote by vy and wq elements of C \. A, and by A and v elements of A.

(0, W) Y(v, w) é(v,w; z)

(A, wp) v— A\ 2w21 - ei(wo—X)m(wo —N)!
(vo, V) w—v 2w21\/§ el H () (y — 7)1
Nv) A£T| (v=N)(w—V) 0

Nv) A=7| (v=N)(w-—"V) 2w21\/§

To see that this family is the restriction (v, w) — E(v,w, 3) of the Eisenstein
family in weight zero, we have to show that its zero order Fourier term at P is
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given by p10(P,0, 1)+ (something)-uo (P, 0, —3). For (v,w) € (C~\ A)%:

1
fﬂh(v,w;H(Gz))
= 41 (2log |H (62)| + 2log(27) — 2logw + o (v, w) + H(H (62)))

=
1 w 1 2miz
o log 5 47T'yo(v, w) + H(e*™*)

1 w 1 )
= — 1 . 2miz
y+ g los o = o0(v,w) + H(e™™),

1 i
= 5 (log 6 — 27y + H(e*™%)) +

where H(t) denotes ‘harmonic in ¢ on a neighborhood of 0, with value 0 at ¢t = 0’.
This gives the desired identification, and also the conclusion that the restric-
tion (v, w) — C%(v,w, 3) is given by (v, w) — 3= log 7%= — £70(v, w).
15.6.21 Primitive multiples. If we consider the definitions in Section 12.2, we con-
clude that the table above gives primitive multiples of (v,w) — E(v,w, %) at
various points. This family of automorphic forms is of indeterminate type at the
points (A, v) € A? with \ # 7, and has determinate type elsewhere.
Consider, in the indeterminate case, the local curves j; and js given by j; :
b— (A+b,v) and js : b — (A, v+ b). Denote the primitive multiple by f(v,w) =
(v =N (w—v)E(v,w, ). We find

1 i(b+A=D)H ()

foilbiz) = A bra-w
1 1 .
. — i(AN-V)H(z)
f[-] ] 2w2\/§ )\ _ ﬁ € i
and similarly
1 1 o NF(S
. — _ z(u—)\)H(z).
f[j2] 2w2\/§ V—A ‘

One may check that the value set s{(\,v)} consists of all non-zero linear com-
binations of f[j;] and f[j2]. In particular, this value set contains the cusp form

(A =2)f ] = (v = X) flj2)-

15.6.22 Singularity of E at (0,0, %) In 15.5.9 we defined the function a5 such
that E : (v,w,s) — (s— 2 —ay/2(v,w))E(v,w, s) gives a primitive germ at (0,0, 3).
This function describes non-cuspidal exceptional eigenvalues of continuous series
type.

From 11.2.7 it follows that E(0,0, %) = lim,_; jo(s — )E(0,0,s) = 5. The
equality E(O,O7 %) = ﬁ lim ) —(0,0) @1/2(v, w)h(v,w, H(z)) implies a4 /2(v, w) =
—%vw > p.g>0 Bp.gvPw?, with By = 1. As a;/2(v,v) < 0 for v near 0, we have
Bpq = Byp-
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We shall show that By = Bg,; = 0. We have, modulo quadratic terms in v
and w:

w2\/§ 1 ; ;
B B B (1 wH(z) 1wH(z))
T (Boo +vBio+who) 2w2/3 e e
1

= — (1 +0(Bro+iH(2)) +w(Box + i%)) :

™

Let us denote by C™ the Fourier coefficients of E.

%(1+UB1_]0 +U}B071) ifn=0

~ 1 p =3iclk) ifn=6k+1,k>0
C"(v,w, =) = S.W&)
2 w2l if n=—(6k+1), k>0
0 in all other cases.

15.6.23 Dirichlet series with the C-symbol. Use

. 1 . . .
C" (v, w, 5) Slillr}2 Cc"(0,0,s) +v SEI}% 0,C™(0,0,s) +w SEIIn/z 0w, C™(0,0, s).

With 15.5.10 and 15.5.11, this gives

" (v, w, %) = % lim (u — 2) (97(0,0,u) — iwv®" (0,1, u) — iwwd"(1,0,u)) .
As ®"(a,b) = 0 unless a — b+ n = 0 mod 6, we obtain By g = By = 0 from the
case n = 0. For n # 0, the ®"(1,0) and ®"(0,1) are holomorphic at u = 2, except
in the cases n = £(6k+1) with k£ > 0; the + is for ®"(1, 0), and the — for ®"(0, 1).
In these cases the order of the pole is one, and the residue equals +216¢(k)/m2wn;
the c(k) are the Fourier coefficients of n*, see 15.2.1.

It may be interesting to consider higher expansions for the case n = 0. Then
we need to expand 7o (v, w). But there is no hope to obtain a; /5 completely in this
way.

15.7 Maass forms and singularities of the Eisenstein family

Finally we consider perturbation of cusp forms in weight zero. We discuss the
relation with singularities of the Eisenstein family; for the modular case this has
been discussed in Proposition 2.19 of [7].

Phillips and Sarnak, [45], have studied the persistence of cusp forms under
perturbation of the group, and have given a criterion in terms of values of L-
functions. We do not pursue this question for perturbation of the multiplier system.
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15.7.1 Maass forms of weight zero. Here we mean by a Maass form a non-zero
element of the space So(xv,5,Co, s), for some v, s € C, with ¢o(P) = {0}, P = {P}.

We have seen in Proposition 15.5.6 that this can occur only if i —s% > 72 /84.
For the congruence case v € Ag, see 15.4.5, the trace formula of Selberg shows that
there are lots of Maass forms. For x, 3 = 1 this follows from the modular case,
see [21], formula (2.11) on p. 511.

For general v there is no explicit knowledge of the scattering matrix that
allows us to separate the cuspidal contribution to the spectral density from the
contribution of the continuous spectrum; see [21], Proposition 13.7 on p. 207. As
far as I know, nothing has been proved for general v.

15.7.2 Families of cusp forms. One may ask whether all, or some, Maass forms
are obtained as linear combinations of values of families of cusp forms. If f €
S0(Xve, 55+ C0,S0) then f might be a linear combination of values g(vg,vg,0) of
g € Si(co, ), with Q a neighborhood of (vg,7g,0) in C3. We consider C? as a
parameter space with x(v,w,r) = Xy, - Xr and s some holomorphic function on
with s(vg, g, 0) = so; we take I(v,w,r) = r and ¢o(P) = {I}.

There is evidence that Maass forms are very special objects, bound to arith-
metical situations; see, e.g., [46] and [13]. For the trivial character, this would
imply that Sj(co, 2) is the zero sheaf for all parameter spaces €2 through the point
(0,0,0,s9) € V x C with dimension larger than zero. If this is true, Proposi-
tion 15.7.9 below would suggest that all Maass forms for the trivial character are
due to singularities of the Eisenstein family.

15.7.3 One-dimensional perturbation. Consideration of higher dimensional param-
eter spaces seems much too difficult. We restrict ourselves in this section to a
one-dimensional situation.

We choose ¢y € V,, and apply Chapters 8 and 9 with xo = Xu,,55 and
V. =R- g, V=C-py. We suppose that Sy(xo, o, s0) # {0}. To avoid technical
complications we assume that sg € iR, sg # 0.

15.7.4 Remark. For o9 = «a and vg = 0, we know that there are cusp forms
that occur in families. Indeed, in [7], Proposition 2.14, it is shown that each of
the spaces So(fmod,xm,co,so), with m = 2,4,6,8,10, has an orthonormal basis
consisting of the values at 0 of families of cusp forms depending on the weight.
Moreover, for each of these m there are infinitely many sg for which this space is
non-zero (see Theorem 6.5.5). As these spaces So(f‘mod,xm,co, S0) are contained

in So(Tcom, 1, €0, S0), this gives examples for I'cop.

15.7.5 Pseudo Casimir operator. In Lemma 9.1.6 and Remark 9.1.7 we have seen
that there is an open neighborhood of 0 in V' = C- ¢y, such that on V} the family s
of sesquilinear forms in “H satisfies the conditions for a holomorphic family of forms
of type (a) in the sense of [25], Ch. VII, §4.2. As dimV = 1, we may apply the
theory in §4.2 of loc. cit. to see that ¢ — ®A(y) is a selfadjoint holomorphic family
of operators in “H, defined on Vj. It has compact resolvent, see Proposition 9.2.2.
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Let J be an open interval containing 0 such that rpg € V, for all r €
J. Theorem 3.9 and Remark 4.22 in Ch. VII of [25] show that all eigenval-
ues and eigenvectors of “A(y) with ¢ € J - ¢y occur in real analytic families.

This implies that there is a finite number of holomorphic functions Aq,..., Ap,
on a neighborhood  of J, with real values on J and with A\,(0) = 1 — s3,
and for each k a finite number of L?-holomorphic maps pk1,...,Pkn, : 2 —

“H, such that *A(reo)pe,i(r) = Ae(r)pr,(r) for all r € Q, k = 1,...,n,,, and
such that p1.1(0),...,p1,n,(0),p2,1(0),...,Pmn,, (0) form an orthonormal basis of
ker(“A(0) — & + s3). Moreover, all eigenvalues ; — s* of “A(ryg) with (r,s) near
(0, s0) are obtained in this way.

The A and py; need not be holomorphic on the whole of {7 € C: rpg € Vj }.
As we consider a neighborhood of the eigenvalue i — s3 only, there is a common
domain €. If we would take a more global point of view, the intersection of the
domains on which the various eigenfamilies are holomorphic would not necessarily
be open.

The Ax may be supposed to be different holomorphic functions, with different
values at all points except 0. The eigenvectors p;; may be chosen to be orthonormal
at each real point r € J.

15.7.6 Families of automorphic forms. To obtain a relation with automorphic
forms, we like to use s = \/i — A as the spectral parameter. This is no problem:
we have assumed sg # 0.

We choose roots s; = y/3 — Ay, for k= 1,...,m. Take xx(r) = xo0 - exp (r¢o)
to obtain parameter spaces Qi = (Q, xk, sg) for k = 1,...,m. We work with the
weight I : w — Zrpg(¢) and with ¢o(P) = {I} (note that Cp = wt for Ceom)-
Proposition 8.3.6 and the Lemmas 8.5.2, 8.5.4, and 9.2.3 show that the p;; are
also holomorphic as maps Q — D, and that there are fr; € A;(co, Qi) such that
Pra(r) = e fioa(r)).

15.7.7 Arranging the Fourier coefficients. The Fp fi; are multiples of Sp;. (Con-
sult 7.6.2 for the definition of 5p;. Lemma 8.5.2 explains why ap; does not occur.)
If Fpyfr,1 # 0 for some [, then we perform a linear transformation of the f; ; with &
fixed and I = 1,...,ny, such that Fp;fr; = 0 for I = 2,...,ng. The coeflicients
of this transformation may be chosen holomorphic in 7 on a neighborhood of 0,
and for » = 0 the transformation may be assumed to be unitary. See, e.g., [5],
Lemma 7.14, for a proof of this fact based on results in Chapter II of [25].

After that transformation, and after going over to a smaller 2, we renumber
the A\, and fj; to obtain:

o hy € Ai(co, Q) for k=1,...,m < m with Fphj not the zero function,

® gl ESI(CO;Qk) fOI‘kZl,...,m,l:L...,ﬁk,
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such that the (4 (0) and the gy ;(0) form an orthonormal basis of ker(*A(0) —
1+ s2). (Truncation has no effect on the cusp forms gy ;(0).)

Here one sees an advantage of working with one cusp. With more than one
cusp this step causes complications.

The hji and their number m depend on the truncation data. But the families
of cusp forms gy ; are independent of the choice of a(P) and of the transformation
function ¢,,. The gr; might be absent, whereas the family “A is bound to have
holomorphic families of eigenfunctions.

15.7.8 Decomposition of the space of cusp forms. We define Sg (x0,¢0, So | ¥0) as the
linear subspace of Sy(xo,Co, So) spanned by the g ;(0); its orthogonal complement
we call S§(xo, €0, S0 | ¢0)-

The space S({ (X0, €0, S0 | vo) is the space of Maass forms that are gener-
ated by families of cusp forms along xo - exp (Cyg). The orthogonal complement
S§(x0, 0, 50 | o) is a subspace of the kernel of “A(0) — % + s3; hence it is contained
in the space spanned by the h(0).

This decomposition may be different for various directions ¢q of the param-
eter space.

15.7.9 Proposition. Let E : (1, s) — E;(J(0), P;2Re(voA)+rpo, s) be the restriction
of the FEisenstein family to Q x C.

The space S§ (X0, €0, S0 | wo) is non-zero if and only if E is not holomorphic
at (0, s0)-

Remarks. This result generalizes Proposition 2.19 in [7]. It means that the occur-
rence of cusp forms that are not values of families of cusp forms along the line
2Re(vgA) + C - g is equivalent to the occurrence of singularities of the Eisenstein
family along (2 Re(vgA) + C - ¢g) x C.
Proof. We start with the easy implication. Suppose that E is holomorphic at
(0, s0). Then Fp E is holomorphic at (0, so) as well. The value E(0, so) is equal
to E(J(0), P;2Re(vo)); s0). As E(0,50) # 0, it has a non-zero Fourier coefficient
of order zero, and we may choose a(P) such that Fp;E(0, so; a(P)) # 0. Suppose
that m > 0 for this choice of a(P). Let 1 < ¢ < m. The Maass-Selberg rela-
tion implies that he(0) = cE(0,5s0) + g with ¢ € C and g € So(x0, o, S0). This
gives Fphy(0)(a(P)) # 0, in contradiction to (Wh,(0) € *D. We conclude that
ker(“A(0) — 1 + s2) is spanned by the gi,;(0), hence it is equal to Sg(Xo, €0, S0 | o)-
Suppose that E has a singularity at (0, sg). As E(O) is holomorphic at s,
the family E is of indeterminate type at (0, sp). Again we choose a(P) such that
FPJE(O; so;a(P)) # 0. Take ¢ € O(gs,) such that ¢ F is a primitive multiple
of E. There are A, B € O, such that Fp;(YE) = Aap; + BBp;. As E is of
indeterminate type, we have A(0, sg) = B(0, sp) = 0. From Proposition 10.2.14 we
conclude that A and B have no common factor in O(g ). Consider an irreducible
factor Ay of A. Lemma 9.4.13 shows that B(r,s) # 0 for many (r,s) € N(4;) N
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(R x C), with r # 0 and (r,s) near (0, sg). For these (r,s) we have YE(r,s) #
0, and (@ (e~teopE(r,s)) € ker(“A(rgg) — 1 + s?). This shows that A; is of
real type at (0, sg), see 12.1.9. Lemma 12.1.10 shows that there is a linear local
curve 7 +— (r,1(r)) through N(4;). Now r — (e~ t0yE)(r,n(r)) is a family
of eigenfunctions of *A, hence up to a sign the function 7 is equal to one of the
sk, and the family r — (D E)(r,n(r)) may be expressed as a holomorphic linear
combination of the corresponding (¥, and gk,1- As it is not a cuspidal eigenfamily,
we have 1 < k < m, and the coefficient of hj; in the linear combination does not
vanish identically. The Maass-Selberg relation implies that hx(0) is equal to a
multiple of E(0;s9) plus a cusp form. As (“hy(0) € D, the coefficient of E(0; sq)
is zero (here we use that Fp E(0;s0;a(P)) # 0). Hence hy(0) is a (non-zero)
element of S§(xo,¢o, So | ¥o). This completes the proof.
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